Unbordered Partial Words

F. Blanchet-Sadfti C.D. Davig Joel Dodgé
Robert Merca$ Margaret Moorefieldl

March 31, 2008

Abstract

An unborderedword is a string over a finite alphabet such that none of
its proper prefixes is one of its suffixes. In this paper, we extend results on
unbordered words to unbordered partial words. Partial words are strings that
may have a number of “do not know” symbols. We extend a result of Ehren-
feucht and Silberger which states that if a wardan be written as a concate-
nation of nonempty prefixes of a wotd thenw can be written as a unique
concatenation of nonempty unbordered prefixes. /e study properties of
the longest unbordered prefix of a partial word, investigate the relationship
between the minimaleakperiod of a partial word and the maximal length
of its unbordered factors, and also investigate some of the properties of an
unbordered partial word and how they relate to its critical factorizations (if
any).

Keywords:Words; Partial words; Unbordered words; Unbordered partial
words.

1 Introduction

Periodicity andborderednessare two fundamental properties of words that play a
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role in several research areas including string searching algorithms [9, 10, 11, 14],
data compression [16], theory of codes [3], sequence assembly [15] and super-
strings [7] in computational biology, and serial data communication systems [8]. It
is well known that these two word properties do not exist independently from each
other.

Let A be a nonempty finite set, also called@phabet Consider a nonempty
wordu = aga; ...a,—1 With a; € A. Then aperiodof « is a positive integep
such thate; = a;4p for 0 < i < n — p. The wordu is calledborderedif one of
its proper prefixes is one of its suffixes. The length of the longest such prefix (also
called longest border) is the length @fminus the length of its shortest period.
The wordu is calledunborderedotherwise. In other words, it isnborderedf it
has no proper period. For exampi®aabb is unbordered whilebaab is bordered.
Unbordered words turn out to be primitive, that is, they cannot be written as a
power of another word. Unborderedness has the following important property:
Different occurrences of an unbordered factom a word v never overlap. A
related property is that no primitive word can be an inside factor afu. Fast
algorithms for testing primitivity of words can be based on this property [10].

The study of unbordered partial words was initiated in [4]. Partial words are
strings that may have a number of “do not know” symbols. In this paper, we pursue
this study by extending some more results on unbordered words to unbordered par-
tial words. We begin in Section 2 by reviewing basic concepts on words and partial
words. In Section 3, we recall a result of Ehrenfeucht and Silberger [13] which
states that if a word can be written as a concatenation of nonempty prefixes of a
word v, thenwu can be written as a unique concatenation of nonempty unbordered
prefixes ofv, and we extend this result to partial words. In Section 4, we give
more results on concatenations of prefixes. In particular, we study properties of
the longest unbordered prefix of a partial word. We also investigate the relation-
ship between the minimateakperiod of a partial word and the maximal length
of its unbordered factors. In Section 5, we investigate some of the properties of an
unbordered partial word and how they relate to its critical factorizations (if any).
Blanchet-Sadri and Wetzler extended the well known critical factorization theorem
to partial words and their result states that the minimal weak periodhohape-
cial partial word can be locally determined in at least one position [6]. Finally, we
prove that, with regards to Chomsky hierarchy, the set of all partial words over an
arbitrary nonunary fixed finite alphabet having a critical factorization is a context
sensitive language that is not context-free.

2 Preliminaries

Fixing an alphabet4, we first review basic concepts on words and partial words
over A.



2.1 Words

A string or word u over A is a finite concatenation of symbols or letters fram
The number of symbols in, or lengthof u, is denoted byu|. For any wordu,
ufi..j — 1] is thefactor of « that starts at positiohand ends at positionp— 1 (it is
calledproperif 0 <i < j <|uland ¢ > 0 orj < |u])). In particular,u[0..; — 1]
is theprefix of u that ends at positiofn — 1 andul[i..|u| — 1] is thesuffixof « that
begins at position. The factoru[i..j — 1] is the empty word ifi > j (the empty
word is denoted by). The set of all finite length words over (length greater than
or equal to zero) is denoted by It is a monoid under the associative operation of
concatenation or product of words whereerves as the identity, and it is referred
to as thefree monoidgenerated byd. Similarly, the set of all nonempty words
over A is denoted byA™. It is a semigroup under the operation of concatenation
of words and is referred to as tfree semigrougenerated bwl.

For a wordu, the powers of; are defined inductively by’ = ¢ and, for any
n > 1,u" = uwu™ ' If u is nonempty, them is aroot of u if u = v™ for some
positive integem. The shortest root of,, denoted by /u, is called theprimitive
root of u, andu is itself calledprimitive if \/u = u. If u = (/u)", then/u is the
unigue primitive wordv andn is the unique positive integer such that v™. All
positive powers of; have the same primitive root.

A word of lengthn over A can be defined by a total functian: {0,...,n —
1} — A and is usually represented as= apa; . . . a,—1 With a; € A. A positive
integerp is aperiodof w if forall 0 < i < n — p we havea; = a;4,. This can
be equivalently formulated, fgr < n, by v = xv = wz for some wordse, v, w
satisfying|v| = |w| = p. For a wordu, there exists aninimal periodwhich is
denoted by(u). A nonempty word: is unborderedf p(u) = |u|. Otherwise, itis
bordered A nonempty wordr is aborderof a wordw if © = zv = wz for some
nonempty words andw. Unbordered words turn out to be primitive.

2.2 Partial Words

A partial word u of lengthn over A is a partial function: : {0,...,n — 1} — A.
For0 < i < n, if u(i) is defined, then we say thatbelongs to thedlomainof
u, denoted by € D(u), otherwise we say thdtbelongs to theset of hole®f v,
denoted by € H(u). A (full) word overA is a partial word over with an empty
set of holes.

For convenience, we will refer to a partial word ovéras a word over the
enlarged alphabet, = A U {¢}, whereo represents a “do not know” symbol. So
a partial wordu of lengthn over A can be viewed as a total functian {0, ...,n—

1} — Au{¢} whereu(i) = o whenevel € H(u). For exampley = aobbcoch is

a partial word of length 8 wherB(u) = {0,2,3,4,6,7} andH (u) = {1,5}. We

can thus define for partial words concepts such as concatenation, powers, etc. in a
trivial way.

