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1 Introduction

Collusion is thought to occur with some frequency in exhaustible resource industries. OPEC,
probably the world’s best known cartel, is widely believed to have maintained prices sig-
nificantly above competitive prices for much of its thirty year history.! Since the members
of OPEC are sovereign nation states, there is no international organization which could
enforce any collusive agreement reached by the member states. Therefore any agreement
reached by the member states must be enforced by credible punishments for defection from
the agreement. Generally firms are thought to punish defections from a collusive agreement
by increasing production to drive down the future profits of the defecting firm. However,
exhaustibility of the resource base will hinder the cartel’s ability to flood the market thus
making it difficult to punish defection. This paper explores the effects of exhaustibility on
the ability of firms to enforce collusive agreements.

Although the credible enforcement of collusive agreements is well understood in gen-
eral, there is reason to believe that the standard analysis from infinitely repeated games does
not simply extend to exhaustible resource industries. In addition to hindering punishment
of defection, exhaustibility also implies that the strategic interaction may terminate at some
date in the future.?. When all firms but one have exhausted their deposits, the remaining
firm will be a monopolist, and the equilibrium will be unique. If the stage game describing
the firms’ interaction had an unique equilibrium, the game might be solved by backwards
induction over the state space to find a unique equilibrium. This reasoning suggests that not

only may the standard analysis be inapplicable, but that collusion may not be supportable

1See Griffin [13], Adelman [3] and Griffin and Xiong [14].

2In the Rubinstein [22] bargaining game, the strategic interaction ends after a division of the surplus is
agreed upon. Recall that the Rubinstein game has a unique subgame perfect equilibrium where the surplus
is divided in the first period.



in industries with binding exhaustibility constraints.?

Although provocative, this reasoning turns out to be only partially correct, and this
paper demonstrates that some collusion can be credibly supported in exhaustible resource
industries. Although there is indeed a unique equilibrium for small states, this does not
necessarily imply a unique equilibrium for larger states due to the non-concavity of the
equilibrium value function for small states. The non-concavity leads to multiple Markovian
equilibria for larger states, and these multiple equilibria can then be used as rewards and
punishments to support a collusive agreement. Thus exhaustibility hinders, but does not
prevent, credible enforcement of collusive agreements.

While Hotelling’s [15] classic analysis characterizes competitive outcomes in resource
markets, and monopolistic models of extraction are well understood (see, for example, Das-
gupta and Heal [7]), the literature has been slow to develop understanding of the outcomes
generated when intermediate forms of competition prevail. The major obstacle inhibiting
characterization of imperfectly competitive outcomes has been the sheer complexity of iden-
tifying equilibria in the dynamic games that capture the competitive process. The typical
response to this difficulty has been to generate outcomes using restrictive solution concepts.
For example, the open-loop (or pre-commitment) solution identifies strategies which spec-
ify resource extraction as a function only of time. Such strategies are selected to be best
responses to each other, hence such solutions constitute a restricted class of Nash equilib-
ria. Alas, such a solution concept fails the credibility requirements of subgame perfection,
despite its apparent tractability. On the other hand, the Markovian solution (specifying
extraction behavior as a function only of remaining stocks) satisfies the requirements of
subgame perfection, but restricts the range of strategic behavior available to players in the
game. This paper provides the first attempt to characterize the full set of subgame perfect
equilibria for a resource extraction model.

The extraction model studied in this paper is truly designed to represent an imper-
fectly competitive version of Hotelling’s original model. Importantly, the resource is non-
renewable, and property rights to existing stocks of the resource are well defined amongst

competitors. This latter feature distinguishes the model from the significant literature deal-

3This argument is presented in Mason and Polasky [17].



ing with common property appropriation of a resource in a dynamic setting (see for example
Dutta [8], Sundaram [25], Amir [4], Reinganum and Stokey [21] and Eswaran and Lewis
[9]).4 The existing literature addressing the private property problem is less abundant.
Salant [23],[24] initially raised the issue in relation to world oil markets. The “oil’igopoly”
issue was pursued further by Loury [16]. Both authors used an open loop solution concept
to describe outcomes in their games. Eswaran and Lewis [10] solve linear demand-quadratic
cost and iso-elastic demand-zero cost versions of the model using the Markov perfect so-
lution concept, and discuss numerical approximations to Markovian solutions in the game
with various other functional forms.

Section 2 describes the assumptions which guarantee uniqueness of the stage game
equilibrium. Section 3 introduces the infinite-horizon dynamic game with multiple finite
deposits. The section relies heavily on the pioneering work of Abreu, Pearce and Stacchetti
[1], [2] to show the upper hemi-continuity of the equilibrium value correspondence. The
uniqueness of the equilibrium for small states is then demonstrated. To proceed further,
Section 4 simplifies the model to two firms one with an exhaustible deposit and the other
with an inexhaustible resource. This simplification implies that the state space is single di-
mensional and the game can be solved analytically by backwards induction. It is shown that
the non-concavity of the equilibrium value function leads to multiple equilibria. Although
the multiple continuation equilibria can be used to support some collusive agreements, it is
shown that the monopoly payoff cannot be supported in the simple model. A simulation
model is then presented in section 5 to illustrate the extent to which exhaustibility hinders

collusion.

2 The Static Model

The static model of resource extraction describes the stage game that will be used in the
dynamic model. Effectively, it constitutes a static Cournot oligopoly model, in which players
are subject to capacity constraints.

The set of players is denoted N = {1,2..., N}, and each player i € N has a payoff

4Note, however, that this literature almost uniformly restricts attention to Markovian solutions of the
common property extraction game.



function

J#i
where P is the inverse demand function, ¢; is the extraction cost function and s; is the stock
owned by player 7. Each player, then, solves the problem

max 7 (x;, r_;) (1)
z;€[0,s;]

where s; is the quantity of the resource available to player ¢, and so represents the player’s
physical capacity constraint. The following assumptions affect the single-period payoff func-
tion:

Assumption 1 The inverse demand function, P : Ry — Ry, and the cost functions,
¢i - Ry — Ry, are continuous on the whole domain. P is non-increasing and c is convez.

This assumption has two important implications. Firstly, each player’s single-period
payoff function is continuous, allowing application of the maximum theorem to each player’s
optimization problem. Secondly, there exists a price, P, at which demand is zero. The

importance of the latter requirement will be highlighted as required.

