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Abstract

This paper develops methods of Bayesian inference in a sample selection model. The main fea-

ture of this model is that the outcome variable is only partially observed. We first construct a

Gibbs sampling algorithm for the case that the likelihood of the selection and outcome equation

is bivariate normal. Based on this, we extend the algorithm to allow for potential nonnormality

of the likelihood. Specifically, we construct Gibbs samplers based on mixtures of normal distri-

butions. These methods are appealing because they allow simultaneous testing for the presence

of a selection effect and for departures from normality. We illustrate the various Gibbs samplers

using simulated data and Mroz’s (1987) labor supply data.
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1 Introduction

In this paper we develop methods of Bayesian inference in a sample selection model. In general

sample selection occurs when the data at hand is not a random sample from the population of

interest. Instead, members of the population may have selected themselves into (or out of) the

sample, based on a combination of observable quantities and unobserved heterogeneity. In this case

inference based on the selected sample alone may suffer from selection bias.

A selection model typically consists of two components. The first is an equation that determines

the level of the outcome variable. The second is an equation describing the selection mechanism:

it determines whether we observe the outcome or not. Such a model can be given a structural

interpretation, in which the dependent variable in the selection equation represents an agent’s

latent utility. If this utility crosses a certain threshold level, the agent behaves in such a way

that his or her outcome is observed. On the other hand, if utility remains below the threshold,

the agent behaves differently and the outcome is not observed. Thus, a selection model (labeled

SSM hereafter) can be viewed as a model for potential outcomes which are only partially realized

and observed. This interpretation applies most directly to the context of estimating wage offer

distributions: here the wage offer is a potential outcome which is realized only when an individual

actually participates in the labor force.

Sample selection models have been used in cases where the interpretation of potential outcomes

is perhaps less appropriate. Consider the example of a model for an individual’s medical expen-

ditures. When we observe zero expenditures, it is true that we cannot observe what expenditures

would have been, had the individual decided to seek medical help. Alternatively, rather than treat-

ing a zero outcome as missing data, the interpretation as a corner solution outcome may be more

appealing. Duan et al. (1983) argue that in this case a so-called ‘two-part model’ should be used.

This model, proposed by Cragg (1971), describes observed outcomes directly; it essentially assumes

away the selection effect. Following Duan et al. (1983) there has been additional debate as to which

model is more adequate, both in terms of interpretation and predictive ability; see, for example,

Manning et al. (1987), Leung and Yu (1996) and Dow and Norton (2003). It is important to note

here that a sample selection model does not generally nest a two-part model, since the parameters in

each model have a different interpretation. A two-part model delivers marginal effects on observed
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outcomes, whereas a selection model delivers marginal effects on potential outcomes. Whether we

are interested in actual or potential outcomes depends on the application at hand. As a modeling

device, however, a selection model may be used to analyze actual outcomes, since the latent model

structure implies a model for the observed data.

Early contributions to the sample selection literature are, among others, Gronau (1974) and

Heckman (1979). Gronau’s paper analyzes the potential for selection bias in the labor market when

observed wages are used to make inference about the distribution of wage offers. Heckman (1979)

treats sample selection as a specification error and proposes a two-step estimator that corrects for

omitted variable bias. Heckman’s two-step procedure, together with full information maximum

likelihood, are now widely used in applied work. An obvious problem with both methods is that

they rely on parametric assumptions about the distribution of unobservables. When these assump-

tions are violated, the estimators may become inconsistent. More recently, flexible semiparametric

methods have been proposed that aim to relax strong distributional assumptions in the SSM. Ex-

amples include Olsen (1982), Lee (1982, 1994), Cosslett (1991), Ichimura and Lee (1991) and Ahn

and Powell (1993). Good surveys of this literature are given by Vella (1998) and Lee (2003).

Our paper develops a Bayesian approach to estimating a sample selection model. Despite the

numerous contributions in classical econometrics mentioned above, the Bayesian literature on this

topic is relatively sparse. Bayarri and DeGroot (1987), Bayarri and Berger (1998) and Lee and

Berger (2001) focus on the idea that the likelihood of the latent model needs to be reweighted, with a

potentially unknown weight function, in order to obtain the likelihood of the observed data. These

papers propose methods that apply in the context of a univariate sample subject to a selection

mechanism. More recently, Chib et al. (2008) consider Bayesian inference in a regression model,

subject to sample selection and endogeneity.

The model used in this paper is sometimes referred to as a type-2 Tobit model (e.g., Amemiya,

1985). In essence this model has a binary selection rule: for each individual in the sample we only

observe whether a latent variable (e.g. utility) crosses a threshold or not. In some cases the selection

process can be more informative. In Lee (1994) the selection rule takes a Tobit form. The outcome

of interest is then observed based on a selection variable, which itself is (partially) observed. For

example, in a joint model for hours worked and wages, we observe hours and the wage offer if hours

are positive. Though we do not treat this case explicitly in our paper, the methods presented here
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could be modified in a straightforward manner.

Our main contribution is to provide Gibbs sampling algorithms for use in the sample selection

model. These algorithms essentially produce an approximate sample from the posterior distribution

of the model parameters. We start by considering inference in a fully parametric Bayesian model,

based on the multivariate normal distribution. This basic model may, of course, be subject to mis-

specification of the likelihood. To address this shortcoming, we then extend the analysis to allow

for a more flexible family of distributions. In particular, the focus is on mixtures of normal distrib-

utions with either a fixed or random number of mixture components. This will be referred to as a

semiparametric Bayesian model. We believe the methods developed in this paper present a viable

alternative to classical semiparametric techniques, for several reasons. First, posterior standard

deviations are an automatic by-product of the sampling algorithm. In contrast, classical inference

requires standard errors, which are often hard to calculate in semiparametric models. Second, our

method allows immediate testing for both the presence of a selection effect and departures from

normality. Finally, in case a researcher has prior information (in the form of parameter restrictions

or likely regions in the parameter space, for example), this information can be incorporated into

the analysis through the prior distribution.

Bayesian inference in limited dependent variable models can proceed by a combination of Gibbs

sampling (e.g., Casella and George, 1992) and data augmentation (Tanner and Wong 1987). These

methods are useful when either the joint posterior is analytically intractable or difficult to sample

from. Gibbs sampling entails generating consecutive draws from the conditional posterior of each

parameter, given the remaining ones. Data augmentation treats missing observations as additional

parameters and samples new values as part of the algorithm. The combined algorithm yields a

Markov chain that, under some regularity conditions, has the posterior as its invariant distribution.

Parameter values generated by the chain are then an approximate sample from the posterior. An

excellent treatment of Gibbs sampling and, more generally, Markov Chain Monte Carlo (MCMC)

methods can be found in Gilks, Richardson, and Spiegelhalter (1996).

Applications of MCMC have become widespread in Bayesian econometrics. Discrete choice

models are treated in Albert and Chib (1993), McCulloch and Rossi (1994) and McCulloch et al.

(2000). The analysis of the parametric selection model in our paper is most closely related to Li

(1998), Huang (2001) and Munkin and Trivedi (2003), the common element being a simultaneous
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equations structure with limited dependent variables. Our extension to a semiparametric model

draws on a large body of literature on nonparametric Bayesian methods, starting with Ferguson

(1973), and incorporates it into a sample selection framework.1 We reiterate here that the semi-

parametric model in our paper is based on introducing flexibility into the likelihood. In contrast,

Chib, Greenberg, and Jeliazkov (2008) use a selectivity correction in the equation for the outcome

variable, which is essentially a control function approach. We leave a comparison with this method

to future work.

The remainder of this paper is organized as follows. Section 2 presents the selection model and

two Gibbs sampling algorithms based on a bivariate normal likelihood. We briefly touch on the two-

part model and ways to distinguish it from the SSM. Section 3 presents a semiparametric version

of the selection model and constructs the corresponding Gibbs sampler. Section 4 illustrates the

various methods with some simulated data, whereas section 5 contains an application to estimating

a wage equation from Mroz’s (1987) labor supply data. Finally, section 6 concludes. Details

regarding the construction of the Gibbs sampler are collected in the appendix.

2 A Sample Selection Model

2.1 The Model

We use the following version of a selection model, which Amemiya (1985, ch.10) calls a type-2 Tobit

model:

Ii = x0i1β1 + ui1,

si = I {Ii > 0} ,

y∗i = x0i2β2 + ui2, (1)

yi = siy
∗
i .

The subscript i denotes the ith observation in a sample of size n. The vectors xi1 and xi2 have k1

and k2 elements, respectively, and the data consists of {x0i1, x0i2, si, yi}ni=1. The variable si is simply
1To quote Müller and Quintana (2004), “Nonparametric Bayesian inference is an oxymoron and a misnomer”.

The term nonparametric refers to the fact that these methods bear some resemblance to classical nonparametric
techniques, such as kernel smoothing.
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the indicator of observing y∗i . Note the distinction between the partially latent outcome y
∗
i and the

observed outcome yi. If Ii > 0 there is selection into the sample and we observe yi = y∗i . On the

other hand, if Ii ≤ 0 then y∗i is not observed and we set yi = 0. The zero here is simply an arbitrary
label that indicates a missing outcome. In some cases this is quite natural: when y∗i represents the

wage offer, it is only observed when someone actually participates in the labor force. If someone is

not employed, then y∗i is not realized, and actual wages yi are zero.