The length of a partial word over A is denoted byu|, while the set of distinct



letters inA occurring inu is denoted byy(u). For the set of all partial words over
A with an arbitrary number of holes we writ€f. The setA} is a monoid under
the operation of concatenation wherserves as the identity element Xt C A},
then thecardinality of X is denoted by| X ||.

For partial words, we use the same notions of prefix, suffix and factor, as for
full ones. The uniquenaximal common prefigf v and v will be denoted by
pre(u, v). Now, if u € A and0 < i < j < |ul, thenu[i..; — 1] denotes the
factoru(i)...u(j — 1). For a subseX of A}, we denote byP(X) the set of
prefixes of elements iX and byS(X) the set of suffixes of elements K. If X
is the singletor{u}, then P(X) (respectively,S(X)) will be abbreviated byP ()
(respectively,S(u)).

A factorizationof a partial wordu is any tuple(ug, w1, ..., u;—1) of partial
words such that, = upu; ... u;—1. For a subseX of A} and an integei > 0, the
set

{uoul...ui,l |’LLU,...,UZ;1 EX}

is denoted byX®. The submonoid ofd} generated byX will be denoted byX*
whereX* = J;5, X* andX? = {¢}. The subsemigroup of} generated by is
denoted byX * whereX ™ = J,-, X', By definition, each partial word in X*
admits at least one factorizatidng, u1, ..., u;—1) whose elements are all i.
Such a factorization is called axi-factorization

2.2.1 Containment and Compatibility

If w andv are two partial words of equal length, thanis said to becontained
in v, denoted byu C v, if all elements inD(u) are in D(v) andu(i) = v(i)
forall i € D(u). If w C v butu # v, then this will be denoted by C wv.
Partial wordsu andwv are calledcompatibleif there exists a partial word> such
thatu C w andv C w. This is denoted by: T v. Theleast upper bounaf u
andwv is denoted by lufu, v). By this we mean: C lub(u,v) andv C lub(u,v)
andD(lub(u,v)) = D(u) U D(v). For exampley = acbooc andv = abococ are
compatible and lufp:, v) = abbcoc.
The following rules are used for computing with partial words.

Lemma 1 ([2]). Letu,v,w,z,y € A}. The following hold:
Multiplication: If w T v andz T y, thenuz T vy.
Simplification: If ux T vy and |u| = |v|, thenu T v andz T y.
Weakeningif v T v andw C u, thenw T v.

The following result extends to partial words thquidivisibility propertyof
words, orlemma of [evi.

Lemma 2 ([2]). Letu, v, z,y € A be such thatix T vy.
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o If |u| > |v], then there exisw, z € A} such thatu = wz, v T w, andy T zz.

o If |u| < |v], then there exisw, z € A} such thaty = wz, v T w, andz T zy.

2.2.2 Periodicity

A period of a partial wordu over A is a positive integep such thatu(i) = u(y)
whenevel, j € D(u) andi = j mod p. In this case: is calledp-periodic A weak
period of u is a positive integep such thatu(i) = u(i + p) wheneveri,i + p €
D(u). In this caseu is calledweakly p-periodic The partial wordw = baaboabca

is weakly 3-periodic but is not 3-periodic. The latter shows a difference between
partial words and full words since every wealhperiodic full word isp-periodic.

Also even if the length of a partial wordis a multiple of a weak period af, then

u is not necessarily a power of a shorter partial word. The minimal period and the
minimal weak period of: are denoted by(u) andp’(u), respectively.

This notion of weak period can be equivalently formulated as follows.

Lemma 3. For an integerp, the partial wordu € A} is weaklyp-periodic if and
only if the containments C zv andu C wz hold for some partial words, v, w
satisfying|v| = |w| = p.

Proof. Write u asvivs ... vxr where|vy| = |ve| = -+ = |vg| = pand0 < |r| <
p, andvy, asst where|s| = |r|. Setx; = vy ... vx_1s @andxs = vy ... vgT.

If the containments, C zv andu C wz hold for some partial words, v, w
satisfying|v| = |w| = p, then bothv; ... vx_1s C z andvs ... v,r C x hold, and
SOv1...vg_18 | va...vpr. By Simplification,vy 7T vo, ..., vx_1 T v @ands T r.
Now, leti,i + p € D(u). Theni = Ip + j for some0 < [ < kand0 < j < p.
If I <k —1,thenwe geu(i) = v41(j) = vir2(J) = u(i + p) sincevi41 T vi42
andj € D(vi41) N D(vi42), and ifl = k — 1, thenu(i) = vk (j) = s(j) =r(j) =
u(i + p) sinces T randj € D(s) N D(r). In either casey is weaklyp-periodic.
Conversely, ifp is a weak period ofi, thenv; T v;41 forall1 <i < kands 1 r.
Thuszy T z2, and there exists such thatr; C x andx, C z. Settingy = ¢r and
w = v, We getu = z1v C zv andu = wzre C wz With |v| = |w| = p. O

A partial wordw is primitive if there exists no word such that, C v™ with
n > 2. Note that the empty word is not primitive, and thavifs primitive and
v C u, thenu is primitive as well. Ifu is a nonempty partial word, then there exists
a primitive wordv and a positive integet such that. C +". Uniqueness does not
hold for partial words. For example if = ao, thenu C a? andu C ab for distinct
lettersa, b. Foru,v € A, if there exists a primitive word such thatw C z™ for
some positive integet, then there exists a primitive wordsuch thatvu C y™.
Consequently, it is primitive, thenvu is primitive [4].

A nonempty partial word: is borderedif one of its proper prefixes is compati-
ble with its suffix of the same length. Otherwise, no nonempty wordsw exist
such thaty C zv andu C wx andu is calledunbordered It is easy to see that



if u is unbordered and C «/, thenu' is unbordered as well. In [4], an extension

of a result on words to partial words allows us to conclude that unbordered partial
words are primitive. This comes from the fact thatifs a nonempty unbordered
partial word, therp(u) = |u|. We callz aborderof v if v C zv andu C wx for
somev andw with 0 < |z| < |u|. A borderz of  is calledminimalif |z| > |y|
implies thaty is not a border of..