Assumption 2 The payoff function, m;, exhibits strictly increasing differences in
(xi,—x_;) on Rﬂf, where the space 1s endowed with the standard ordering.

A function f is said to exhibit increasing differences in (s, ¢) if, for all (s”, ") > (s, t')
F(" 1) = f(s' ) < f(s",47) = f(S,1).

If the weak inequalities are replaced with strict inequalities, then f has strictly increasing
differences. Hence, if 7; exhibits strictly increasing differences in (x;, —x_;), then player i’s
marginal profit decreases in the output of all other players. If the profit function were twice
continuously differentiable, this would be equivalent to®

8271'1‘ (T“ T_l)

87’17’]

<0 Vj#i.

5 This follows from Topkis’ Characterization Theorem. See Topkis [26], p 42.



Assumption 2, then, is the non-differentiable version of the Novshek condition, commonly
used to guarantee existence of pure strategy equilibrium in Cournot oligopoly games.® An
equivalent interpretation of this assumption is as a sufficient condition to ensure that the
Cournot oligopoly game is truly a game in which players’ outputs are strategic substitutes
(i.e. best response functions are decreasing in others’ outputs).

It is well known that lattice theoretic approaches provide powerful tools for analysis of
games exhibiting strategic complementarities. In contrast, games of strategic substitutabil-
ity have not generally been amenable to lattice theoretic analysis. This paper, however,
will employ lattice theoretic techniques to analyze the quantity competition game in the
presence of strategic substitutability, and this approach will provide particularly strong re-
sults by guaranteeing uniqueness of equilibrium. Notice that, for each player ¢ € N, we can

restate the payoff function as
Ti(Yir v —i) = (Yi — ZTJ)P(%) —ci(yi — ZTJ)
J#i ji

simply by making the substitution
ﬁi(yi,m,i) = Wi(yi - ZTz, sz)

Using this alternative form of the payoff function, we can restate each player’s maximization

problem (1) as

HEX (Y, v—i) sty € [Z mj:Z +54] (2)
J#i J#i
The solutions to (1) and (2), ] and y; respectively, must satisfy
yi =) a+a
J#
In parallel to Assumption 2, the following assumption places structure on the function 7;.

Assumption 3 The single period payoff function 7t;(y;, x_;) exhibits strictly increasing dif-
ferences in (y;, x_;), when the domain, Rf, 15 endowed with the standard ordering.

6 Novshek [19] assumes that cost functions are twice continuously differentiable and convex in own output,
and that the inverse demand function is twice continuously differentiable with x;0?P/0x? + 0P/0x; < 0.
This latter condition, known as the Novshek condition, is sufficient to ensure that the cross-partial of the
profit function is negative.



This assumption implies that increments in total output will be more beneficial to
player ¢ when competitors’ output is high. Notice that the experiment of increasing z_;
while maintaining a given level of y; requires that player ¢« reduce her own output to offset
the increase in x_;. Hence, the requirement that the marginal value of y; increase with
r_; simply requires that marginal units of output be more valuable when own output is
low and others’ output is high. Alternatively stated, the impact that own output has on
marginal profit must be greater than the impact that others’ output has on marginal profit.
The requirement that a player’s own actions have greater impact upon own marginal values
than other players’ actions seems quite reasonable, not only in this scenario but in a wide
range of economic environments. More explicitly, in the case of Cournot competition in the
market for a homogeneous product the condition can be seen to be extremely weak. Consider
a market in which cost curves and the demand curve are twice continuously differentiable.
Recalling the twice continuously differentiable characterization of the increasing differences

property, assumption 3 is equivalent to

827%1' 8271'1' 8271'1'
= - — >0
Oyiv;  Orvx;  Ox;
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It is easily verified that this is satisfied as long as
P'(X) —f(x;) <0

and this is clearly guaranteed by Assumption 1. In the event that the payoff function is
not known to be twice continuously differentiable, this condition does provide slightly more
structure than the simple implication that the difference between price and marginal cost
decreases. In fact, this assumption seems to require that the payoff function be continuously
differentiable. To see this, observe firstly that Assumptions 2 and 3 imply that the payoff
function must be strictly concave in x;. Therefore, the function defining marginal profit
must be decreasing. Hence, there can be no upward jumps in the marginal profit function.
Assumption 3 additionally implies that the marginal profit function may have no downward

jumps. Therefore, the marginal profit function must be continuous and decreasing.



3 The Infinite Horizon Dynamic Model

The dynamic model studied here is a Cournot extraction model played out in discrete time.
In each period, t = 1,2..., players simultaneously select quantities of output, z;; > 0 Vi,

to sell on the market. If X; = Zf\;l T;t, then the market price at time ¢ will be given by
P = P(Xy).
Period t profits for player ¢ are given by
7Ti,t<~77t> = fi,tP(Xt) - Cz(th)

where x; is the vector of players’ period ¢ extraction quantities. Alternatively, profits are

captured by

Tit(Yigs T-it) = (Yix — Z 252) P(yiz) — ci(yie — Z Tjt)
i ji
where y; ; is the total output chosen by player 7 in response to the output vector x_;; from

other players. The average discounted value of profits for player ¢ over the infinite time

horizon is
0

IL ({7 }:24) = (1 = 0) Z 8 mi(wig, woiy)

t=1

where 6 € (0,1) is the common discount factor.
Each player’s choice of quantity in any period is made subject to constraint. In
period ¢, the total resource stock available to player ¢ is given by s;;, and player’s extraction

choices are constrained to ensure that
Tit € [0, Si,t]

or

Yir € [Z Tjit, Z Tje + Sigl.
J#i J#
Furthermore, stocks in the model vary deterministically according to the obvious law of

motion

Sit = Sit—1 — Tit,



given initial stock levels of s; 9. The state of the system in period ¢ will be described by the

vector of stocks players carry from period ¢ into period t 4 1:

St = (51,t> S9t -y SN,t)-

and the history of the game in period-t is given by the sequence of states observed from
period 0 to period t:

he = (S0, 1,82+ .. St)-

Notice that all extraction information can be deduced from this series of state variables. A
period-t history is feasible if the state weakly decreases over time, and if the state remains
non-negative. Denote the set of all feasible histories (given the initial vector of stocks, s)
by

H(so)={h|0<s,<s, 1 Vr=12...tandVit=1,2...00}.