A fully parametric model is obtained when the joint distribution of ui1 and ui2 is bivariate

normal: ⎛⎜⎝ ui1

ui2

⎞⎟⎠ ∼ N (0,Σ) , Σ =

⎡⎢⎣ σ21 ρσ1σ2

ρσ1σ2 σ22

⎤⎥⎦ , (2)

where ρ is the correlation coefficient. The random variable si then has a Bernoulli distribution with

Pr {si = 1|xi1, β1} = Φ
¡
x0i1β1/σ1

¢
.

Here Φ (·) denotes the CDF of the standard normal distribution. Though β1 and σ1 are not

separately identified, we retain both parameters for reasons explained shortly. Let β = (β01, β
0
2)
0.

The likelihood for the entire sample is

f (y, s|β,Σ) =
nY
i=1

£
Φ
¡
x0i1β1/σ1

¢¤si £1−Φ ¡x0i1β1/σ1¢¤1−si × (3)Y
i:yi 6=0

fu2|I>0
¡
yi − x0i2β2

¢
,

where fu2|I>0 is the density of ui2 conditional on Ii > 0. Here y and s denote the entire sample

of yi’s and si’s. Throughout this paper we will omit conditioning on the covariates (x0i1, x
0
i2) for

notational simplicity.

Let φ(·) denote the standard normal density function. It follows from (2) that the conditional

distribution of Ii given ui2 is normal with mean x0i1β1+(ρσ1/σ2)ui2 and variance σ
2
1(1−ρ2). Then:

fu2|I>0 (a) =

R∞
0 fu2,I(a, I)dI

P (I > 0)

=
fu2(a)

Φ (x0i1β1/σ1)

Z ∞

0
fI|u2(I|u2 = a)dI
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=
σ−12 φ (a/σ2)

Φ (x0i1β1/σ1)
Φ

Ã
x0i1β1 + (ρσ1/σ2) ap

σ21(1− ρ2)

!
.

Plugging this back into (3) the likelihood becomes

f (y, s|β,Σ) =
Y

i:yi=0

£
1−Φ ¡x0i1β1/σ1¢¤× (4)

Y
i:yi 6=0

σ−12 φ

µ
yi − x0i2β2

σ2

¶
Φ

Ã
x0i1β1

σ1
p
1− ρ2

+
ρ (yi − x0i2β2)
σ2
p
1− ρ2

!
.

2.2 Gibbs Sampling in the SSM

For a Bayesian analysis of the model in (1) the likelihood is combined with a prior distribution

f(β,Σ) to yield the posterior:

f(β,Σ|y, s) ∝ f(β,Σ)× f (y, s|β,Σ) .

Given the likelihood in (4), however, there is no choice of prior for (β,Σ) will yield a tractable

posterior distribution. We therefore develop a Gibbs sampling algorithm that simulates draws from

the posterior distribution of (β,Σ). The updating step for Σ generates new values for σ21, σ
2
2 and

the covariance σ12. The implied value of ρ is then computed as ρ = σ12/(σ1σ2).

Our Gibbs sampler involves the unidentified parameters β1 and σ1. The sampled values of

(β1, σ1) themselves are therefore not informative, in the sense that there is no updating of the

prior.2 The output from the algorithm, however, can be used to approximate the posterior of

identified parameters such as β1/σ1 and ρ. We follow the approach of McCulloch and Rossi (1994),

who apply this idea in the context of the multinomial Probit model. The main advantage of

retaining the unidentified parameters is that it preserves the natural conjugacy structure in the

model, and allows for an easier approximation of the posterior. We will elaborate on this shortly.

Since only the selection indicator si is observed, the variable Ii is latent and treated as an

additional parameter. The same is true for the unobserved values of y∗i . The full set of parameters

is thus (β,Σ) combined with I = (I1, . . . , In) and Y∗ ≡ {y∗i : si = 0}. Gibbs sampling now

proceeds by consecutive sampling from the conditional posterior distributions f(β|Σ, I,Y∗, y, s),

2When the prior is improper, the generated values of (β1, σ1) are a random walk; see McCulloch and Rossi (1994).
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f(Σ|β, I,Y∗, y, s) and f(I,Y∗|β,Σ, y, s). Sampling values from the latter distribution amounts to

data-augmentation: at each iteration we creat a ‘complete’ data set. The algorithm described

here yields a sequence {β(m),Σ(m), I(m),Y∗(m)}Mm=1. The sampled values of (β,Σ) now form an

approximate sample from the posterior f(β,Σ|y, s).
It remains to find the various conditional posterior distributions. For the data-augmentation

step we need to distinguish two cases: si = 0 and si = 1. Suppose first that si = 1 so that y∗i is

observed and Ii > 0. From (2) it follows that Ii has the following conditional distribution, truncated

from below at zero:

f (Ii|si = 1, y∗i , β,Σ) = N
¡
x0i1β1 + ρσ1σ

−1
2

¡
y∗i − x0i2β2

¢
, σ21(1− ρ2)

¢
I {Ii > 0} . (5)

If si = 0 then it is known that Ii ≤ 0 but the actual values (Ii, y∗i ) are not observed. A value of Ii
can be generated from the N

¡
x0i1β1, σ

2
1

¢
distribution truncated from above at zero. The value of

y∗i is a realization of its conditional distribution given Ii:3

f (Ii|si = 0, β,Σ) = N
¡
x0i1β1, σ

2
1

¢
I {Ii ≤ 0} , (6)

f (y∗i |Ii, β,Σ) = N
¡
x0i2β2 + ρσ−11 σ2

¡
Ii − x0i1β1

¢
, σ22

¡
1− ρ2

¢¢
. (7)

To find the conditional posterior of β given the completed data and Σ, it is convenient to write the

model in (1) in a SUR form. To this end let y∗, u1 and u2 all be n-dimensional vectors that contain

the individual observations i. Let X1 and X2 be matrices with ith rows x0i1 and x0i2, respectively,

and define

W =

⎡⎢⎣ I

y∗

⎤⎥⎦ : 2n× 1, X =

⎡⎢⎣ X1 0

0 X2

⎤⎥⎦ : 2n× (k1 + k2), u =

⎡⎢⎣ u1

u2

⎤⎥⎦ : 2n× 1.
It follows that W = Xβ + u, where E(u) = 0 and V (u) = Σ⊗ In. The completed-data likelihood

based on (2) can be written as

f(W |β,Σ) ∝ |Σ|−n/2 exp
½
−1
2

h
e0S−1e+ (β − β̂)0X 0S−1X(β − β̂)

i¾
, (8)

3Of course, when si = 0 we could also generate y∗i first and then Ii from its conditional distribution given y∗i ,
right-truncated at zero.
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where S = Σ⊗ In, β̂ is the GLS estimator

β̂ = (X 0S−1X)−1X 0S−1W,

and e = W −Xβ̂ the residual. Note that the conditional posterior of β satisfies f(β|W,Σ, y, s) =

f(β|W,Σ) because (y, s) is a function of W . Combining the likelihood f(W |β,Σ) with a normal
N(b0, B0) prior distribution for β, it is a standard result that the posterior is again normal with

mean and variance given by

E (β|W,Σ) =
£
B−10 +X 0S−1X

¤−1 h
B−10 b0 +X 0S−1Xβ̂

i
, (9)

V (β|W,Σ) =
£
B−10 +X 0S−1X

¤−1
. (10)

Finally, it remains to find the conditional posterior of Σ. An equivalent form of the SUR likelihood

in (8) is

f(W |β,Σ) ∝ |Σ|−n/2 exp
½
−1
2
(W −Xβ)0S−1(W −Xβ)

¾
∝ |Σ|−n/2 exp

½
−1
2
tr
¡
Σ−1A

¢¾
, (11)

where tr(·) is the trace and A is defined as

A =

⎡⎢⎣ (I −X1β1)
0(I −X1β1) (I −X1β1)

0(y∗ −X2β2)

(y∗ −X2β2)
0(I −X1β1) (y∗ −X2β2)

0(y∗ −X2β2)

⎤⎥⎦ . (12)

By inspection of (11) it can be seen that the inverse Wishart distribution is the natural conjugate

prior. If Σ has an inverse Wishart distribution with parameter matix H and degrees of freedom v,

we will write Σ ∼W−1 (H, v). The density of Σ is given by

f (Σ|H, v) ∝ |Σ|−(v+3)/2 exp
½
−1
2
tr
¡
Σ−1H

¢¾
, v ≥ 2,

and has mean (v − 3)−1H (e.g., Muirhead 1982, page 97). Multiplying this density with (??) we
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find

f (Σ|β,W ) ∝ |Σ|−(n+v+3)/2 exp
½
−1
2
tr
¡
Σ−1 (A+H)

¢¾
, v ≥ 2. (13)

Thus, the conditional posterior of Σ is a W−1 (A+H,n+ v) distribution. The Gibbs sampler can

now be summarized as follows:

Algorithm 1 (Unidentified Parameters) For given starting values of (β,Σ, I,Y∗}:

1. if si = 1, sample Ii from (5); if si = 0, sample Ii from (6) and y∗i from (7);

2. sample β from a multivariate normal with mean (9) and variance (10);

3. sample Σ from (13);

4. return to step 1 and repeat.

In order to execute step 3 of the algorithm, note that by definition of the inverse Wishart distribu-

tion the precision matrix P (= Σ−1) has a conditional posterior Wishart distribution with parameter

matrix (A+H)−1 and (n+v) degrees of freedom. A draw of Σ can then be obtained by first gener-

ating (n+v) vectors zj from the N2(0, (A+H)−1) distribution and computing Σ = (
Pn+v

j=1 zjz
0
j)
−1.