3 Concatenations of Prefixes

Foru,v € A}, we writeu < v if there exists a sequenes, .. ., v,_; of prefixes
of v such thatu = vg ... v,_1. Obviously,e <« v andu < u. Also, if u < v and
v < w, thenu <« w.

Theorem 1 ([13]). Letu € AT,v € A* be such that: < v. Then there exists
a unique sequence, ..., v,_1 of nonempty unbordered prefixeswtuch that
U=v9%...Up-1-

Our main result in this section is to extend Theorem 1 to partial words (see
Theorem 2). In order to do this, we introduce two types of bordered partial words:
thewell borderedand thebadly borderedpartial words.

Definition 1. Letu € A7 be bordered. Let: be a minimal border ofi, and set
u = r1v = wry Wherex; C x andxy C z. We callu well borderedif x1 is
unbordered. Otherwise, we callbadly bordered

Note that if a nonempty partial word is well bordered then:s can be either
bordered or unbordered, and the same is trugisfbadly bordered. Also since
is a prefix ofu, Definition 1 is of special interest to the main topic of this section
entitled “Concatenations of Prefixes”.

For convenience, we will at times refer to a minimal border of a well bordered
partial word as @ood borderand of a badly bordered partial word alsad border

As a result ofr being a bad border, we have the following Lemma.

Lemma 4. Letu € AS be badly bordered. Let be a minimal border ofi, and
setu = z1v = wxe Wherex; C x andzs C z. Then there exists such that
i € H(x1) andi € D(x2).

Proof. Sincex; is borderedyx; = r1s1 = sor9 for nonempty partial words
r1, 79,51, S2 Wheres; C sandss C sfor somes. If no: exists such thate H(x;)
andi € D(z3), thenzy must also be bordered. Se = r|s| = shr) where
i Cri,rh Cre, s) C sands) C s, thussy 1 s). This means that there exists a
border ofu of length shorter thgt:| which contradicts the fact thatis a minimal
border ofu. O

Our goal is to extend Theorem 1 to partial words or to construct, given any
partial wordsu andv satisfyingu < v, a unique sequence of nonempty unbordered
prefixes ofv, v, ...,v,—-1, such thatu T vg...v,—1. We will see that if during
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the construction of the sequence a badly bordered prefix is encountered, then the
desired sequence may not exist. We first prove two propositions.

Proposition 1. If v € A}, then there do not exist two distinct compatible sequences
of nonempty unbordered prefixesvof

Proof. Suppose thaty...v,—1 T vf...v),_; where eachy; and eachv]
is a nonempty unbordered prefix of If there existsi > 0 such thatjvg| =
[l - -+, Jvie1| = |vi_q| andv;| < |v}], thenvy = v, ..., v;—1 = v,_, andw; is
a prefix ofv]. By simplification,v; ... vz T v; wherei < j < n—1andzisa
nonempty prefix ob;1. The fact thate, v] are prefixes ob satisfying|v| > |z|
implies thatr is a prefix ofv,. In addition,z is compatible with the suffix of length
|| of v], and consequently, is bordered. Similarly, there exists ne> 0 such that
lvo| = 0§, -, Jvic1] = |vi_4| and|v;| > |v}|. Clearly,n = m and uniqueness
follows. O

Proposition 2. Letu € A} be bordered. Let be a minimal border ofi, and set
u = xr1v = wxre Wherex; C x andzs C z. Then the following hold:

1. The partial wordz is unbordered.
2. If uis well bordered, them = z1u 29 C 2’z for someu’'.

Proof. For Statement 1, assume thais a border ofz, that is,z C rs and
x C s'r for some nonempty partial wordss, s’. Sinceu C xv andx C rs, we
haveu C rsv, and similarly, since: C wx andz C s'r, we haveu C ws’r. Then
r is a border ofx. Sincez is a minimal border ofi, we havez| < |r| contradicting
the fact thafr| < |z|. This proves (1).

For Statement 2, ifv| < |z|, thenu = wtv for somet. Herex; = wt = t'w’
for somet’, w' satisfying|t| = |t'| and|v| = |w| = |w'|. Sincex; T x2, we have
t'w’ 1 tv and by simplificationt’ 1 ¢t. The latter implies the existence of a partial
word ¢’ such that’ c ¢’ andt C ¢’. Sox; = t/w’ C t"w' andz; = wt C wt”.
Thent” is a border ofr; andzx; is bordered. According to the definition atbeing
well borderedz; is an unbordered partial word and this leads to a contradiction.
Hence, we havév| > |z| and, for some/, we havev = vz andw = x4/, and
u = wre = r1u'x9 C xu'x. This proves (2). O

Note that Proposition 2 implies thatif € A* is bordered, them is well
bordered. In this case, = xu'z wherez is the minimal border of.

Lemma 5. If u,v € A7 are such thatu = vg...v,_1 Whereuv,...,v,_1 iS a
sequence of nonempty unbordered prefixaes thfen there exists a unique sequence
vp, - - - » Ui, 1 Of nonempty unbordered prefixeswo$uch thatu 1 v, ... v],_; (the

desired sequence is jus, . .., v,_1).

Proof. The statement follows immediately from Proposition 1. O
The badly bordered partial words are now split into $pecially borderecnd
thenonspecially borderegartial words according to the following definition.
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Definition 2. Letu € Al be a partial word that is badly bordered. Letbe a
minimal border ofu, and setu = z1v = wxy Wherexz; C z andzy C z. If there
exists a proper factor’ of u such thatr; ¥ 2’ andz’ 1 x2, then we calk specially
bordered Otherwise, we call: nonspecially bordered

Lemma 6. Letv € A be badly bordered. Lej be a minimal border of), and
setv = y1w' = wys wherey; C y andy, C y (and thusy; T w9). If there
exists a sequencea, ..., v,,_1 of nonempty unbordered prefixeswkuch that
v 1T v...vm—1,then|y;| < |v,m—1]| andv is specially bordered.