Histories will be observable to all players when extraction choices are made in each period.
Hence, a player’s strategy will specify the quantity she will extract in period-t as a function
of the observed history:

oi: H(sg) = Ry,

and the set of strategies available to player 7 is given by
Zi = {Ui . V h,t € H(So), Ui(ht) € [0, Si,t]}-

A strategy profile is given by

o= (01,09...0n)

where each o; € X;.

The equilibrium value correspondence will map each state, s into the set of average
discounted value N-tuples that players may receive in subgame perfect equilibria of the
game with initial state s:

V:RY — RN,
We can also identify the set of payoffs available to player ¢ in subgame perfect Nash equi-

librium:

Vi(s) = proj;V (s).

8



In order to characterize the full set of subgame perfect Nash equilibria in this game, we first
describe the equilibrium value correspondence. In fact, the equilibrium value correspondence
will be shown to be single valued for some states, which will imply existence of a unique

subgame perfect equilibrium for those states.

3.1 Upper Hemi-continuity of the Equilibrium Value Correspon-
dence

The discussion of the equilibrium value correspondence makes extensive use of the following
generalizations of tools introduced by Abreu, Pearce and Stacchetti [1], [2].

Firstly, let W : R, — R? be a correspondence which we can think of as a candidate
equilibrium value correspondence. A pair (¢, k) is said to be admissible with respect to W

at state s if it satisfies the following properties:

1. ¢ € R such that ¢; <s

2. k:R2 — R? suchthat k(q) e W(s—q) Vgst. ¢ <s

3. (1= B)mi(q) + Bri(q) = (1 = B)mi(qr, q2) + Brilqr. ¢2) V ¢y < s1

4. (1= B)ma(q) + Bra(q) = (1 — B)ma(aqr, @) + Bralqr, ¢5) V ¢ € Ry
A new correspondence may be derived from the first:

B(W): R, — R?

which is given by

wi = (1= B)milq) + Bra(g) for i = 1,2; and

(¢, x) is admissible with respect to W at state s

B(W)(s) = { (w1, w)
If W(s) C B(W)(s) Vs, then we say that W (s) is self generating. The following results
follow directly from Abreu, Pearce and Stacchetti [2].
Self Generation Theorem: If W (s) is self generating, then B(W)(s) C V(s) V s.

Factorization Theorem: V(s) = B(V)(s) V s.



Using these results, we can prove Lemma 1.

Lemma 1 The equilibrium value correspondence, V', is upper hemi-continuous.

Proof. Define
graph(W) := {(z,y) e Ry x R* : y € W(x)}.

for any correspondence W : R, — R2. Berge [6], chapter 6, establishes that the correspon-
dence W is upper hemi-continuous if graph(WW) is closed and W is bounded. We will use
this characterization of upper hemi-continuity throughout this proof.

Firstly, suppose that graph(W) is closed and W is bounded (i.e. W is u.h.c). We
can show that B(WW) must be upper hemi-continuous.

To establish that B(W) is bounded, consider any pair (s,w) € graph(B(WW)). There

must exist some pair (¢, ) which is admissible with respect to W such that

w; = (1= B)mi(q) + Brilq) i=1,2

where r(q) € W(s — ¢1). By assumption 7; is bounded; and as W is w.h.c., W(s — q) is
bounded. Hence B(W) is bounded.

Next, we establish that graph(B(W)) is closed. Consider some convergent sequence
{(s" w")} = (5" w)

such that (s*,w') € graph(B(W)) V t. Then, for each ¢ there exists some pair, (¢*, '), that
is admissible with respect to W at s'. As the graph of W is compact in any compact region
containing all s, without loss of generality we can choose the sequence so that {(¢", x'(¢"))}
is convergent. Let {(¢*,x'(¢"))} — (¢*, K).

Define the function x* to satisfy the following
K if ¢ =q*
Rq) = q wi(s* —q)  ifq#q and g =g,
€ W(s*—q) otherwise

where

w'(s') := argmin{w; : w € W(s')}

10



which is well defined as W (s') is compact.

As (s — ¢, k' (¢")) € graph(W) V ¢ and as graph(W) is closed and bounded, we
obtain that lim(s" — ¢}, x'(2')) = (s* — ¢, K) € W(s* — ¢;i). Hence, £* is a well defined
continuation value function for s*. We want to show that the pair (¢*, *) is admissible with
respect to W at s*. This means we will need to show that ¢ is a Nash equilibrium extraction
pair when continuation values are defined by x*.

First, consider firm 1. Notice that, for any ¢, the sequence r'(qq,¢) is contained
in a compact region. Without loss of generality, this sequence converges to K which is in
W (s*—q1) due to the upper hemi-continuity of . As we have defined x*(q1, ¢3) = w'(s*—q1)
for all ¢; # ¢ it must be true that (g1, ¢3) < K.

A similar argument applies for firm 2. For any value of ¢, there is a convergent
subsequence {r'(¢},q2)} which converges to K. As W is whe., K € W(s* — qf). By
definition of x*, we have (¢, ¢2) < K.

Hence, for any € > 0 there exists a ¢ sufficiently large so that x¥(q;, ¢*;) < ki(gi, ¢%;)+

e/4. For any € > 0 and any ¢y, then, there exists some T such that for all ¢ > T

(1= B)milai ¢ ) + By (gi,a*5) < (1= B)milai,d',) + Brilai ) + €/2
< (1=0)m(q") + Brilq") + €/2

< (L= B)m(a") + Bri(a") + €

where the first inequality follows from the continuity of 7; and the argument presented
immediately preceeding the set of inequalities; the second inequality follows from the ad-
missibility of (¢', x") at s'; and the final inequality follows from the continuity of 7; and the

fact that {(¢", k'(¢"))} — (¢*,k*(¢*)). As € — 0 we obtain
(1= P)milgi, ¢") + Bri (i ¢73) < (1= B)mi(g™) + 87 (¢7).
which establishes that (¢*, x*) is admissible with respect to W at s*. Furthermore,
(1= B)n(a*) + K = (1 — B)n(a') + Br'(x")] = Im ' = ur"

Therefore, (s*,w*) € graphB(W), which shows that B(W) has the closed graph property.

B(W), then, is upper hemi-continuous.