Algorithm 1 yields a realization of a Markov chain that is informative about the posterior

distribution of (β1/σ1, β2,σ2, ρ). A disadvantage of using unidentified parameters is that it may be

difficult to choose appropriate priors for β1/σ1 and ρ.4 For that reason we can also use an idea

proposed by Koop and Poirier (1997) in the context of a switching model: an alternative Gibbs

sampler can be constructed by imposing the restriction σ1 = 1, reparameterizing the model and

placing priors on the identified parameters directly; see also Li (1998) and McCulloch et al. (2000)

for additional applications.

In our model this approach can be implemented by writing the covariance matrix as

Σ =

⎡⎢⎣ 1 σ12

σ12 ξ2 + σ212

⎤⎥⎦ ,
where σ12 is the covariance between ui1 and ui2 and ξ2 ≡ σ22 − σ212 is the conditional variance of

ui2 given ui1. In order to generate draws
¡
σ12, ξ

2
¢
in the Gibbs sampler, we need the conditional

4 In other words, the induced prior of (β1/σ1, ρ) needs to be checked to ensure it is appropriately reflecting the
researcher’s beliefs.
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posterior f (σ12, ξ|W,β). Note that given (W,β), the errors u are known and (σ12, ξ2) are the

parameters of a normal linear regression model:

ui2 = σ12ui1 + ηi, ηi ∼ N
¡
0, ξ2

¢
.

Thus, the conditional posterior of interest satisfies

f
¡
σ12, ξ

2|W,β
¢
= f

¡
σ12, ξ

2|u, β¢
∝ f(u|σ12, ξ2, β)f(σ12, ξ2|β)

∝ f
¡
u|σ12, ξ2

¢
f
¡
σ12, ξ

2
¢
,

where we take (σ12, ξ2) a priori independent of β.

The natural conjugate prior for (σ12, ξ2) is of the normal-inverse gamma form. By definition ξ2

has an inverse gamma distribution with parameters (c0, d0), written as ξ2 ∼ IG(c0, d0), if ξ−2 has

a prior gamma distribution G(c0, d0). The prior density of ξ2 is then

f(ξ2|c0, d0) = dc00
Γ(c0)

(ξ2)−(c0+1)e−d0/ξ
2

.

We set the conditional prior of σ12 equal to

f(σ12|ξ2, τ , g0) = N(g0, τξ
2).

The reason for prior dependence between σ12 and ξ2 is that the induced prior for the correlation

coefficient can be made roughly uniform by an appropriate choice of τ . Here (c0, d0, g0, τ) is a set

of hyperparameters. It is easy to show that now the posteriors take the following form:

ξ2|W,β, σ12 ∼ IG(c̃, d̃), (14)

c̃ = c0 +
n+ 1

2
,

d̃ = d0 +
(σ12 − g0)

2

2τ
+
1

2
(u2 − σ12u1)

0 (u2 − σ12u1) ,
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and

σ12|W,β, ξ2 ∼ N

µ
g0/τ + u01u2
τ−1 + u01u1

,
ξ2

τ−1 + u01u1

¶
. (15)

The Gibbs sampler with identified parameters, which is similar to Li’s (1998) algorithm, can now

be summarized as follows:

Algorithm 2 (Identified Parameters) For given starting values of {β, σ12, ξ2, I,Y∗}:

1. sample β from a multivariate normal with mean (9) and variance (10);

2. if si = 1, sample Ii from (5); if si = 0, sample Ii from (6) and y∗i from (??);

3. sample ξ2 from (14) and σ12 from (15);

4. return to step 1 and repeat.

2.3 Independence

An interesting special case arises when ρ = 0 or σ12 = 0. Then ui1 has no effect on y∗i , whether we

observe y∗i or not, and inference on β2 would only use the subsample where yi 6= 0. Another way
to see this is through the likelihood: (4) becomes

f (y, s|β,Σ) =
nY
i=1

£
Φ
¡
x0i1β1/σ1

¢¤si £1−Φ ¡x0i1β1/σ1¢¤1−si × (16)

Y
i:yi 6=0

σ−12 φ

µ
yi − x0i2β2

σ2

¶
.

This likelihood is identical to that of a two-part model, in which the nonzero outcomes are condi-

tionally independent of the selection mechanism.5 Since the likelihood is separable in (β1, σ
2
1) and

(β2, σ
2
2), constructing a Gibbs sampler is now considerably easier. The function f(y, s|β,Σ) factors

into a Probit likelihood and a normal linear regression likelihood. If we impose independence be-

tween (β1, σ
2
1) and (β2, σ

2
2) in the prior, this is carried over to the posterior. As a consequence we

can sample (β1, σ
2
1) and (β2, σ

2
2) each in their own ‘mini Gibbs sampler’.

5The difference between a two-part model and a selection model concerns the interpretation of β2. In a selection
model β2 is the marginal effect on potential outcomes, whereas in a two-part model it is a marginal effect on realized
non-zero outcomes.
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In the Probit part we impose the restriction σ1 = 1, because it reduces the number of steps

needed in the algorithm. The Probit algorithm described here is due to Ahn and Powell (1993). The

parameters are (I, β1) and it remains to find the conditional posteriors p(I|β1, s) and p(β1|I, s) =
p(β1|I).6 Since I = X1β1 + u1 and u1 ∼ N (0, In), it follows that

f(I|β1) = (2π)−n/2 exp
½
−1
2

h
e0e+ (β1 − β̂1)

0X 0
1X1(β1 − β̂1)

i¾
,

where β̂1 = (X
0
1X1)

−1X 0
1I and e = I−X1β̂1. Combining a normal N (b1, B1) prior distribution for

β1 with the likelihood of I given above, we get

β1|I ∼ N
¡
b̄1, B̄1

¢
, (17)

B̄1 =
¡
B−11 +X 0

1X1
¢−1

,

b̄1 =
¡
B−11 +X 0

1X1
¢−1 ³

B−11 b1 +X 0
1X1β̂1

´
.

Since Ii|β1 has a normal distribution with mean x0i1β1 and unit variance, the distribution of Ii

given β1 and si is truncated normal:

f(Ii|β1, si = 0) = N
¡
x0i1β1, 1

¢
I {Ii ≤ 0} , (18)

f(Ii|β1, si = 1) = N
¡
x0i1β1, 1

¢
I {Ii > 0} .

Inference on
¡
β2, σ

2
2

¢
uses only the subsample in which yi 6= 0. Let ỹ, X̃2 and ũ2 = ỹ − X̃2β2

all refer to this subsample of size ñ. If the priors are σ22 ∼ IG(c0, d0) and β2 ∼ N(b2, B2), then

standard results for the linear model with normal errors yield

σ22|β2, ỹ ∼ IG(c0 +
ñ

2
, d0 +

1

2
ũ02ũ2), (19)

β2|σ22, ỹ ∼ N
¡
b̄2, B̄2

¢
, (20)

B̄2 =
³
B−12 + σ−22 X̃ 0

2X̃2

´−1
,

b̄2 =
³
B−12 + σ−22 X̃ 0

2X̃2

´−1 ³
B−12 b2 + σ−22 X̃ 0

2X̃2β̂2

´
,

6The equality follows because s is a function of I.
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where β̂2 is the OLS estimator from regressing ỹ on X̃. The simplified Gibbs sampler can now be

summarized as follows:

Algorithm 3 (Independence) For given starting values of
¡
I, β1, β2, σ

2
2

¢
:

1. Sample β1 from (17) and I from (18);

2. sample σ22 from (19) and β2 from (20);

3. return to step 1 and repeat.

2.4 Testing for Independence

In the bivariate normal selection model a test for the presence of a selection effect is a test of the

hypothesis H0 : ρ = 0. In a classical setting this may be done via a t-test on the coefficient of the

inverse Mills ratio. In the Bayesian approach we could simply use the output of algorithms 1 or 2

to look at the posterior of ρ (or σ12) and then determine whether zero is a likely value or not.

An alternative is to compute the Bayes factor.7 Suppose that two competing models, or hy-

potheses, M0 and M1 are entertained to describe the outcome y. A model in this context consists

of a prior distribution on the appropriate parameters and a likelihood for the data. Given prior

probabilities f (M0) and f (M1) of the two models, the posterior odds ratio is computed as

f (M0|y)
f (M1|y) =

f (y|M0)

f (y|M1)
× f (M0)

f (M1)

= B01 × f (M0)

f (M1)
,

where B01 is the Bayes factor of model 0 versus model 1. In other words, the Bayes factor transforms

the prior odds ratio into the posterior odds ratio. The Bayes factor itself is the ratio of the prior

predictive distributions or marginal likelihoods f(y|Mj), where

f(y|Mj) =

Z
fj(y|θj ,Mj)fj(θj |Mj)dθj , j = 0, 1.

Here θj is the set of parameters under model Mj and fj(y|θj ,Mj) the corresponding likelihood.

Bayes factors larger than 1 indicate support for modelM0. Conversely, a value of B01 much smaller
7Bayes factors have been researched extensively. The article by Kass and Raftery (1995) is an excellent survey.
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than 1 suggests that model M1 is more likely. In our context let M0 be the selection model with

ρ = 0 imposed, whereas M1 is the unrestricted model. The output of algorithms 2-3 can be used

to approximate B01 in a relatively straighforward way. Here we briefly discuss two approaches.