Proof. By Definition 1, y; is bordered. Ifly;| = |vy,—1], then bothy; and
vm—1 are prefixes oy, and thusy; = v,,,_1. We get thaty, is unbordered, a
contradiction. Ifly;| > |vm,—1], then seys = z;v" where|v'| = |vy,—1|. Since both
y1 andv,,,_ are prefixes ob, we get thav,,, 1 is a prefix ofy;. Soy; = v, 122
for somezsy, andv = v,,_1 20w’ = wz1v’ with v,,_1 T v’. Thusv has a border of
length|v,,—1| < |y1| = |y| contradicting the fact thaj is a minimal border. And
sOfy1| < [vm—1]-

Sincev T vg...v,m—1, We havelv,,_1| < |v|. Sincev,,_1 is a prefix ofv,
andv = yyw’ and|v,,—1| > |y1| there exists:; such thaty;2; = v,,—1. Since
v = wy, andv,, 1 is compatible with a suffix of, we havev,, 1 T zoy- for some
z9. Thus, we get that,,,—1 = Y121 T 2212. Sincev,,—1 T 2212, S€tvy,—1 = 23Y3
Wherezg T 29 andy3 T Y2. S0v,—1 = 23Y3 = Y121. If Y3 T Y1, thenvm_1 is
bordered, a contradiction with the fact thgt_, is unbordered. Thug; 7y, and
sincev,,_1 is a prefix ofv, we have that is specially bordered. O

The following example illustrates Lemma 6.

Example 1. Consider the partial word
v = aaoaabbaaaaacb

Here,v is specially bordered (indeed, it has the fact®b such thatzac 7 abb and
aob T abb) and is compatible with a sequence of some of its unbordered prefixes.
Indeed, the compatibility

aacaabbaaaaach T (aacaabb)(aavaabd)
holds. The shortest border ofis aab which has length shorter thasucaabb.

Lemma 7. Letv € A7 be well bordered. Then there exists a longest sequence
V0, V1, - - -, Um—1 Of nonempty prefixes efsuch thatv T vovy ... vp—1, v; IS UN-
bordered for every < j < m, andv is unbordered or badly bordered. Moreover,

if vg is badly bordered, then no sequence of nonempty unbordered prefixes of
exists that is compatible with

Proof. Let yo be a minimal border ofvy = v, and setwy = zow| = wiz
wherezx, C yo andz C yo (and thuseg T z;). By Definition 1,z is unbordered,
and

v =wizy | wizo @
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where bothw,; andzx, are prefixes otvg (and hence ob). If w; is unbordered,
thenw is compatible with a sequence of its nonempty unbordered prefixes.

If w, is badly bordered, then no sequenge. .., v/ , ; of nonempty unbor-
dered prefixes of exists that is compatible witla; unlessw; is specially bordered
and|y| < |v/,_,| by Lemma 6 (herey; is a minimal border ofv;). If this is the
case, thenv; may be compatible with such a sequence of nonempty unbordered
prefixes ofv, and if so replacev; on the right hand side of the compatibility in (1)
by v ... v, _,. If this is not the case, then no sequence of nonempty unbordered
prefixes ofv exists that is compatible with.

If w; is well bordered, then repeat the process. gsebe a minimal border of
wi, and setw; = zywh = wea) wherex; C y; andz) C y; (and thusey 1 ).

By Definition 1, is unbordered, and

v = nglle) T wox1T0 (2)

where bothws andz; are prefixes ofv; (and hence ob, sincew; is a prefix ofv)
andz is a prefix ofv.

Letwg, w1, ..., w;—1 be the longest sequence of nonempty well bordered pre-
fixes defined in this manner. For dll < k£ < j, let . be a minimal border
of wy, and setwy = zpw) , = wiy1x), Wherex;, C yp andx), C yi (and
thusz, T z}). Again by Definition 1,zq,...,z;—1 are unbordered. We have
wj—1 = w;r;_; T wjr;—1 and thus by induction,

v = wjx;;l coexh Twixi—y ... 30 3)
wherew;, z;_1,...,xq are prefixes ofvy (and hence ob). Now, if w; is unbor-
dered, therv is compatible with a sequence of some of its nonempty unbordered
prefixes. Ifw; is badly bordered, then proceed as in the case above whes
badly bordered.

We can thus equate with sequences of shorter and shorter factors that are
some of its prefixes or compatible with some of its prefixes and the existence of the
required sequenc®, . .., v, _1 IS established. O

Theorem 2. Letu,v € A be such that: < v, and letvy, . . ., v, 1 be alongest
sequence of nonempty prefixes afatisfyingu T vg . . . v, —1. Then, either alb;’s

are unbordered, ot is not compatible with the concatenation of any sequence of
unbordered prefixes af. In the latter case, some of thg's are badly bordered
while the others are unbordered.

Proof. If vg,...,v,_1 are unbordered, then by Lemma 5 we get the unique
sequence of nonempty unbordered prefixes whose concatenation is compati-
ble with u. If any of the prefixes are well or badly bordered, then proceed as in
Lemma 6 or Lemma 7. O

Example 2. Consider the partial words

u = aaaacbabbaaaaacbaa andv = aacbabbaaaaacb



We have a factorization of in terms of nonempty prefixes@afHere, the compat-
ibility
u 1 (a)(a)(aacbabbaaaaach)(a)(a)

consists of unbordered and badly bordered prefixes afid is a longest such se-
guence ¢acbabbaaaaach is specially bordered and is not compatible with any
sequence of nonempty unbordered prefixag.dfVe can check that no sequence of
nonempty unbordered prefixeswoéxists that is compatible with.

4 More Results on Concatenations of Prefixes

In this section, we give more results on concatenations of prefixes. In particular,
we study properties of the longest unbordered prefix of a partial word. We also
investigate the relationship between the minimal weak period of a partial word
and the maximal length of its unbordered factors. Our main results in this section
(Theorems 3 and 4) extend a result of Ehrenfeucht and Silberger [13] which states
that if u = v is a nonempty unbordered word wherés the longest unbordered
proper prefix ofu, thenv is unbordered.

If u € A, then unifu) denotes the longest unbordered prefix:ofA result
of Ehrenfeucht and Silberger shows that.jft € A* are such that = unb(u)v,
thenv < unb(u) [13]. This does not extend to partial wordsw@as= (ab)(ob) =
unb(u)v provides a counterexample. However, the following lemma does hold.