11



Now consider the equilibrium value correspondence, V. It is clear that V' is bounded.
Any v € V(s) for any s is derived as the average discounted value of an infinite stream of
profits. As the per period profit level is bounded above by the maximum single period
revenue, it must be that the average discounted profit level is bounded above. Similarly,
the ability of a firm never to extract resources from its stock provides a straightforward
individual rationality constraint which bounds equilibrium payoffs from below.

Define the correspondence cl(V') so that graph(cl(V')) is the closure of graph(V'). As
graph(cl(V)) is closed and cl(V') is bounded (by virtue of the boundedness of V'), we conclude
that cl(V') is upper hemi-continuous. Employing the result above, it is also apparent that
B(cl(V)) is upper hemi-continuous.

Furthermore, graph(V) C graph(B(cl(V'))). Consider any pair, (s,v) € graph(V).
Then there exists some pair, (g, k), which is admissible with respect to V" at s. This requires
that k(¢') € V(s —¢q}) V 0 < ¢ < s. This implies that x(¢') € cl(V)(s —q}) V0 < ¢ < s
as well. It must be true, then, that (¢, ) is admissible with respect to cl(V') at s, so that
(s,v) € graph(B(cl(V))).

As graph(V) C graph(B(cl(V))) and graph(B(cl(V))) is closed, we can conclude
that graph(cl(V)) C graph(B(cl(V))), i.e., cl(V) is self generating. By the Self-Generation
Theorem, graph(cl(V)) C graph(V'). Thus, graph(V') is closed, and V' is bounded. [ |

3.2 Uniqueness of Subgame Equilibria

After all the deposits are exhausted, the equilibrium of all remaining subgames is trivially
unique. Thus the equilibrium value correspondence is single valued at zero for the state with
no stock. Upper hemi-continuity of V' implies that values of V' for states near zero must also
be near zero. This limits the potential for rewarding cooperation and punishing defection for
small stocks. Since rewards and punishments are limited, the following proposition shows

that there is an unique equilibrium for small states.

Proposition 1 Suppose that assumptions 1-3 are satisfied. Then there exists some real
number s* > 0 such that

07@(8, 0)

- 5(37?3(2; O)}}

s* =inf{s; : s; = sup{s:
(2
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Furthermore, if the state of the system, s;, is such that
N

E 5ip < 5"

i=1

then the equilibrium value correspondence, V', maps s; into a unique equilibrium payoff
vector, and Vi(s) = (1 — 6)m;(s) for all i.
Proof
The first part of the lemma is established by the fact that %ﬁ”) is continuous in z; for
all 2 and for all z € Rf . Notice, it is important here that there exists some price at which
all demand is choked off (Assumption 1), or the derivative %ﬁi’o) would not be defined.”

In order to establish the second part of the lemma, consider any sequence of feasible

extraction quantities from time ¢ onwards for producers j # i, {x_; ;}3°,. Player i receives

an average discounted payoff of

Wl({TT}?-O:t) = (1 - 5)771‘(51‘,15:-77—1‘,0
if she extracts her whole stock, s;;, in period ¢. If producer ¢ withholds a marginal unit of

stock from the market in period ¢ to sell it in period ¢’ > ¢, then the variation in player i’s

average discounted payoff will be

aﬂ'i(sit:mfit) v —t aﬁi(oafﬁﬂ' t’)
A=—(1—-0)——">4+86""1—-)——=.
(1-20) o +6 (1 =96) o
Given that Z#i i+ Sip < Z;VZI sj+ < s*, we can conclude that
aﬂ'i(Si’t,.T,i’t) > 87@(5*,0) > 6871'1(0, 0) Z 5t,7t07ri(0,0) Z 5t/7t(37ri(0, sz‘,t')

a.’f/'i7t (3T1 - 8.771 87"1
for all ' > t. The first inequality follows from Assumption 2 and 3; the second from the

ox;

definition of s*; the third from the fact that 6 < 1; and the fourth from Assumption 2.

Thus,
aﬂ'i(si,t: m—i,t)

omi(0,2_; 1)

afﬁi,t’

A=—(1-6) + 67741 - 6) < 0.

ami,t

This establishes that it is a dominant strategy for each player in this subgame to extract
all remaining resources in period-t. Thus, if the state s; lies in the region defined by
Z;.V:l si¢ < s¥, then there is a unique subgame perfect Nash equilibrium and therefore a

unique vector of subgame perfect equilibrium payoffs. W

7 The role of the choke price should be appreciated here. If prices were able to rise arbitrarily high,
then players would always have incentive to retain stock. The game would not reach the steady state and
it would be impossible to establish uniqueness of equilibrium in the range identified in the lemma.

13



4 The Simple Extraction Model

Proposition 1 demonstrates that the infinite horizon dynamic model has a unique equilib-
rium for states with small stocks. Since the game could be solved by backwards induction
over the state space, the uniqueness of the equilibrium for small states demonstrated in
Proposition 1 suggests that the resulting equilibrium would be unique for the entire game.
This would imply that tacit collusion could not be enforced with credible threats of punish-
ment. In fact, this logic does not apply due to the non-concavity of the single-valued portion
of the equilibrium value correspondence. This non-concavity implies multiple Markovian
equilibria and thus the infinite horizon dynamic model has multiple subgame perfect equi-
libria.

To demonstrate the multiplicity of equilibria, consider a simplification of the infinite
horizon dynamic model. The simple extraction model has only two firms. Firm 1 extracts
the resource from a finite deposit of size S while firm 2 uses a renewable technology to
produce a perfect substitute.® Both firms have the common discount factor 3 and seek to
maximize intertemporal profits. Let ¢; represent production by firm 7 in the stage game,
and m;(q1, g2) be firm ¢’s stage game profit. Assume the 7;’s are continuously differentiable,
bounded, and satisfy the Novshek conditions so that a stage game equilibrium exists and is
unique. At the end of each period, the firms observe each others’ actions and adjust their
production accordingly.

The unused stock of firm 1 completely describes the state of the dynamic system.
In particular, note that all subgames which begin with state s € [0, 5] look identical to
each firm, i.e., all subgames have the same potential for future rewards and punishments
regardless of the history.? Label the subgame beginning with state s subgame s. Define the
equilibrium value correspondence V : R, — R? mapping the state into the set of average
discounted value payoffs which can be attained in a subgame perfect equilibrium of the

subgame which begins with that state. The following lemmas characterize the equilibrium

8The simple extraction model approximates a model where one firm has a deposit which is much larger
than the other firm’s deposit.