In the parameterization involving σ12 and ξ2, suppose that β and (σ12, ξ2) are independent in

the prior. It then follows from the arguments in Verdinelli and Wasserman (1995) that B01 is equal

to

B01 = f(σ12 = 0|y)E
∙

1

f(σ12 = 0|ξ2)
¸
,

where the expectation is with respect to f(β, ξ2|y, s, σ12 = 0). Given a sequence {β(m), ξ2(m),W (m)}Mm=1,
the first term can be estimated by

f̂(σ12 = 0|y) = 1

M

MX
m=1

f(σ12 = 0|W (m), β(m), ξ2(m)).

This simply requires M evaluations of the density in (15) at zero. To estimate the expected value,

run algorithm 2 again with σ12 = 0 held fixed. This yields a sequence {β(l), ξ2(l)}Ll=1 from which

Ê

∙
1

f(σ12 = 0|ξ2)
¸
=
1

L

LX
l=1

"
1

f(σ12 = 0|ξ2(l)
#
.

This only requires L evaluations of the conditional prior of σ12 given ξ2.

A second method to compute the Bayes factor is the one proposed by Chib (1995). Output from

the Gibbs sampling algorithms 2 and 3 can be used to estimate f(y|M0) and f(y|M1) separately

and compute their ratio.8 Starting with the unrestricted model, we have

f(y|M1) =
f
¡
y|β, σ12, ξ2

¢
f
¡
β, σ12, ξ

2
¢

f
¡
β, σ12, ξ

2|y¢ .

Note that this equation holds for all parameter values in the support of f
¡
β, σ12, ξ

2|y¢. Now pick
a specific value

¡
δ∗, σ∗12, ξ

∗2¢, for example the sample average from the Gibbs output. Then

log f(y|M1) = log f
¡
y|β∗, σ∗12, ξ∗2

¢
+ log f

¡
β∗, σ∗12, ξ

∗2¢− log f ¡β∗, σ∗12, ξ∗2|y¢ .
8Estimating the marginal likelihood from algorithm 1 yields unstable results. Apparently the lack of full identi-

fication in that sampler causes problems.
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The first two terms on the right-hand side can immediately be calculated. It remains to estimate

the value of the posterior. To this end, write

log f
¡
β∗, σ∗12, ξ

∗2|y¢ = log f ¡ξ∗2|y¢+ log f ¡σ∗12|ξ∗2, y¢+ log p (β∗|σ∗12, ξ∗, y) .
Each term can be estimated using the conditional posterior and averaging over the draws from the

Gibbs sampler. For the second and third terms, the sampler needs to be run with ξ2 fixed at ξ∗2

and (σ12, ξ2) fixed at (σ∗12, ξ
∗2), respectively. The argument for estimating f(y|M0) is analogous.

For more detail, see Chib (1995).

3 Mixture Modeling

3.1 Finite Mixtures of Normals

There are several ways the assumption of bivariate normality in the SSM can be relaxed. We first

consider using a mixture of normal distributions with a fixed number of mixture components. In

the model in (1) suppose now that

⎛⎜⎝ ui1

ui2

⎞⎟⎠ ∼ kX
j=1

γjN(μj , cuΣj), γj ≥ 0,
kX

j=1

γj = 1,

where cu > 0 is a scaling factor and

μj =

⎛⎜⎝ μj1

μj2

⎞⎟⎠ , Σj =

⎡⎢⎣ σ2j,1 σj,12

σj,12 σ2j,2

⎤⎥⎦ .
Thus, the distribution is a mixture of k components and with probability γj the errors are distrib-

uted according to N(μj , cuΣj). Mixtures of normals are very flexible: even with a small number

of mixture components (say, 2 or 3), they can display skewness, excess kurtosis and multimodality

(e.g., Geweke 2005, chapter 6). Note that the mixture distribution trivially reduces to (2) when

k = 1, μj = 0 and cu = 1.
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For each observation let ζi ∈ {1, . . . , k} be a component indicator, so that⎛⎜⎝ ui1

ui2

⎞⎟⎠ |ζi = j ∼ N(μj , cuΣj), j = 1, . . . , k.

Since ζ = (ζ1, . . . , ζn) is unknown, it is treated as a parameter vector. The complete set of

parameters in the mixture model is now {β, I,Y∗, ζ, cu}, combined with γ = (γ1, . . . , γk), μ =

{μj}kj=1 and Σ = {Σj}kj=1.
We highlight some of the main features of the sampler and leave additional details to appendix

6. Recall that in the SUR formulation W = Xβ + u. Let W(j),X(j), u(j) be the submatrices

corresponding to the jth mixture component. Similar to (8) we can write

f(W |β, ζ, μ,Σ, cu) ∝
kQ

j=1
|cuΣj |−nj/2 × exp

(
−1
2

kP
j=1

e0(j)S
−1
j e(j)

)

× exp
(
−1
2
(β − β̂)0

kP
j=1

X 0
(j)S

−1
j X(j)(β − β̂)

)
,

where Sj = cuΣj ⊗ Inj and nj =
Pn

i=1 I{ζi = j}. Here β̂ is the GLS estimator

β̂ =

⎡⎣ kX
j=1

X 0
(j)S

−1
j X(j)

⎤⎦−1 kX
j=1

X 0
(j)S

−1
j (W(j) − μj ⊗ ιnj ),

and e(j) = W(j) − μj ⊗ ιnj − X(j)β̂ the residual. Note that once we condition on the component

indicators ζ, the completed-data likelihood does not depend on γ. Provided β is a priori independent

of γ, the same will be true for the conditional posterior of β. Combining the likelihood with a

N(b0, B0) prior, the conditional posterior is again normal with mean and variance given by

E(β|W, ζ, μ,Σ, cu) = V (β|W, ζ, μ,Σ, cu)

⎡⎣B−10 b0 +
kX

j=1

X 0
(j)S

−1
j X(j)β̂,

⎤⎦ (21)

V (β|W, ζ, μ,Σ, cu) =

⎡⎣B−10 +
kX

j=1

X 0
(j)S

−1
j X(j)

⎤⎦−1 . (22)

Sampling I, Y∗ and Σ is similar as before, so we will be brief. For simplicity we do not list every
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conditioning argument:

Ii|si = 1, ζi = j ∼ N

Ã
x0i1β1 + μj1 +

σj,12
σ2j,2

(y∗i − x0i2β2 − μj2), cuσ
2
j,1(1− ρ2j )

!
I{Ii > 0}, (23)

Ii|si = 0, ζi = j ∼ N(x0i1β1 + μj1, cuσ
2
j,1)I{Ii ≤ 0}, (24)

y∗i |Ii, ζi = j ∼ N

Ã
x0i2β2 + μj2 +

σj,12
σ2j,1

(Ii − x0i1β1 − μj1), cuσ
2
j,2(1− ρ2j )

!
. (25)

The component indicator ζi has a prior multinomial distribution with Pr{ζi = j|γ} = γj , j =

1, . . . , k. Write the ith observation as the bivariate linear model wi = Xiβ + ui, where

wi = (Ii, y
∗
i )
0, Xi =

⎡⎢⎣ x0i1 0

0 x0i2

⎤⎥⎦ , ui = (ui1, ui2)
0.

The conditional posterior distribution of ζi follows from Bayes’ rule:

Pr{ζi = j|wi, β, μ,Σ, γ, cu} ∝ p(wi|β, μ,Σ, γ, cu, ζi = j} × Pr{ζi = j|γ}

∝ γj |cuΣj |−1/2 (26)

× exp
½
− 1

2cu
(wi −Xiβ − μj)

0Σj−1(wi −Xiβ − μj)

¾
.

The parameter γ is a set of multinomial probabilities, which suggests using a Dirichlet prior dis-

tribution. If f(γ1, . . . , γk) = D(γ0, . . . , γ0), it is shown in the appendix that the posterior is given
by

γ|ζ ∼ D(γ0 + n1, . . . , γ0 + nk). (27)

The use of a uniform Dirichlet prior, i.e. γ0 is the parameter for each state j = 1, . . . , k, is

appropriate here, because the state labels are not identified. This lack of knowledge is reflected by

a prior in which the states are exchangeable.

In order to find the conditional posterior of (μj ,Σj) we take its prior to be

f(Σj) =W−1(H, v), f(μj |cu,Σj) = N (0, τcuΣj) .

The advantage of this choice is that the posterior of (μj ,Σj) conditional on (β, ζ, cu) is again of the
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normal-inverse Wishart form. This allows us to sample (μj ,Σj) jointly, which should improve the

convergence behavior of the Markov chain.9 It follows that

f(Σj |W,β, ζ, cu) =W−1(Hj , v + nj), (28)

Hj = H +
1

cu

nj ūjū
0
j

1 + τnj
+
1

cu

X
i:ζi=j

(ui − ūj)(ui − ūj)
0,

and ū(j) = n−1j
P

ζi=j
ui. Also:

f(μj |Σj ,W, β, ζ, cu) = N

µ
τnj

1 + τnj
ū(j),

τcu
1 + τnj

Σj

¶
. (29)

Allowing for prior dependence between μj and Σj is often reasonable: if cuΣj is large the errors are

highly variable, making it harder to pin down their location. The parameter τ can be thought of

as a tuning parameter that can be used to control the potential multimodality in the distribution

of ui, independently of the variance.