Lemma 8. Letu € A}, v € A% be such that: = unb(u)v. Thenu < unb(u) if
and only ifv < unb(u).

Proof. If v < unb(u), then obviouslyu < unb(u). For the other direction,
sinceu < unb(u), we can writew = ugu . .. u,—1 Where eachy; is a nonempty
prefix of unl{u). We can suppose that# . Then unfju) = vy . . . uxu’ for some
k < n — 1 and some prefix’ of uj1. Since unbu) is unbordered, we have that
u’ = ¢, thatk = 0, and hence that urib) = u,. It follows thatv = wuy ... u,—1
andv < unb(u). O

We get the following corollary.

Corollary 1. Letu € A%, v € A. Then the following hold:
1. Ifu < unb(v), thenu < v.

2. Ifw € A% is such thaty = unb(v)w andw < unhb(v), thenu < v if and
only ifu < unb(v).

Proof. Statement 1 holds trivially. For Statement 2, by Lemma 8« unb(v)
if and only if v < unb(v). Now, if u < v, then sincey < unh(v), by transitivity
we getu < unb(v). O

Statement 2 of Corollary 1 is not true in general. Indeeds ababaccaab
andv = abacoaba provide a counterexample. To see this= (abac)(caba) =
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unb(v)w and we have: < v sinceu = (ab)(abacoa)(ab) whereab andabacoa
are prefixes ob. Howeveru « unb(v) (herew <« unb(v)). However, foru,v €
A*,u < vifand only if u < unb(v) [13].

Foru,v € A}, when bothu < v andv < u we writeu ~ v. The relatiorn is
an equivalence relation. A result on words states that.forc A*, u =~ v if and
only if unb(u) = unb(v) [13]. For partial words, the following holds.

Proposition 3. For u,v € A}, if u = v, then unffu) = unb(v).

Proof. Suppose that ~ v. Setv = unb(v)w for some partial wordv. Since
u < v, We can writeu = vg...v,_1 Where eachy; is a nonempty prefix ob.
Sincev < u, there exists a sequence of nonempty prefixeg eyug, . . . , Um_1,
such thatv = ugu; ... up—1. Since unlpw) is a prefix ofv, we have untw) =
ug - . . ugu’ whereu' is a prefix ofuy 1 andk < m—1. Since unlfv) is unbordered,
we haveu' = ¢, k = 0, and unlfv) = wy. Therefore, untw) is an unbordered
prefix ofu. Hence, it is a prefix of unfa). Similarly, unk«) is a prefix of unifv).
O

The converse of Proposition 3 does not necessarily hold for partial words as is
seen by considering = abac andv = abob. We have unfu) = ab = unb(v) but
u % .

If vis an unbordered word andlis a proper prefix of for whichu <« w, then
uv andwv are unbordered [13]. For partial words, we can prove the following.

Lemma 9. Letu € A} be unbordered. Then the following hold:
1. Ifv € P(u) andv # u, thenvu is unbordered.
2. Ifv € S(u) andv # u, thenuw is unbordered.

Proof. Let us prove Statement 1 (the proof of Statement 2 is similar). Set
u = vz for somez. If vu = vvx is bordered, then there exist nonempty partial
wordsr, s, s’ such thavr C rs andvvz C s'r. If |r| < |v], thenu = vz is
bordered by-. And if || > |v|, thenr = v'y where|v'| = |v| and this implies that
u = vz is bordered by. In either case, we get a contradiction with the assumption
thatw is unbordered. O

Lemma 10. If v € A} is unbordered and < v andu # v, thenuw is unbordered.

Proof. Sinceu <« v, we can writeu = vguy . .. v,—1 Where eachy; is a prefix
of v. Therefore, any prefix of. is a concatenation of prefixes of Assume that
wv is bordered byy. If |y| > |ul, then sety = 'y’ with v C /. We gety’ a
border ofv contradicting the fact that is unbordered. Ify| < |u|, then we have
the following two cases:

Case 1y contains a prefix oty

Herey contains a prefix ob and also a suffix ob and thereforey is a border
of the unbordered word.

Case 2wy ... vv" C y wherev' is a prefix ofvg 1
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If v/ = ¢, thenvg...v, C y wherevy, is a prefix ofv. This results in a suffix
of y containing both a prefix and a suffix of Similarly, if v’ # ¢, then factory as
y = y1y2 Wherev' C yo. Because' is a prefix ofv, we can writev = v’z C y2.
But becauséys| < |v| and we have assumed that is bordered by = y1y2, we
must have that = 2/v” with v" C y2. Thereforey, is a border for. In either
case, we get a contradiction with the fact thas unbordered. O

A result of Ehrenfeucht and Silberger [13] states that i= pun(u)v is a
nonempty unbordered word where p@npthe longest proper unbordered prefix
of u, thenv is unbordered. The partial word= aboac where punbu) = ab and
v = oac and the partial wordi = abacaoc where punbu) = abac andv = aoc
provide counterexamples for partial words. However, whenfull, the following
theorem does hold.

Theorem 3. Letu € A be unbordered. Then the following hold:

1. Letx be the longest proper unbordered prefixwotind letv be such that
u = zv. If v € A*, thenv is unbordered.

2. Lety be the longest proper unbordered suffixuofind letw be such that
u = wy. Ifw € A*, thenw is unbordered.

Proof. We prove Statement 1 (Statement 2 can be proved similarly). Assume
that v is bordered. Since is full, there exist nonempty words, v’ such that
v = zv'z wherez is the minimal border of. Thenu = punb(u)zv'z, so that
punk(u)z is a proper prefix of, such thaipunt(u)z| > |puni(w)|. It follows that
punb(u)z is bordered, and there exist nonempty partial wotds, r2, s1, s2 such
that punlju)z = r1s; = sarg, 1 C 7 andre C r (herer is a minimal border). Let
us consider the following two cases:

Case 1.|r| > |7|

In this casery = 2’z wherez’ is a nonempty suffix of pur{lr). Sincer; 7 ro,
there exist partial words”, 2’ such that'; = z”/2' wherez” 1 2/ andz’ 1 2. But
then,z”z's; = r1s1 = punb(u)z = sorg = sox’z. It follows thatz” is a prefix of
punb(v) andz’ is a suffix of punlpu) that are compatible. As a result, puab is
bordered.