9Note that we am not imposing the Markovian restriction that strategies be independent of the history.
Rather, we are merely observing that any strategy profile which is an equilibrium for a subgame beginning
with state s would also be an equilibrium for every subgame beginning with state s regardless of the history
which led to the subgame.

14



value correspondence.

Lemma 2 [f the stock is positive, firm 1’s initial extraction is non-zero in any SPNE.

Proof. Suppose there exists an equilibrium strategy profile, o, with no extraction from
firm 1 in the first period. Since on the equilibrium path the state is the same in the first
two periods, an equilibrium can be constructed which repeats o in the second period on
the equilibrium path, i.e., firm 1 does not extract anything in the second period either.
Similarly, an equilibrium can be constructed where firm 1 never extracts anything and thus
receives no profits. Since in this equilibrium firm 2 must be producing such that the price is
always zero, firm 2 also has zero profits. However, firm 2 could increase profits by decreasing
production in any period.

Consider the interval A on which V is single-valued. Note that subgame 0 has
a unique subgame perfect equilibrium where firm 1’s payoff is zero and firm 2 receives
monopoly profits in every subsequent period. Since this subgame has a unique SPNE,
V(0) = (0, 7™) is single-valued, and the interval A is non-empty. Recall that a (stationary)
Markov perfect equilibrium restricts strategies to be functions only of the state. Let B
be the interval on which there is a unique MPE. Note that when the state is zero, the
subgame perfect equilibrium identified above is also a unique MPE. Thus, the interval B is

also non-empty. The following lemma can now be stated:

Lemma 3 If a MPE exists and A # (), then A = B.

Proof. Since any Markov equilibrium is also subgame perfect, A C B. Suppose A C B.
Since V' is uhc by Lemma 1 and single-valued on A, there exist s € A, ' € B, €, 0, €,
and ¢ such that: & € A, |s — §'| < min{e, €}, g—g;(o,q;) = —0, g—gll(el,q;) = 6, and
BV (s") = V(s")|| < 6 for every s” and s in [s,s’). Consider possible continuations for
the equilibria of the subgame s’. Suppose there exists some equilibrium of subgame s’ with
continuation not in A. This equilibrium specifies initial extraction ¢; < min{e, ¢;} and
production ¢s. By Lemma 2, ¢; > 0. If firm 1 were to increase current extraction by an

incremental unit, it would receive a marginal increase in current profits but a loss in the

future as the continuation switches to the punishment phase. By assumption, the loss from

15



switching to the punishment phase is bounded by ¢. Since this marginal deviation for firm
1 must not be profitable

877'1 (971'1

6> —(q1, > — (€,
> B (q1,92) 9, (€1, q2)

which implies that ¢o > ¢5. Note that this implies that firm 2’s marginal profit is negative.
But now consider firm 2’s incentive to deviate. If firm 2 decreases production by a marginal
unit, it avoids the current loss on the marginal unit and the equilibrium switches to the

punishment phase. This benefit from decreasing production is

871'2

da

87'('2

—a—%(CIhQQ) > = (0,¢5) =06

Since the loss in the punishment phase is limited by ¢, this deviation for firm 2 is profitable.
Thus no equilibrium of subgame s’ can have its continuation state not in A.

Since every equilibrium of subgame s’ must have its continuation in A, both firms’
best responses must solve the Bellman equations where the continuation correspondence is
single valued. The uniqueness of the Markov equilibrium implies that these equations have
a unique solution and thus that subgame s’ has a unique subgame perfect equilibrium. B

This lemma implies that we can restrict our attention to Markov perfect equilib-
ria since uniqueness of the Markov equilibrium implies uniqueness of the subgame perfect

equilibrium. The next lemma helps describe the Markovian equilibria:

Lemma 4 In any subgame s, firm 2’s Markovian best response in the first period is its
stage-game best response.

Proof. Suppose firm 2’s strategy does not produce the stage-game best response in the first
period. Firm 2 could increase current profits by producing the stage-game best response.
Since the continuation pay-off is unaffected by this deviation, the deviation is profitable. B

Lemma 4 greatly simplifies the computation of Markov perfect equilibria since it
completely describes firm 2’s Markovian best response. Firm 1’s optimization problem is
more difficult. Let v be firm 1’s value function. Since v must satisfy the Bellman optimality
condition, the Markov perfect equilibrium is found by the simultaneous solution of the

Bellman equation: eq:Bell

v(s) = max{m (¢, g2) + Bv(s — q)} (3)
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Interior Kink

Bv'(s) Bv'(s)

Figure 1: Interior and kink solutions to the Bellman equation with state s. Note that the
policy function ¢ is represented by the arrow illustrating the state transition.

and firm 2’s optimality condition ¢o = BRs(q) where BRy is firm 2’s stage-game best
response function. Let ¢ be the policy function which solves the Bellman equation, i.e., g
maps the state s into firm 1’s equilibrium best response in state s.1°

The Bellman equation has two types of solutions: interior and kink solutions. The

solution is interior if the first order condition of the Bellman equation:

on
50 (@ BRx(q)) = Bv/(s — q) (4)
a1
holds.! The solution is a kink solution if there exists some ¢ such that!'?
/ — 071'1 / +
Bu'(s—q)” > a—ql(q, BRs(q)) > Bv'(s — q) (5)

This condition requires that the value function be non-differentiable (i.e., that it be “kinked”)
at the continuation state. Interior and kink solutions are illustrated in Figure 1. In both
panels, firm 1’s stock increases along the horizontal axis, and the current stock level is in-

dicated by s. Concavity of the value function implies that Gv" is downward sloping. Define

I0Existence of a Markovian equilibrium follows from firm 1’s optimization problem.

HNote that for the solution to be interior, the value function must be differentiable at the continuation.
The theorem of the maximum ensures that v is piece-wise continuously differentiable.

12The superscripts ~ and * indicate limits from the left and right, i.c., v/(s)” = limgys v/ ().
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the function ¢(q) = g—;rll(q, BRy(q)). Like the marginal profit function, ¢ is decreasing,'?
but it is flatter than the marginal profit function since ¢ implies an equilibrium response
by firm 2. Since larger current extraction implies a smaller stock in the future, ¢ as drawn
in Figure 1 slopes down to the left. If Sv’ is continuous, then the solution will be interior
as shown in the left panel. However, if Sv’ is not continuous, the solution can be a kink
solution as illustrated in the right panel. Note that here firm 1 does not want to increase
current extraction since the profit from extracting the incremental unit today is less than
the discounted value of extracting the unit tomorrow. Likewise, firm 1 does not want to
decrease current extraction since the value of extracting the marginal unit today is greater
than the value of extracting the unit tomorrow.