The conditionally conjugate prior distribution for cu is the inverse gamma distribution. In

particular, we take f(cu) = IG(v/2, d). Since cu enters the prior of μj and the likelihood, it is

shown in the appendix that

f(cu|W, δ, μ,Σ, ζ, γ) = IG(
v

2
+ n+ k, d̃), (30)

d̃ = d+
1

2τ

kX
j=1

μ0jΣ
−1
j μj +

1

2

nX
i=1

(ui − μj(i))
0Σ−1j(i)(ui − μj(i)),

where j(i) is the value of j ∈ {1, . . . , k} such that ζi = j. The Gibbs sampler for the mixture of

normals sample selection model can now be summarized as follows:

Algorithm 4 (Mixture SSM) For given starting values of {β, μ,Σ, ζ, γ, cu, I,Y∗}:

1. Sample β from a normal distribution with mean (21) and variance (22);

2. if si = 1 sample Ii from (23); if si = 0 sample Ii from (24) and y∗i from (25);

3. sample ζi from (26) for i = 1, . . . , n;

9Alternatively, if μj is a priori independent of Σj , it would be necessary to sample from p(μj |Σj ,W, β, ζ, cu) and
p(Σj |μj ,W, β, ζ, cu) consecutively. This adds a ’block’ to the Gibbs sampler, which slows down convergence.
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4. sample γ from (27);

5. sample Σj from (28 and μj from (29) for j = 1, . . . , k;

6. sample cu from (30);

7. return to step 1 and repeat.

The priors used throughout this section are proper. It is important to note that algorithm 4

cannot be modified to allow for improper priors. As shown by Roeder and Wasserman (1997),

the use of improper priors in a mixture model leads to improper posterior distributions that are

meaningless. Also, the component labels j are not identified without further prior information.

If the components have a structural interpretation, such as representing different states of the

world or distinct subpopulations, and are of primary importance, then the algorithm above is not

appropriate.10 In our case, however, we merely use mixtures as a modeling device, and labeling

issues are not a concern.

3.2 Dirichlet Mixtures of Normals

The method discussed above requires one to choose the number of mixture components beforehand.

If the econometrician is uncomfortable doing this, he could use various choices of k and compare

models on the basis of their posterior probabilities. An alternative which does not require model

selection is to use the so-called Dirichlet process prior, developed by Ferguson (1973) and Antoniak

(1974). In this section we incorporate this methodology into a sample selection framework. The

main appeal of using a Dirichlet process prior lies in the fact that the error distribution is modeled

as a mixture of normals with a random number of components. This number is an additional

parameter and through Bayesian updating we can obtain its posterior. Also, the prior allows

us to center in some sense the semiparametric model around the parametric one. Our approach

here is based on results from Escobar (1994), Escobar and West (1995) and is closely related to

Conley, Hansen, McCulloch, and Rossi (2007), who consider the use of Dirchlet process priors in

an instrumental variables model.11

10For a discussion, see Geweke (2005, chapter 6) and the references cited therein.
11Escobar and West (1998), MacEachern (1998) and Müller and Quintana (2004) are excellent reviews of semi-

parametric modeling with Dirichlet processes.
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The basic setup can be described as follows. In (1) let

⎛⎜⎝ ui1

ui2

⎞⎟⎠ |θi ∼ N(μi, cuΣi), θi = (μi,Σi), (31)

θi|G ∼ G, G|α,G0 ∼ DP(α,G0).

Here θi is simply the set of parameters for the normal distribution (apart from the common scale

factor cu). Our discussion of the SSM in section 2 involved setting θi = (0,Σ) for all i and specifying

a prior on the elements of Σ. The semiparametric model in (31) allows each pair (ui1, ui2) to have

a distinct normal distribution, conditional on θi. The parameters {θi}ni=1 are i.i.d. draws from a

distribution G. If G is chosen to be a N(μ0, S0) distribution, possibly augmented with a hyperprior

on (μ0, S0), then we have specified a hierarchical normal model, which still imposes a lot of structure

on, say, the marginal distribution of the errors. In particular, it would not allow multimodality

or skewness. Instead, in (31) the distribution G itself is treated as unknown and given a Dirichlet

process (DP) prior12. Thus, G can be viewed as a random probability measure. G0 is a distribution

that in some sense is a prior guess about G. Specifically, the marginal prior distribution of θi is

exactly G0 (e.g., Ferguson, 1973, Antoniak, 1974). The parameter α reflects the prior belief that

G0 is the actual distribution of θi. This belief becomes stronger as α→∞.
We present here a Gibbs sampler while keeping α fixed. In the simulations and application in

sections 4 and 5 α is random and updated in the Gibbs sampler. Additional details on the prior

of α and the form of G0 are discussed in appendix 6. Throughout this section the conditioning

on (α,G0) is implicit. The parameters are now {θi}ni=1, G and cu, in addition to β, I and Y∗. A
convenient simplification occurs because G can be integrated out of the posterior (e.g., Escobar,

1994), so that the Gibbs sampler does not involve G.

The likelihood of W , conditional on θ = {θi}ni=1, is

p(W |β, θ, cu) ∝
nY
i=1

|cuΣi|−1/2 exp
½
− 1

2cu
(wi −Xiδ − μi)

0Σ−1i (wi −Xiδ − μi)

¾
.

Combining this with a N(b0, B0) prior for β and collecting terms, it follows that the posterior of β

12Suppose Ω is the sample space and {Aj}kj=1 is any measurable partition. If G ∼ DP(α,G0), then the collection
of random probabilities {G(Aj)}kj=1 follows a Dirichlet distribution.
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is again normal with mean and variance given by

E(β|W, θ, cu) = V (β|W,θ, cu)

"
B−10 b0 + c−1u

nX
i=1

X 0
iΣ
−1
i Xiβ̂

#
, (32)

V (β|W, θ, cu) =

"
B−10 + c−1u

nX
i=1

X 0
iΣ
−1
i Xi

#−1
. (33)

As before β̂ is the GLS estimator, which in this case equals

β̂ =

"
nX
i=1

X 0
iΣ
−1
i Xi

#−1 nX
i=1

X 0
iΣ
−1
i (wi − μi).

Sampling Ii when si = 1 and (Ii, y∗i ) when si = 0 is done by generating draws from the distributions

in (23), (24) and (25), where we now condition on θi = (μi,Σi), instead of ζi.

Let θ−i = {θ1, . . . , θi−1, θi+1, . . . , θn}. Blackwell and MacQueen (1973) show that if θi|G ∼ G

and G ∼ DP(α,G0), then the distribution of θi given θ−i with G integrated out is given by

θi|θ−i

⎧⎪⎨⎪⎩ = θj w. prob. 1
α+n−1 , j 6= i

∼ G0 w. prob. α
α+n−1

. (34)

That is, θi equals one of the other θj ’s with nonzero probability, or is distributed according to G0.

This property is known as the Pólya urn representation of a sample from the Dirichlet process.

Using Bayes’ rule the posterior distribution takes a similar form:

θi|θ−i,W, β

⎧⎪⎨⎪⎩ = θj w. prob. c−1p(wi|Xi, β, θj , cu), j 6= i

∼ p(θi|wi,Xi, β, cu) w. prob. c−1αp(wi|Xi, β, cu)
. (35)

Here c−1 is a normalizing constant, p(θi|wi, β, cu) is the posterior obtained from the prior dG0(θi),

and p(wi|Xi, β, cu) is the marginal likelihood after integrating out θi with respect to dG0(θi):

p(θi|wi,Xi, β, cu) ∝ p(wi|Xi, β, θi, cu)dG0(θi),

p(wi|Xi, β, cu) =

Z
p(wi|Xi, β, θi, cu)dG0(θi).

More details are given in appendix 6.
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Finally, updating cu conditional on the remaining parameters is exactly the same as in the finite

mixture case discussed earlier. The Gibbs sampler for the Dirichlet process selection model can

now be summarized as follows:

Algorithm 5 (Dirichlet process) For given starting values of {β, θ, I,Y∗, cu}:

1. Sample β from a normal distribution with mean (32) and variance (33);

2. if si = 1 sample Ii from (23); if si = 0 sample Ii from (24) and y∗i from (25); all draws here

are conditional on θi = (μi,Σi);

3. sample θi from (35) for i = 1, . . . , n;

4. sample cu from (30);

5. return to step 1 and repeat.

Algorithm 5 can be extended in several ways. As noted before it is possible to place a prior

distribution on α. Recall that α represents the prior belief that G0 is the distribution of θi. If

α is large, then we will see many unique values in θ, which yields a model with a large number

of mixture components. Alternatively, if α is small, then θ will likely see few unique values. In

fact, Antoniak (1974) shows that kn, the number of unique θ values in a sample of size n, satisfies

E(kn|α) ≈ α log((α + n)/α). The limit case α = 0 results in θi = θ̄ for all i, which leads to the

parametric model in section 2. By placing a prior on α it is possible to learn about the number

of mixture components, after seeing the data. Escobar and West (1995) use a convenient gamma

prior which yields a posterior mixture of two gamma distributions. See appendix 6 for details.

Alternatively, it is possible to specify a prior for kn explicitly (rather than implicitly through α) as

in Escobar (1994).