Case 2|r| < |7

In this case, is a suffix of z and setz = sry for somes. We getu =
punbu)zv'z = rys1v'sre C rspv’sr, whencer is a border of the unbordered
partial wordu. O

A closer look at the proof of Theorem 3 allows us to show the following.

Theorem 4. Letu € A7 . Then the following hold:

1. Letx be the longest proper unbordered prefixwoind letv be such that
u = zv. If vis bordered, then set = zv1 = v929 Wherez; C 2,29 C 2
and wherez is a minimal border of. Thenzz; has a minimal border such
that|r| < |z|. Moreover, ifv is well bordered, thefz| > |r|.
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2. Lety be the longest proper unbordered suffixuofind letw be such that
u = wy. If wis bordered, then seb = z1v1 = vozo Wherez; C 2,29 C 2
and wherez is a minimal border ofw. Thenz,y has a minimal border
such thatir| < |z|. Moreover, ifw is well bordered, thefy| > |r|.

Proof. We prove Statement 1 (Statement 2 can be proved similarly). Then
u = punb(u)z1vy, SO that punbu)z; is a proper prefix of, longer than punfy).
It follows that punl§u)z; is bordered, and there exist nonempty partial words
r, 71,72, 51,2 Such that punf)z; = r1s; = sarg, 11 C randry C r with r
a minimal border. Ifir| > |z|, thenry = 2’z; wherez’ is a nonempty suffix of
punb(u). Sincer; 1 rq, there exist partial words”, 2’ such that; = ="z’ where
2 12" andz’ 1 z;. Butthenx”z'sy = ris1 = punb(u)z; = sore = sox’z. It
follows thatz” is a prefix of punkbu) andz’ is a suffix of punifu) that are com-
patible. As a result, purib) is bordered, which contradicts that pyab is the
longest unbordered proper prefixafAnd so|r| < |z| andrq is a suffix ofz;. Set
z1 = sro for some suffixs of sg (s2 = punb(u)s). If we further assume thatis
well bordered, then we claim thggunb(«)| > |r|. To see this, ifpunb(u)| < |r|,
then setr; = punh(u)t andz; = ts; for somet. Sincer; | rq, there exist’, ¢/
such thaty = 2't’ and punlfu) 17 2’ andt 7 ¢'. Sincer; is a suffix ofz;, we
have that’ is a suffix ofz;. Consequentlyt is a prefix ofz; andt’ is a suffix of
z1 that are compatible. Sg is bordered and we get a contradiction with well
borderedness, establishing our claim. O

The maximum length of the unbordered factors of a partial wond de-
noted byu(u). Recall thatp(u) denotes the minimal period of a (full) word
Ehrenfeucht and Silberger studied the relationship betwéenand:(«) in [13].
Clearly, u(u) < p(u). Here, we investigate the relationship between the minimal
weak period of a partial word, p’(u), andu(u).

Proposition 4. For all u € A%, u(u) < p'(u) < p(u).

Proof. Let w be a factor ofu such thajw| > p/(u). Factorw asw = zw; =
way Where|w; | = |we| = p'(u). We haver(i) = w(i) andy(i) = w(i + p'(u)).
This means that wheneve(i) # y(i), i € H(x) ori € H(y). Thereforer T y
andw is bordered. So we must have thet) < p'(u). O

For any partial word:, Proposition 4 gives an upper bound for the maximum
length of the unbordered factors of ;i (u) < p’(w). This relationship cannot be
replaced by:(u) < p'(u) as is seen by considering= abao with p(u) = p'(u) =
2.

For anyv, w € A%, if there exists a partial word such thats < w andu C v,
then we say that contains a concatenation of prefixeswaf Otherwise, we say
that v contains no concatenation of prefixeswof Similarly, if « € P(w) and
u C v, then we say that contains a prefix ofv.

The following result extends to partial words a result on words which states
that if u, v are words such that = unb(u)vunb(u) and unlju) is not a factor ob,
thenvunb(u) is unbordered (Corollary 2.5 in [12]).
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Proposition 5. Letu,v € A} be such that. = hvh whereh abbreviates unfu).
If his not compatible with any factor af, thenwvh is unbordered if one of the
following holds:

1. visfull,
2. v contains a prefix ok or a concatenation of prefixes bf

Proof. For Statement 1, suppose thas full and there exist nonempty; wy, wo
such thawh C zw; andvh C wez. We must have that:| < |v| or elseh, which
is unbordered, would be bordered by a factorofif |h| < |z|, then there exists
a2’ € S(z) such that, C ' and becausg:| < |v|, there exist®’ a factor ofv with
v C 2’ and this says that' 1 h, contradicting our assumption. Now,|if| > |x|,
then setv = rv’ andh = h's where|r| = |s| = |z|. In this case; C z and
s C z, and there exist nonemptye P(v) ands € S(h) such that 7 s. Butr
is full and sor 1 s implies thats C r. But then, by Lemma 9, we have that
is unbordered, and do- is an unbordered prefix of with length greater thafh|.
This contradicts the assumption thiat unb(u), hencevh must be unbordered.

For Statement 2, first assume thatontains a prefix oh. Letv' € P(h)
be such that’ ¢ v. By Lemma 9, since: is unbordered, we have thath is
unbordered. Now, assume thatontains a concatenation of prefixeshofLet v’
be such that’ < h andv’ C v. By Lemma 10, sincé is unbordered and’ < h,
we have that'h is unbordered. In either case, sinfeC v, vh is unbordered as
well. O

5 Ciritical Factorizations

In this section, we first discuss so-called critical factorizations of a partial word
w, then study some of their properties wheris unbordered (Proposition 6, and
Corollaries 2 and 3), and finally investigate the position in the Chomsky hierarchy
of the set of all partial words having a critical factorization (Theorems 5 and 6).

If w is a nonspecialpartial word of length at least two, then there exists a
factorization(u, v) of w with u, v # ¢ such that the minimal local period of at
position |u| — 1 (as defined below) equals the minimal weak periodvdb, 6].
Such a factorizatioffu, v) of w is calledcritical and the positioru| — 1 is called
acritical point of w.