For a subgame s, let the equilibrium be an interior or kink equilibrium depending
on whether the solution to the Bellman equation at state s is interior or a kink. Note that
in a kink equilibrium, an incremental increase in the stock would be extracted immediately
since equation 5 would still hold. Thus at a kink equilibrium, the policy function extracts
each additional unit of stock immediately, i.e., ¢'(s) = 1.

If the equilibrium is interior on an open interval, the slope of the policy function can

be found by differentiating equation 4. Differentiation yields:

#(9)q'(s) = Bv"(s — q())(1 — ¢'(s))

which implies

oy B =)
)= 5+ 87— o) R

for an interior equilibrium. Since this is strictly less than one for ¢’ < 0, the policy function
at an interior equilibrium implies that the incremental unit of stock is extracted partly in
the first period and partly in the continuation.

The slope of the value function can also be found at an interior equilibrium by

differentiating equation 3 when it is optimized. Differentiation implies'®

/ aﬂ— aﬂ— / / / /
v'(s) = (8—(]11 + a—q;BRg)q + B0 (s —q)(1 = ¢')

13Work on this.
14 Note that this derivation illustrates that the envelope theorem does not hold for the equilibrium value
function since v'(s) # Bv'(s — q).
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07'('1 87'('1 )

= BR 7
391 86]2 ( )

This equation gives a convenient formula for computing the slope of the value function if it
is differentiable. Note that this formula also holds for a corner equilibrium since at a corner
equilibrium any increment in stock would affect extraction only in the first period and not

in the continuation. Thus the slope of the value function at a corner equilibrium is

% ,+(97T1

/ — BR//
(s) = Gotd + 5o BRAg

Since ¢’ = 1 in a corner equilibrium, the formula in equation 7 still holds.

Lemma 5 If the equilibrium policy function is continuous at s, the equilibrium value func-
tion has a concave (convex) kink at s if the left derivative of the policy function is greater
(less) than the right derivative at s.

Proof:
(37r1

1= — () —
v'(s)T —'(s) 90

——BR)q(s)” = ¢ (s)"] W (8)

Define s; as the largest state for which all the stock is exhausted in at most ¢ periods
in a Markov equilibrium. Note that for s € [0, s1], the value function, v(s) = m (s, BRa(s)),
is concave. How large is s1?7 Firm 1 will extract the entire stock today if the marginal profit
of extracting the entire stock is greater than the discounted marginal profit of extracting a

small amount tomorrow. Thus, s; is given by:

¢(s1) = Bv'(0) (9)
Similarly sg is defined by
Gy — 1) = v'(s1)" (10)
Define $; by
P(81 — s1) = v/ (1) (11)

For s € [s1, §1] the subgame s has an interior equilibrium since fv is continuously differen-
tiable and concave at the continuation. By equation 5, subgame s has a corner equilibrium

for s € (51, s2).
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Bv'(9 —

Figure 2: Multiple solutions to the Bellman first order conditions for subgame s3. The
policy function ¢(s) is illustrated by the arrows showing the state transition. Note that the
continuation §; is not an equilibrium continuation of s3.

Lemma 6 The value function has a concave kink at s; and a convex kink at 3, iff ¢’ < 0.1

Proof. The condition implies ¢’ < 1 for s € (s1, $1). Thus by Lemma 5, the value function
has a concave kink at s;. This implies that §; < sy. Since ¢’ =1 for s € (51, s3), Lemma 5
implies that there is a convex kink at 5;. H

If the value function is concave, the maximization in the Bellman equation 3 yields
a unique policy function. However, the convexity at s; implies that the Bellman first
order conditions in equation 4 may have multiple solutions. The smallest state, s5, where
equation 4 does not have a unique solution is defined by ¢(s3 — 1) = fv'(81)". These two
solutions, s5 — §; and ¢(s%)~, are illustrated in Figure 2. Note however that $; is not an
equilibrium continuation of s} since extraction of a marginal unit has a higher value in the
present than in the continuation. Thus subgame sj has a unique equilibrium. However,
for stocks slightly larger than sj, the marginal deviation is no longer profitable but larger

deviations may be profitable. For any stock s slightly greater than s3, there are two solutions

13'm being a little sloppy here. To be more precise, I need this expression to be bounded away from zero
at q(s1)™ and q(81)~. This condition holds trivially in the linear example since —3/2 < 0. T also suspect that
this condition can be established from the conditions guaranteeing uniqueness of the stage-game Cournot
equilibrium, but I have not explored this yet.

20



Bv'(s) ?

>
7]

Figure 3: Multiple equilibria for subgame s* with continuations at s4 and s¢. Note that
the shaded triangles are equal and thus the optimal deviation to sp is not profitable.

to the Bellman first order conditions in equation 4. Let the continuations of these solutions
be s4 and s¢ defined by the equations ¢(s — s4) = fv(s4) and ¢(s — s¢) = v/ (s¢) where
sc < 81 < sa (see Figure 3). Is s4 an equilibrium continuation from s? Let sg be the
optimal deviation from s4 defined by g—gi(s — sp, BRy(s — s4)) = [v'(sp). Note that as s
increases, the gain from this optimal deviation

54 (971'1

3—ql<8 —a, BRy(s — 54)) — Bv'(a)da

SB

is decreasing since extracting each incremental unit where the continuation is greater than
31 decreases the profit from the deviation but extracting the incremental units which yield
a continuation smaller than §; increase the profit from the deviation. For the stock s*
illustrated in Figure 3, the optimal deviation yields no additional profit since the shaded
triangles are equal. Thus both s4 and s¢ are equilibrium continuations. Define s* > s§ as
the smallest stock from which the optimal deviation is zero. Since the continuations s, and
s¢ are both equilibrium continuations, we have the following lemma:

Lemma 7 The subgame s* has two Markov perfect equilibria in pure strategies.