The Markov chain constructed in algorithm 5 may converge slowly if the Gibbs sampler ‘gets

stuck’ at a few fixed values of θi. From (35) this could happen when the sum (over j 6= i) of

c−1p(wi|Xi, β, θj , cu) gets large relative to c−1αp(wi|Xi, β, cu). It is possible to slightly reparame-

terize the model and associated Gibbs sampler, such that at each iteration the distinct values in θ

are ‘remixed’. The Gibbs samplers in sections 4 and 5 use remixing. Details are given in appendix

6; see also West et al. (1994), MacEachern (1998) and MacEachern and Müller (1998).
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3.3 Independence and Departures from Normality

Algorithm 5 provides information on the number of mixture components that are used to fit the

likelihood. At each iteration of the sampler we can determine and store the number k of unique

elements in {θi}ni=1. The sampled values of k then allow us to calculate the posterior distribution
of k. In particular, if k = 1 has a low posterior probability, then the normal likelihood based on

(2) is not appropriate. Thus, an immediate by-product of the Dirichlet process Gibbs sampler is a

test for (departures from) normality.

In the case of a finite mixture model with k fixed at a value greater than 1, it is less obvious how

to construct a test for normality. Suppose for example that we use the Gibbs sampler in algorithm

4 with k = 2. If the true model has bivariate normal errors, then we are overfitting the number of

components. The posterior should then reveal μ1 ≈ μ2 and Σ1 ≈ Σ2. Constructing a test statistic
would involve comparing a relatively large number of parameters. This approach is therefore not

as appealing as using the Dirichlet mixture directly.

A potential complication in the mixture model is that the dependence between ui1 and ui2 is

not easily captured by a single parameter. Recall that when the errors are bivariate normal, a test

for the presence of a selection effect can be based on the correlation coefficient ρ. In a mixture

model this is no longer true. Moreover, it is not clear that correlation is a meaningful measure of

dependence.

The degree of dependence between ui1 and ui2 can be assessed by drawing a set of values from

the posterior predictive distribution, and calculating a dependence measure from these draws. In

the mixture model the sampled values {γ, μ,Σ, cu} are (approximately) draws from the posterior,

and these are the only parameters that determine the error distribution. A predicted realization

un+1 can be then be generated according to

un+1|γ, μ,Σ, cu ∼
kX

j=1

γjN(μj , cuΣj).

In the Dirichlet mixture model a predicted value is generated as follows: after updating {μi,Σi}ni=1,
sample a new value {μn+1,Σn+1} from (35) and sample un+1 from N(μn+1, cuΣn+1). Given a set

of draws {u(m)n+1}Mm=1 the correlation between un+1,1 and un+1,2 can be computed. Of course, with
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a mixture distribution a zero correlation does not imply the absence of a selection effect. It is

therefore useful to also report alternative measures such as Kendall’s tau and Spearman’s rho (e.g.,

Nelsen, 2006).

4 Simulations

We now illustrate the use of the Dirichlet mixture model in algorithm 5 using some simulated data.

A sample of size n = 1, 000 is generated from the model in (1):

Ii = β0 + xi1β1 + ui1,

log y∗i = β0 + xi2β2 + ui2,

yi = I{Ii > 0}y∗i .

In the first design the errors (ui1, ui2) are bivariate normal with σ21 = 1, σ22 = 2 and correlation

ρ = 0.5. The coefficients are β1 = β2 = 1, and xi1 and xi2 are independently U(0, 6) distributed.

Note that the intercept β0 controls the fraction of the sample that has yi = 0. We set β0 = −1.50
which implies that roughly 25% of the outcomes log y∗i are missing (and labeled zero). The algorithm

is run three times from different starting values. The number of iterations is 8, 000, the first 4, 000

of which are discarded. Thus, the figures in this section are estimated posterior distributions based

on 12, 000 random draws. The posterior estimates from algorithm 5 are given in figures 1 and

2. The posterior distributions of β2 and ρ are centered around their true values. The sampler

overwhelmingly fits a single mixture component to the data, with Pr{k = 1|y} close to 90%. The
contour plot of f(ui1, ui2) shows that the normal model describes the error distribution well near

the center. In the tail areas it is likely that the sampler is fitting more than one mixture component,

thus creating some nonnormality.
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Figure 1: Dirichlet posterior of β2 and ρ (normal errors)
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Figure 2: number of components and error density contours (normal errors)

The second design is largely similar, except that (ui1, ui2) is now distributed according to a mixture

of two normals: ⎛⎜⎝ ui1

ui2

⎞⎟⎠ ∼ γ1N(μ1,Σ) + (1− γ1)N(μ2,Σ),

where γ1 = 0.3, μ1 = (0,−2.1) and μ2 = (0, 0.9). The covariance matrix is the same as before. The
intercept is set to β0 = −1.50, so that around 25% of the sample has a missing outcome. From

figures 3 and 4 we see that the posterior of β2 is slightly upward biased. The posterior of ρ strongly

indicates a positive relation between ui1 and ui2. The Dirichlet model correctly fits two mixtures
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components in 55% of the time, with the posterior probability of three components dropping down

to 26%.
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Figure 3: Dirichlet posterior of β2 and ρ (mixture errors)
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Figure 4: number of components and error density contours (mixture errors)

In the final design we generate vi1 and vi2 as independent log(χ21) errors and set ui1 = vi1+0.25vi2

and ui2 = 0.25vi1 + vi2. This creates heavily left-skewed error with a correlation of 0.47. The

intercept is set to β0 = 0.25, which results in roughly 25% missing outcomes. The posterior of β2

in figure 5 is quite accurate, but the correlation is harder to pin down. On the other hand, figure 6

shows that there is substantial evidence for nonnormality: the posterior probability of either three

or four mixture components is 46%.

27



0.8 0.9 1 1.1 1.2

β
2

−1 −0.5 0 0.5 1

ρ

Figure 5: Dirichlet posterior of β2 and ρ (log(χ21) errors)
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Figure 6: number of components and error density contours (log(χ21) errors)

5 Mroz’s (1987) Labor Supply Data

In this section we apply the various Gibbs samplers to estimate a wage equation, using the labor

supply data of Mroz (1987). This data is a PSID subsample from 1975 and contains information

on 753 married women, 428 of whom worked at some point during the year. We estimate the
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parameters of the following wage function:

log(wagei) = β0 + β1educi + β2expi + β3exp
2
i + ui2, (36)

where educi and expi denote education and experience levels, respectively. Wage is only observed

if the individual selects into the work force. The selection equation contains the covariates in

(36), plus age, family income (excluding the woman’s income) and the number of children in the

household. Since the results for algorithms 1 and 2 are largely similar, we only report results for

the identified sampler. We first assess whether wage outcomes are conditionally independent of

selection into the work force.

Model Parameter Mean Std. Dev. 95% HPD

β1 0.108 0.015 [0.078, 0.137]

SSM β2 0.042 0.015 [0.010, 0.070]

β3 −0.001 0.000 [−0.002, 0.000]
β1 0.107 0.014 [0.079, 0.135]

SSM β2 0.042 0.013 [0.016, 0.068]

(ρ = 0) β3 −0.001 0.000 [−0.001, 0.000]

Table 1: wage equation parameters, algorithms 2 and 3

Table 1 shows that both algorithms 2 and 3 yield very similar posteriors for the coefficients of

the wage equation. This is true because there is no evidence that the correlation between ui1 and

ui2 is nonzero. The Bayes factor of ρ = 0 versus the alternative is 12.01. To allow for potential

nonnormality, we also estimate the selection model with a mixture of two normals and the Dirichlet

mixture of normals.
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Model Parameter Mean Std. Dev. 95% HPD

β1 0.105 0.011 [0.083, 0.127]

Mixture β2 0.025 0.013 [0.000, 0.049]

(k = 2) β3 −0.000 0.000 [−0.001, 0.000]
β1 0.104 0.010 [0.082, 0.123]

Dirichlet β2 0.024 0.012 [0.001, 0.048]

β3 −0.000 0.000 [−0.001, 0.000]

Table 2: wage equation parameters, algorithms 4 and 5
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Figure 7: estimated error densities from mixture model (k = 2)
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Figure 8: estimated error densities from Dirichlet model

The (unconditional) correlation between the selection and wage equations in the mixture model

has posterior mean −0.201 and 95% HPD [−0.49, 0.12]. Thus, at least in terms of correlation
there is no evidence of selection on unobservables. The mixture model shows some evidence of

nonnormality in the error distribution in figure 7, but the posteriors summary statistics for β1 and

β3 are not very different from those given in table 1. Interestingly, the return to experience is lower

in the mixture and Dirichlet models, while the posterior of the return to education is less dispersed.

From figure 8 we see that the Dirichlet sampler fits only a small number of mixture components

to the error distribution. The posterior probability of 2, 3 or 4 components is 25%, 25% and 21%,

respectively.

6 Conclusion

In this paper we have developed Gibbs sampling algorithms for use in a sample selection models.

The model essentially consists of a latent structure which is only partially observed. Under the

strong parametric assumption of normal errors, the Gibbs sampler is easy to construct in com-

bination with data augmentation. The sampling scheme can be formulated with or without an

identification restriction, but we have found there to be hardly any difference in the posterior

approximation.13

13 In contrast, McCulloch et al. (2000) find large differences in the autocorrelation and convergence behavior of
the chains, in case of the multinomial probit model.
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A Bayesian semiparametric procedure can be based on introducing more flexibility in the (joint)

error distribution. One option is the use of a mixture of normal distributions. We have shown how

to construct a Gibbs sampler by augmenting the parameter space with a set of latent state variables.

Within this sampling algorithm the number of mixture components is fixed. In principle different

specifications can be compared on the basis of a Bayes factor.