Definition 3 ([5]). Letw € Af. A positive integep is calleda local period ofw

at position if there existu, v, z,y € A} such thatw = uv, |u| =i+ 1, |z| = p,

z T y, and such that one of the following conditions holds for some partial words
T, 8!

1. v = rz andv = ys (internal square),

2. x = ru andv = ys (left-external square if # ¢),
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3. u = rx andy = ws (right-external square i§ # ¢),
4. x = ruandy = vs (left- and right-external square i, s # ¢).

The minimal local period ofv at positioni is denoted by(w,i). Clearly,1 <
p(w,i) < p'(w) < |wl.

There exist unbordered partial words that have no critical factorizations, like
w = acbe.

We now investigate some of the properties of an unbordered partial word of
length at least two and how they relate to its critical factorizations (if any).

Definition 4. Letu,v € Af. We say that: and v overlap if there exist partial
wordsr, s satisfying one of the following conditions:

1. r T swithu = rv/ andv = v's,
2. 71 swithu = «/r andv = sv/,
3. u=ru'swithu' T v,
4. v =rv'swithv' T u.
Otherwise we say that andv do not overlap.

Proposition 6. Letu,v € A}. If w = uwv is unbordered, thefu| — 1 is a critical
point ofw if and only ifu andwv do not overlap.

Proof. Let us first consider the first implication and let us suppoaeadv overlap.
If we have Typel overlap, therw = ru/v's andr 1 s for some partial words
r,s,u’,v’. This contradicts the fact that is unbordered. If we have Tygeover-
lap, thenw = «/rsv’ and there is an internal square at positjoh— 1 of length
k =|r| =|s|, sop(w, |u| —1) < k. But becausev is unborderedy’ (w) = |w|. Of
course we have that < |w| (otherwise we have Type 1 overlap), so this contra-
dicts thatu| — 1 is a critical point ofw. If we have Type3 overlap, thenv = ru'sv
and there is a right-external square of lengihs| at position|u| — 1. Because
v # ¢, [u's| < |w| = p'(w) and we have thgu| — 1 cannot be a critical point of
w, a contradiction. The case for Typgeverlap is very similar to Typ8.

For the other direction we have thatandv do not overlap and let us suppose
that|u| — 1 is not a critical point ofw.

Since|u| — 1 is not a critical point, there existandy defined as in Definition
3, with the length ofr strictly smaller than the minimal weak period ©f Let us
now look at all the four conditions of the definition. If we have an internal square,
then according to Definition 4 we have a Type 2 overlape@nd v, which is a
contradiction with our assumption. For a left-external, respectively right-external,
square we get that eitharis compatible with a factor af, or v is compatible with
a factor ofu. Both cases contradict with the fact theandv do not overlap, giving
us a Type 4, respectively Type 3, overlap.
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In the case we have a left- and right-external square we get:tkat-u and
y = vs, wherez 1 y andr, s # . If |r| < |v], then there exists’ with |v/| > 0,
such thaty = rv’. Hence, sincewu T rv’'s we get a Type 2 overlap, | v's, which
is a contradiction with our initial assumption. || > |v|, then there exists’ such
thatr = vr’. This implies thatw| = |uv| < |vr'u| = |ru| = |z| < p'(w) < |w|,
which is a contradiction. O]

Corollary 2. Letu,v € Af. If w = wv is unbordered andu| — 1 is a critical
point ofw, thenw’ = vu is unbordered as well.

Proof. This is immediately implied by Proposition 6 and the fact that'if=
vu is bordered, them andv must overlap. O

Corollary 3. Letu,v € A. If w = wv is unbordered andu| — 1 is a critical
point ofw, then|v| — 1 is a critical point ofw’ = vu.

Proof. By Proposition 6 andv do not overlap. By Corollary 2y’ is unbor-
dered. Then by Proposition 6, the pojnt — 1 is critical forw’. O
We end this section by considering the language

CrFa = {w | wis a partial word over! that has a critical factorizatign

whereA denotes an arbitrary nonunary fixed finite alphabet (we will assume that
andb are two distinct letters aft). What is the position of'r F'a in the Chomsky
hierarchy? We prove thd&tr F'a is a context sensitive language that is not context-
free.

Let us first recall a version of the pumping lemma that is due to Bader and
Moura [1], and is a generalization of the well known Ogden’s Lemma.

Lemma 11 ([1]). For any context-free languagk, there exists: € N, the set of
nonnegative integers, such that for alEe L, if d positions inz are “distinguished”
ande positions are “excluded” withi > n(¢t1), then there exist, v, w, z, y such
that z = uvwaxy and

1. vx contains at least one distinguished position and no excluded positions,

2. if r is the number of distinguished positions anid the number of excluded
positions invwz, thenr < ns+1),

3. foralli € N, uwv'wx'y € L.

The above lemma says that for any context-free languagthere exists a
natural number, such that in any word € L, by marking anyd positions as
“distinguished” and: positions as “excluded” witd > n(¢t1), we can decompose
z in five contiguous factors that satisfy the three statements. It is easy to observe
that the only restrictions imposed bByande are on the three inner factossw and
Z.
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Theorem 5. The language’r Fa is not context-free.

Proof. Let us assume that the languagerf'a is context-free. This implies that
the previously defined pumping lemma holds. Let us take the word

2.3 3 3 3 3
2= ba® ba" o™ a™ ba®™ b

wheren is the natural number from the lemma, and mark all symbols except the
first and the last one as distinguished and these two as excluded. It is easy to check
thatp/(z) = 3n® + 1, 2 has a critical factorizationb( a3" ba"’ o™’ a’ ba3"’b) and
the number of distinguished positions is greater th&t!). From Lemma 11(1)
we get that the first and the last occurrenceswill never be part of eithev or z.
Let us first consider the case when= ¢. This implies, by Lemma 11(1), that
v = £. Hencew contains exactly one excluded position, implying= a*, where
0 < k < n? by Lemma 11(2). In this case, for= 0, we obtain the word

3 1. .3 .3 .3, o3
ba®™ —kba™ o™ a™ bad™" b

which is not inCr F'a, contradicting Lemma 11(3). To see that this word does not
have a critical factorization, note that it has minimal weak period greateBian

1. However, the minimal local periods at the positions defined by the factorization
(b,a3”3_k,b,a”30”3a"3,b,a3”ilﬁ are3n® —k+1,3n —k+ 1,n% + 1,n3 +
1,3n3 + 1 and3n? + 1 respectively, while the minimal local period at any other
position is 1. Similarly we easily prove that it is impossible to have ¢.