Proof. As shown above, there is a unique equilibrium on [0, s*). At s*, extracting s*—s4 or

s* — s¢ solves the first order condition in equation 4. Since there are no profitable deviations
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by the definition of s 4, they are both equilibrium extraction quantities with firm 2 producing
BRy(s* — s4) and BRy(s* — s¢). B

Since there are multiple Markov equilibria for subgame s*, the equilibrium value
correspondence is not necessarily single valued. In fact Figure 3 illustrates that V(s*) has
multiple values. Consider firm 1’s payoff in the equilibrium with continuation s. This
payoff is given by
/SA ﬁ?)’(a)da+/s %<S*_Q,BRQ(S*_SA))dOé = /SB ﬁv’(a)doz—i—/y %(5*—04, BRy(s*—s4))da

0 s Oq 0 s 0
where the equality follows from the definition of s*. Note that this payoff is clearly less than
the payoff in the equilibrium with continuation s¢
/SC B’ (a)da + /S* %( *—a, BRy(s" — s¢))da
0 sc oq

Thus firm 1’s worst equilibrium payoff decreases discontinuously at s*. Because V(s*) is
not single valued, firm 2’s stage game best response is no longer its unique best response
since it may be able to credibly influence the continuation payoffs by choosing a different
production level. Thus for subgames s with s > s*, there are multiple subgame perfect

equilibria. This demonstrates the proposition:

Proposition 2 The simple extraction model has multiple subgame perfect equilibria and the
equilibrium value correspondence is not single valued for stocks weakly greater than s*.

Proof. As described above, V(s*) is not single valued. For larger stocks, the possibilities
for rewards and punishments contingent on observed actions implies that there are multiple
subgame perfect equilibria and V' is not single-valued. Bl

Since there are multiple subgame perfect equilibria, it follows that some degree of
collusion can be supported as a subgame perfect equilibrium. The folk theorem implies that
in infinitely repeated games any individually rational payoffs, including payoffs yielding the
joint monopoly profit, can be supported by a subgame perfect equilibrium. The uniqueness
of the subgame perfect equilibrium for small states will limit the ability of firms to support
collusive payoffs. The following proposition demonstrates how the uniqueness result hinders

collusion.
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Proposition 3 The monopoly payoff cannot be supported by a subgame perfect equilibrium
i the simple extraction model.
Proof. Let o be a strategy profile which yields the monopoly payoff. If ¢ transitions
into the interval (0, s3) on the transition path, the unique stage-game equilibrium output is
greater than the monopoly output. The Bellman optimality principle implies that o must
yield the monopoly profit level at each state along the transition path. Thus, if ¢ transitions
into the interval (0, s3) on the transition path, o is not subgame perfect. Suppose o does
not transition into (0, s3) on the transition path. If o does not exhaust the stock, then o is
not subgame perfect since firm 1 could increase profits by extracting more stock. Suppose
o extracts the entire stock for some state s > s on the transition path. For this subgame
s, o must require that firm 2 initially produce BRy(s) since the continuation is unique.
However, firm 1 could increase profits by reducing extraction since 5v'(0) = ¢(s1) > ¢(s).
Therefore o is not subgame perfect. Il

Proposition 3 shows that the monopoly payoff cannot be supported by a collusive
agreement with credible punishment strategies. This result is somewhat surprising based
on the well-known intuition of the folk theorem. Applications of the folk theorem usually
show that the monopoly payoff can be supported at reasonable discount factors in infinitely
repeated games. In fact, there are generally many subgame perfect equilibria which yield the
monopoly payoff. This implies that the firms have many options for dividing the monopoly
payoff between them with the options generally being bounded by the individual rationality
constraints of the firms. However, in the simple extraction model the monopoly payoff
cannot be supported by any subgame perfect equilibria. Note that this result holds for all
discount factors. This suggests that it will be even more difficult to support all individually
rational payoffs since all individually rational payoffs can only be approached in infinitely

repeated games as the discount factor approaches unity:.

5 Simulation

Propositions 2 and 3 suggest that limited collusion can be supported in the simple extrac-
tion model. However, the question remains as to whether these limitations would severely

hinder attempts to support collusive agreements. To illustrate the limitations exhaustibility
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places on the collusive possibilities, consider the following numerical example of the simple
extraction model where demand is () = 10 — P and there are no costs of extraction or
production. Clearly the monopoly price is $5 and the average discounted monopoly profit
is $25.

Ideally, the equilibrium value correspondence would be computed and compared
to the joint profit maximizing outcome. However, the boundary of the equilibrium value
correspondence might be quite difficult to define. Therefore, following Phelan and Stacchetti
[20], only a convex bound of the equilibrium value correspondence is computed. For example,
the simplest convex bound is defined by the maximum and minimum continuation values
for each firm. This defines a box around the equilibrium value set for each state.

To simplify calculation of the convex bound, the state space and action space are
approximated by a grid with size 0.01.16 For each state there are a finite number of actions
for each firm. Given the convex bound of the equilibrium value correspondence for all
continuation states, an “equilibrium” can be computed by testing each pair of actions for
the two firms.!” An action pair is called an equilibrium if neither firm wants to deviate
unilaterally given that it earns continuation payoffs which are contained in the convex
bound of the equilibrium value correspondence. In the simple case of the box around the
equilibrium value correspondence, all equilibria can be found by testing whether a firm
wants to unilaterally deviate from the proposed action given that it earns the worst possible
continuation payoff (worst punishment) for deviating and the best possible continuation
payoff (best reward) for not deviating. For each firm, all possible equilibrium payoffs are
compared to calculate the bounds of the equilibrium value correspondence for the current
state. Given these bounds, the convex bound for the next largest state can be computed.
In the simple case of the box, the maximum (minimum) payoff in each state becomes the
upper (lower) bound of the box for that state.

The convex bound of the equilibrium value set can be described in a variety of

ways which may be more or less useful depending on the question under consideration.

1$Thus the relevant grid for each state has 1000 x 1000 grid points.

1"The “equilibria” computed in the simulation are not necessarily subgame perfect equilibria since they
promise continuation payoffs which may not be equilibrium payoffs. In particular, although the equilibrium
promises a continuation payoff to firm 1 which is achieved in some equilibrium and a payoff to firm 2 which
is achieved in some equilibrium, the two payoffs may not be attained in the same equilibrium.
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Figure 4: Bounds on the equilibrium value correspondence for firm 1.