A second option and an attractive alternative to comparing many different models, is the use of

Dirichlet process mixtures. We have modeled the errors as having a bivariate normal distribution

whose parameters may or may not differ across observations. Thus, the Dirichlet process mixture

amounts to specifying a mixture distribution with an unknown number of components. The data

is then used to make inference about this number. Our paper also provides a Gibbs sampler for

this case. The only requirement for tractability is the choice of conjugate priors.

The use of Dirichlet mixtures in modeling sample selection is appealing for several reasons.

First, the likelihood is based on a flexible mixture distribution, rather than imposing normality.

Second, the Gibbs sampler includes an automatic fitting of the number of mixture components. The

posterior distribution of this number can then be used to test for normality. Finally, the sampler

may be used to check for the presence of a selection effect. It should be noted here that we have

not compared our methods to the control function approach, which is more common in classical

econometrics. Recently, Chib et al. (2008) have proposed a Gibbs sampler based on a flexible form

of the regression function. We leave a thorough comparison with their method to future work.

Appendix A: Finite Mixtures

Here we provide some additional details on implementing the Gibbs sampler in algorithm 4.

Sampling ζi

To sample ζi from its posterior distribution (26) in the mixture model, we can use the following

steps:
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1. Calculate

Pr{ζi = j|wi, β, μ,Σ, γ, cu} =
γj |cuΣj |−1/2 exp

n
− 1
2cu
(wi −Xiβ − μj)

0Σ−1j (wi −Xiβ − μj)
o

Pk
l=1 γl |cuΣl|−1/2 exp

n
− 1
2cu
(wi −Xiβ − μl)

0Σ−1l (wi −Xiβ − μl)
o .

2. Calculate the CDF Pr{ζi ≤ j|wi, β, μ,Σ, γ} for j = 1, . . . , k − 1;

3. Generate a random number u from the U(0, 1) distribution;

4. Find j∗, such that

Pr{ζi ≤ j∗ − 1|wi, β, μ,Σ, γ} < u ≤ Pr{ζi ≤ j∗|wi, β, μ,Σ, γ},

and set ζi = j∗.

Sampling γj

If γ has a Dirichlet prior distribution with parameters (γ0, . . . , γ0), its density is given by

f(γ) =
Γ(kγ0)

[Γ(γ0)]
k
γ
γ0−1
1 · · · γγ0−1k I

⎧⎨⎩
kX

j=1

γj = 1

⎫⎬⎭ .

The distribution of the component indicators is multinomial:

f(ζ1, . . . , ζn|γ) = γn11 · · · γnkk ,

where nj =
Pn

i=1 I{ζi = j} and Pk
j=1 nj = n. If (β, μ,Σ, cu) is a priori independent of (ζ, γ), the

posterior of γ conditional on the completed data W and the remaining parameters satisfies

f(γ|W,β, μ,Σ, ζ, cu) ∝ f(W |β, μ,Σ, ζ, γ, cu)× f(ζ|γ)× f(γ).

Conditional on ζ the likelihood f(W |β, μ,Σ, ζ, γ, cu) does not depend on γ, so that

f(γ|W,β, μ,Σ, ζ, cu) = f(γ|ζ)

∝ f(ζ|γ)f(γ),
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from which (27) follows. To generate draws from this distribution, perform the following two steps

(e.g., (1973), 1973): (1) for j = 1, . . . , k, generate Zj ∼ G(γ0+nj , 1) and (2) set γj = Zj/
Pk

l=1 Zl.

Sampling (μj ,Σj)

Multiplying the completed-data mixture likelihood with the normal-inverse Wishart prior, we have

f(μj ,Σj |W,β, ζ, cu) ∝ |Σj |−(v+3)/2 exp
½
−1
2
tr(Σ−1j H)

¾
× |τcuΣj |−1/2 exp

½
− 1

2τcu
μ0jΣ

−1
j μj

¾

× |cuΣj |−nj/2 exp
⎧⎨⎩− 1

2cu

X
i:ζi=j

(ui − μj)
0Σ−1j (ui − μj)

⎫⎬⎭ ,

where wi = Xiβ + ui. The exponent involving μj can be rewritten as

exp

⎧⎨⎩− 1

2cu

⎡⎣(μj − bj)
0M−1

j (μj − bj)− b0jM
−1
j bj +

X
i:ζi=j

u0iΣ
−1
j ui

⎤⎦⎫⎬⎭ ,

with bj and Mj are the mean and variance in (29). The posterior of μj given Σj then follows. As

for Σj , we can write

f(μj ,Σj |W,β, ζ, cu) ∝ f(μj |Σj ,W, β, ζ, cu)

×|Σj |−(v+nj+3)/2 exp
½
−1
2
tr(Σ−1j H)

¾

× exp
⎧⎨⎩− 1

2cu

⎡⎣X
i:ζi=j

u0iΣ
−1
j ui − b0jM

−1
j bj

⎤⎦⎫⎬⎭
∝ f(μj |Σj ,W, β, ζ, cu) |Σj |−(v+nj+3)/2

× exp
⎧⎨⎩−12trΣ−1j

⎛⎝H + c−1u
X
i:ζi=j

uiu
0
i − c−1u

τn2j
1 + τnj

ūjū
0
j

⎞⎠⎫⎬⎭ ,

from which (28) follows.
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Sampling cu

Given that f(cu) = IG(v/2, d) and cu enters the prior of μj and the completed-data likelihood, we

have

f(cu|W,β, μ,Σ, ζ, γ) ∝ c−(v/2+1)u e−d/cu
kY

j=1

|τcuΣj |−1/2 exp
½
− 1

2τcu
μ0jΣ

−1
j μj

¾

×
nY
i=1

|cuΣj(i)|−1/2 exp
½
− 1

2cu
(wi −Xiδ − μj(i))

0Σ−1j(i)(wi −Xiδ − μj(i))

¾

∝ c−(v/2+k+n+1)u exp

⎧⎨⎩− 1cu
⎡⎣d+ 1

2τ

kX
j=1

μ0jΣ
−1
j μj

⎤⎦⎫⎬⎭
× exp

(
− 1
cu

"
1

2

nX
i=1

(ui − μj(i))
0Σ−1j(i)(ui − μj(i))

#)
,

from which (30) follows.

Appendix B: Dirichlet Mixtures

Posterior of θ

We will use the following shorthand notation for the Polya urn prior in (34):

f(θi|θ−i) = α

α+ n− 1dG0(θi) +
X
j 6=i

1

α+ n− 1δθj (θi),

where δθj (·) is a measure with unit mass at θj . Then

f(θi|θ−i,W, β, cu) ∝
nY
i=1

f(wi|β, θi, cu)f(θi|θ−i)

∝ α

α+ n− 1dG0(θi)f(wi|β, θi, cu) +
X
j 6=i

f(wi|β, θi, cu)δθj (θi)
α+ n− 1

∝ αf(wi|β, θi, cu)dG0(θi) +
X
j 6=i

f(wi|β, θj , cu)δθj (θi). (37)
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The normalizing constant c satisfies

c =

Z ⎡⎣αf(wi|β, θi, cu)dG0(θi) +
X
j 6=i

f(wi|β, θj , cu)δθj (θi)
⎤⎦ dθi

= αf(wi|β, cu) +
X
j 6=i

f(wi|β, θj , cu).

The posterior (37) then becomes

f(θi|θ−i,W, δ, cu) =
1

c

⎧⎨⎩αf(wi|β, cu)f(wi|β, θi, cu)dG0(θi)
f(wi|β, cu) +

X
j 6=i

f(wi|β, θj , cu)δθj (θi)
⎫⎬⎭

= (c−1αf(wi|β, cu))f(θi|wi, β) +
X
j 6=i
(c−1f(wi|β, θj , cu))δθj (θi),

which yields (35).

In order to sample from this distribution three elements are needed: f(wi|β, θj , cu), f(wi|β, cu)
and f(θi|wi, β, cu). The first is simply the completed data likelihood contribution of observation i:

f(wi|β, θj , cu) = (2π)−1|cuΣj |−1/2 exp
½
− 1

2cu
(wi −Xiβ − μj)

0Σ−1j (wi −Xiβ − μj)

¾
. (38)

For the second component, integrating out θj from the equation above yields f(wi|β, cu). In order
to do so analytically, we take

dG0(θi) = N(μi; 0, τcuΣi)×W−1(Σi;H, v). (39)

Thus, the base distribution is the product of an inverse Wishart distribution for Σi (with parameters

H and v) and a conditional normal distribution for μi (with mean zero and variance τcuΣi). This

choice of G0 allows us to center prior beliefs around the parametric SSM in section 2 by taking

τ = 0 and α = 0.

The conditional joint distribution of wi and θi is now

f(wi|β, θi, cu)dG0(θi) = k(v) |H|v/2 |Σi|−(v+3)/2 exp
½
−1
2
tr
¡
Σ−1i H

¢¾
×c−1u (2π)−1τ−1 |Σi|−1/2 exp

½
− 1

2τcu
μi
0Σ−1i μi

¾
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×c−1u (2π)−1 |Σi|−1/2 exp
½
− 1

2cu
(wi −Xiβ − μi)

0Σ−1i (wi −Xiβ − μi)

¾
,

where k(v) is a normalizing constant:

k(v) =
2−vπ−1/2

Γ
¡
v
2

¢
Γ
¡
v−1
2

¢ . (40)

Collecting all constants and rewriting the exponent as a quadratic function in μi, it follows that

f(wi|β, θi, cu)dG0(θi) = c−2u k̃(v)|Σi|−(v+5)/2 exp
½
−1
2
tr(Σ−1i H)

¾
× exp{− 1

2cu
[u0iΣ

−1
i ui − b0iM

−1
i bi}

× exp
½
− 1

2cu
(μi − bi)

0M−1
i (μi − bi)

¾
,

ui = wi −Xiδ,

bi =
τ

1 + τ
ui, (41)

Mi =
τ

1 + τ
Σi,

k̃(v) = (2π)−2τ−1k(v) |H|v/2 .