From now on, let us consider the cases where bathdy are nonempty. Then
each ofu andy contains an excluded position andwgoz will all be distinguished.
And therefore the length afwzx is at mostn by Lemma 11(2).

Whenvwz matches:* andvwz is part of the 1st group af’s, thenvwz = a*
for some) < k < n, andv = ¢** andz = a*2 with k; > 0 or ks > 0. In this case
takei = 0. The 1st group of/'s is then reduced t8n3 — k; — ko, giving us the
word

3_ 1., 3 3 3 3
baSn k1 kgban oM g ba?m b

that does not have a critical factorization (again, the minimal weak period is greater
than3n? + 1 while the minimal local periods are smaller than or equaht®+ 1).
A similar argument works for the 2nd, 3rd and 4th groups’'sf We are left with
the cases whemwz matches:*ba*, or a*o* or o*a*.
If = matches:*ba*, thenw is a string ofa’s of length at most. — 1 with the
a’s either from the 1st group or the 3rd group. In both cases, takiag), we get
a contradiction with the fact that the words

3_ 3 .3 3
ba4n k:1<>n a” ba?)n b

and
3 3 3 3
ba’"™ ba™ o™ at" ~k2p
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are inCrFa for some0 < ki,ky < n. To see that the first word does not have
a critical factorization, note that it has minimal weak period greater #hdnt- 1.
However, the minimal local periods at the positions defined by the factorization
(b, a**—F1on"qn° b 37" b) arednd — k1 +1,n3 + 1, 3n3 + 1 and3n3 + 1 respec-
tively, while the minimal local period at any other position is 1. The case where
matches:*ba* is solved analogously to the previous one and hence we will omit
its proof. By takingi = 2, a contradiction is reached in the cases whete a*!
andz = a* for somek, ko with thea’s in v from the 1st group of’s, and the
ones inz from the 2nd group of’s (respectively, with ther's in v from the 3rd
group ofa’s, and the ones im from the 4th group of’s).

If v = a¥"oF2 orz = oF1ak2 for somek, ko, then we get that = o3,
respectivelyy = ofs with 0 < ki + ko + k3 < n. In both cases, taking = 2,
we obtain a word that does not have a critical factorization. Wheno*1 a*2 or
z = aFo*2 we proceed similarly. The case = a* where0 < k < n, with the
a’s from the 2nd or the 3rd group, is solved similarly.

Since all cases lead to contradictions we conclude that our assumption is false,
hence the languagér F'a is not context-free. O

Theorem 6. The language’r F'a is context sensitive.

Proof. To prove this we will give an LBA (linear bounded automaton) that recog-
nizes all partial words having a critical factorization. We recall that the factoriza-
tion (u,v) of input partial wordw is critical if the minimal local period ofv at
position|u| — 1 is equal to the minimal weak period of, p’(w).

Our LBA will have an input tape of siz&w| and five auxiliary tapes of size at
most|w| + 1, that we are going to describe next. We will denote the word on the
input tape as inp.

The input tape will contain, starting from posititu|, the input word while all
other positions will be filled in witk's. Position|w| (respectively2|w|— 1) on the
input tape can be easily recognized by using an auxiliary symbol $ (respectively,
#).

The first auxiliary tape, let us call #, will have size|w| and will be used for
the identification of the minimal weak period of our input ward This can be
easily done by using an unary numbering system that agdsntil the minimal
weak period is discovered. Since the minimal weak period of a word is greater than
or equal to one, we start withlasymbol on the tape.

The second tape7, will be used for remembering the current position in the
word. Hence, for position < |w|, the head will be positioned on the input tape on
the (|w| + 7)th cell, and Tap& will containi ones. The tape is initialized with one
1 and has sizéw| + 1.

The following tape X, will have sizep’(w) and will be used for checking the
size of the current minimal local period.

The last two tapes, called, andY;, will have sizeg’(w). They will be used
to save the words of length at mgstw), positioned to the left and right of the
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current position. More exactly these tapes will contamndy from the definition
of critical factorization.

We now describe how the LBA works, using the notatjéi for denoting the
number of symbols present on Tape

1. Starting at positiofw| on the input tape, the head marks the current position
and then moves to the righ®| positions and checks if the symbols are com-
patible. This step is repeated until the condition is violated. If this happens,
then al is added to Tap#’ and all symbols are unmarked. If the end of the
word is reached, then the head moves left to the positiomnd repeats the
step for the first unmarked symbol. The step is repeated until all symbols
are marked ofP| = |w|. This will give us the minimal weak period of the
word.

2. Increment the value of.

3. Starting at position, where: represents the sum betwegs and the num-
ber of 1's on TapeZ, the LBA copies the suffix of lengthX| (recall that
the number of symbols present on Tae or | X|, is bounded by’ (w))
of the word ing0..7) on TapeY; and the prefix of lengthX | of the word
inp[i..3|w|) on TapeY,.

4. Next the LBA checks if the word on Tapé is compatible with the word on
TapeY,. This can easily be done just by comparing one symbol at a time
while going in parallel on the two tapes. If the words are compatible and
the sum ofl’s in X is equal top’(w), then the automaton stops and outputs
the position where a critical factorization is present (the LBA will accept the
word). If the words are compatible and the sumiisfin X is not equal to
P’ (w), then the automaton fills th& tape with 1's and goes to the next step.

5. If X is full, then the tape is brought to the initial configuration and the LBA
adds al on Z. If Z is full, then the automaton stops and concludes that
a critical factorization does not exist, hence, the LBA will reject the word.
Otherwise, the LBA goes to Step 2.

It is easy to check that the algorithm will always stop. Since the construction
of a linear bounded automaton that recognizes all partial words{avés having
a critical factorization was possible, we conclude thaf'a is a context sensitive
language. O
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