Although the box is a particularly simple way of describing the convex bound, it is less
useful for determining the highest joint profit which can be attained by the firms since
it promises an equilibrium continuation payoff in which the joint profit is larger than can
be supported.’® Therefore, in the simulation, the simple convex bound of the equilibrium
value correspondence has been constrained such that the combined payoffs are less than the
highest joint payoff which is actually attained in equilibrium. Computation of the convex
bound is as for the box, except now each equilibrium must be tested to see that it can be
supported by payoffs which promise continuation payoffs which can be jointly attained.’
The results of the simulation are presented in the figures 4-9. The simulation results
differ from the results of section 4 since the action space is discrete and the equilibrium
value correspondence is only approximated by the convex bound. The discrete action space
means that the stage game equilibrium is not necessarily unique. This implies that the
bounds on the equilibrium value correspondence may have multiple values for smaller states
than s*. Figure 4 shows the bounds for firm 1 when 8 = 0.9. When firm 1 has no stock, the
equilibrium value is unique at zero. As firm 1’s stock increases, the value it can attain in
equilibrium generally increases. Calculations based on the results of section 4 imply that for
the continuous action model s; = 0.333, 5; = 0.8667 and s5 = 1.52. Since the equilibrium
value correspondence is single valued for states smaller than s* > s3. the multiple values
of the bounds for states smaller than 1.52 arise from the multiple equilibria caused by the
discrete action space. Note that figure 4 shows downward jumps in the minimum bound for
firm 1. Section 4 showed that the minimum value of the equilibrium value correspondence
for firm 1 jumps down at s*. However, the jumps in figure 4 occur for larger states than s*.
Figure 5 shows the bounds for firm 2 when # = 0.9. When firm 1 has no stock,
firm 2 can attain the monopoly profit in every period for an average discounted payoff

of $25. As firm 1’s stock increases, the maximum profit attainable by firm 2 decreases.

18The defection payoffs are supported since we can assume that the punishing firm would want to drive
the deviating firm to its worst outcome.

19The simulation tests a finite number of continuation payoffs where the continuation payoffs divide the
maximum joint payoff.
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Figure 5: Bounds on the equilibrium value correspondence for firm 2.

e ]

Figure 6: Bounds on the equilibrium value correspondence for firm 2 for larger stocks.

Note in particular that for positive stocks firm 2 cannot attain the average discounted
monopoly profit in equilibrium although it could produce the monopoly output forever.
Thus competition from the severely constrained firm 1 reduces the potential profit to firm 2.
Figure 6 shows the bounds for firm 2 for larger stocks. The figure demonstrates that
competition from firm 1 drives down the highest equilibrium profit for firm 2 as the stock
of firm 1 increases.

Figure 7 shows the bound for the combined value of the two firms when ( is 0.9
and 0.95. Without exhaustibility constraints, the firms could collude to attain the average
discounted monopoly profit in every period. Figure 7 illustrates that the firms cannot
achieve the monopoly profit in all periods. As firm 1’s stock increases, competition first
decreases the maximum combined profit attainable by the two firms. As the stock becomes
more abundant, the possibilities for collusion increase and the maximal combined profit
increases. The upper bound on combined profit attains the average discounted monopoly
profit for large stocks although Proposition 3 indicates that the monopoly profit is not
attained by the equilibrium value correspondence.

Figure 7 also shows the affect of the discount factor on collusion. When firms are
more patient, increased competition does not drive down the combined profits as far for a
given stock. In addition, the firms are able to collude at lower stock levels and thus the
combined bound for the two firms approaches the monopoly profit level for smaller stocks.
This illustrates that firms are able to collude more when they are more patient.

The discount factor also affects the payoffs which can be attained by the individ-
ual firms. Figures 8 and 9 illustrate this effect. Without exhaustibility constraints, any

individually rational payoffs could be supported as the discount factor approaches unity.

[ = ]

Figure 7: Maximum combined value for the two firms for 7 = 0.9 and 5 = 0.95.
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Figure 8: Bounds on V; for = 0.9 and g = 0.95.

e ]

Figure 9: Bounds on V5 for = 0.9 and g = 0.95.

Figures 8 and 9 suggest an analogous result with exhaustibility constraints. The worst
individually rational payoff for firm 1 is zero and the best individually rational payoff for
firm 2 is $25. Figure 8 illustrates that as the firms become more patient, the best and worst
payoffs decrease for firm 1 driving it toward its worst individually rational payoff of zero.
On the other hand, patience helps firm 2 since its best and worst payoffs increase as the
firms become more patient. Thus as the discount factor increases, the best payoff for firm 2

approaches its highest individually rational payoff of $25.

6 Conclusion

Credible enforcement of collusive agreements is well-understood in the theory of infinitely
repeated games. However, because of exhaustibility, the insights about competition and
collusion from the theory of infinitely repeated games may not be applicable. This paper
demonstrates that exhaustibility will hinder a cartel’s enforcement of collusive agreements
but will not prevent the cartel from supporting prices above the competitive level.
Collusion is hindered by exhaustibility since the strategic interaction ends when all
firms but one exhaust their deposits. At this point, it becomes impossible for the cartel to
reward or punish good or bad behavior. Prior to exhaustion, it also may be impossible to
support collusion since the firms recognize that the continuation equilibrium is unique and
thus rewards and punishments are impossible. However, as the state space becomes larger,
the unique continuation equilibrium no longer assures a unique subgame equilibrium even
under strict assumptions about uniqueness of equilibrium in the stage game. This follows
because the equilibrium value function is not concave over the range where the equilibrium is
unique. Concavity of the equilibrium value function would assure uniqueness of equilibrium
in the dynamic game. However, in the dynamic game, concavity is not assured as it would be

in single-agent dynamic optimization. Indeed, the equilibrium value function is not concave,
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and this non-concavity leads to multiple solutions to the firm’s optimization problem and
thus multiple (Markovian) equilibria. Multiple continuation equilibria then can be used to
support collusion for larger states.

Exhaustibility hinders a cartel’s ability to collude and may even prevent the cartel
from supporting the monopoly outcome. However, the simulation results suggest that ex-
haustibility may not seriously hinder the cartel. In particular, the simulated bounds on
the joint profit maximization approach the monopoly profit level for stocks which are quite
small relative to demand. The results also illustrate the range of outcomes which can be
supported for various discount factors. They suggest that patience may improve equilibrium

outcomes for firms endowed with large stocks while worsening the outcomes for small firms.
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