Integrating out μi we find

f(wi,Σi|β, cu) =

Z
f(wi|β, θi, cu)dG0(θi)dμi

= c−2u k̃(v)|Σi|−(v+5)/2 exp
½
−1
2
tr(Σ−1i H)

¾
× exp{− 1

2cu
[u0iΣ

−1
i ui − b0iM

−1
i bi} 2πτcu

(1 + τ)
|Σi|1/2

= (2π)−1
k(v) |H|v/2
cu(1 + τ)

|Σi|−(v+4)/2

× exp
½
−1
2

£
tr(Σ−1i H) + c−1u u0iΣ

−1
i ui − c−1u b0iM

−1
i bi

¤¾
= (2π)−1

k(v) |H|v/2
cu(1 + τ)

|Σi|−(v+4)/2 exp
½
−1
2
tr(Σ−1i Hi)

¾
,

where

Hi = H +
1

cu(1 + τ)
(wi −Xiβ)(wi −Xiβ)

0.
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Using the density of the inverse Wishart distribution Σ−1i can be integrated out, so that

f(wi|β, cu) =

Z
p(wi,Σi|β, cu)dΣi

=
(2π)−1

cu(1 + τ)

k(v)

k(ṽ)

|H|v/2
|Hi|ṽ/2

=
(v − 1)

2πcu(1 + τ)

|H|v/2
|Hi|ṽ/2

,

where ṽ = v + 1. A typical choice of vague prior uses H = ε0I2 for some large ε0 > 0. In that case

the determinants can be explicitly calculated. Using the result that for any |Ip + aa0| = 1+ a0a for

any a ∈ Rp, it follows that

f(wi|β, cu) =
(v − 1)

2πcu(1 + τ)

εv0
εv+10 (1 + [ε0cu(1 + τ)]−1ui0ui)(v+1)/2

=
(v − 1)

2πcuε0(1 + τ)

∙
1 +

1

cuε0(1 + τ)
u0iui

¸−(v+1)/2
.

Finally, from (35), if the value of θi is not equal to any other θj it is distributed according to the

posterior arising from G0(θi). The chosen form of G0 now allows us to generate values of μi and

Σi in two simple steps: first generate Σi from its posterior (conditional on {wi, β, cu}) and then
generate μi from its posterior conditional on {Σi, wi, β, cu}.

Multiplying the likelihood (38) and prior (39) and rearranging the exponent, it follows that

f(μi,Σi|wi, β, cu) ∝ |Σi|−(v+4)/2 exp
½
−1
2
tr
¡
Σ−1i Hi

¢¾
×|Σi|−1/2 exp

½
− 1

2cu
(μi − bi)

0M−1
i (μi − bi)

¾
,

where bi and Mi were defined in (41). Thus:

Σi|wi, β, cu ∼ W−1(Hi, v + 1),

μi|Σi, wi, β, cu ∼ N

µ
τ

1 + τ
ui,

cuτ

1 + τ
Σi

¶
).
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Remixing Unique Values of θ

To describe the remixing step for θ, let k be the number of unique values in θ, denoted by θ∗ =

{θ∗j}kj=1. Define the component indicators ζ = {ζi}ni=1 as before:

ζi = j ⇔ θi = θ∗j , j = 1, . . . , k.

Let k−i be the number of distinct θ values in θ−i and nj,−i =
P

l:l 6=i I{ζ l = j} for j = 1, . . . , k−i.
The posterior of θi|θ−i in (35) then becomes

θi|θ−i,W, β, cu

⎧⎪⎨⎪⎩ = θ∗j w. prob. c−1nj,−if(wi|β, θ∗j , cu), j = 1, . . . , k−i

∼ f(θi|wi, β, cu) w. prob. c−1αf(wi|β, cu)
. (42)

Note that knowledge of θ is equivalent to knowing (θ∗, ζ, k). The remixing algorithm is based on

sampling (ζ, k) from its conditional distribution given θ∗, and θ∗ from its conditional distribution

given (ζ, k). From (42) it follows immediately that

Pr{ζi = j|ζ−i,W, β, θ∗, cu} = c−1nj,−if(wi|β, θ∗j , cu), j = 1, . . . , k−i. (43)

Also, with probability

Pr{ζi = 0|ζ−i,W, β, θ∗, cu} = 1− c−1
k−iX
j=1

nj,−if(wi|β, θ∗j , cu), (44)

set ζi equal to zero and generate θi from f(θi|wi, β, cu). After cycling through for i = 1, . . . , n, and

potentially relabeling ζ, we obtain a new value of (ζ, k). In the prior θ∗ represents k i.i.d. draws

from G0 (Antoniak, 1974). Then:

f(θ∗1, . . . , θ
∗
k|W,β, ζ, k, cu) ∝

kY
j=1

⎧⎨⎩ Y
i:ζi=j

f(wi|β, θ∗j , cu)dG0(θ∗j )
⎫⎬⎭ ,

so that the θ∗j ’s are conditionally independent and

f(θ∗j |W,β, ζ, k, cu) ∝
Y
i:ζi=j

fwi|β, θ∗j , cu)dG0(θ∗j ), j = 1, . . . , k. (45)
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Applying this to (μ∗j ,Σ
∗
j ) yields exactly the posterior given by (28) and (29). Thus, the posterior for

(μj ,Σj) in the finite mixture model can be used in the Dirichlet model as a remixing distribution:

first update {(μi,Σi)}ni=1 and determine the number of unique components, then regenerate the
unique components alone and assign the k values across the sample, according to the component

indicators ζi. Step 3 in algorithm 5 can now be replaced by

3a. Sample ζi from the distribution in (43) and (44) for i = 1, . . . , n, and determine the number

of unique components k;

3b. sample (μ∗j ,Σ
∗
j ) from (28) and (29) for j = 1, . . . , k.

Uncertainty about α

It is possible to incorporate uncertainty about α into the Gibbs sampler, thereby allowing the

data to determine how many mixture components are appropriate. A convenient approach, due to

Escobar and West (1995), is described here. As before let θ∗ = {θ∗j}kj=1 be the collection of unique
values of θi. Let α be a priori independent of {β, cu} with prior f(α). Note that the likelihood
f(wi|β, θ∗, cu, ζ, k, α) does not depend on α. The posterior of α then satisfies

f(α|W,β, θ∗, cu, ζ, k) ∝ f(W |β, θ∗, cu, ζ, k, α)f(θ∗, ζ, k|α, β, cu)f(α)

∝ f(θ∗|ζ, k, α, β, cu)f(ζ|k, α, β, cu)f(k|α, β, cu)f(α).

Given (34), the prior distribution of ζ given {k, α, β, cu} only depends on the sample size and k.

Also, the random number of mixture components only depends on α, so that f(k|α, β, cu) = f(k|α).
Finally, conditional on {k, ζ, cu} the unique values θ∗ follow the prior distribution G0, which does

not depend on α or β. With these conditional independence relations, the posterior simplifies to

f(α|W,β, θ∗, ζ, k) = f(α|k)

∝ f(k|α)f(α)

∝ αkΓ(α)

Γ(α+ n)
f(α).
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Using a property of the beta function B(b1, b2):

B(b1, b2) =

Z 1

0
xb1−1(1− x)b2−1dx

=
Γ(b1)Γ(b2)

Γ(b1 + b2)
,

the posterior of α can be written as

f(α|k) ∝ f(α)αk−1(α+ n)

Γ(n)

Z 1

0
ηα(1− η)n−1dη.

The posterior corresponds to a joint posterior of α and a latent variable η ∈ (0, 1), given by

p(α, η|k) ∝ f(α)αk−1(α+ n)

Γ(n)
ηα(1− η)n−1,

from which it is clear that p(η|α, k) is the beta B(α+1, n) distribution. The joint posterior suggests
using a G(c1, c2) distribution as prior for α. Then:

p(α|η, k) ∝ αc1+k−1e−α(c2−log η) + nαc1+k−2e−α(c2−log η)

∝
µ
[c2 − log η]c1+k
Γ(c1 + k)

¶−1
G (c1 + k, c2 − log η)

+n

µ
[c2 − log η]c1+k−1
Γ(c1 + k − 1)

¶−1
G(c1 + k − 1, c2 − log η),

which is a mixture of two gamma distributions. The mixing probability pη satisfies

pη
1− pη

=

µ
[c2 − log η]c1+k
Γ(c1 + k)

¶−1
n−1

µ
[c2 − log η]c1+k−1
Γ(c1 + k − 1)

¶
=

c1 + k − 1
n(c2 − log η) . (46)

We can now augment algorithm 5 with the following steps:

4a. sample η from B(α+ 1, n);

4b. calculate pη according to (46);

4c. with probability pη, sample α from G(c1 + k, c2 − log η); with probability 1 − pη, sample α

41



from G(c1 + k − 1, c2 − log η);

5. return to step 1 in algorithm 5 and repeat.
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