Border Correlations, Lattices, and the
Subgraph Component Polynomial∗
F. Blanchet-Sadri1

M. Cordier2

R. Kirsch3

July 7, 2016

Abstract
We consider the border sets of partial words and study the combinatorics of specific representations of them, called border correlations,
which are binary vectors of same length indicating the borders. We
characterize precisely which of these vectors are valid border correlations, and establish a one-to-one correspondence between the set of
valid border correlations and the set of valid ternary period correlations of a given length, the latter being ternary vectors representing
the strong and strictly weak period sets. It turns out that the sets of
all border correlations of a given length form distributive lattices under
suitably defined partial orderings. We also give connections between
the ternary period correlation of a partial word and its refined border correlation which specifies the lengths of all the word’s bordered
cyclic shifts’ minimal borders. Finally, we investigate the population
size, that is, the number of partial words sharing a given (refined) border correlation, and obtain formulas to compute it. We do so using the
subgraph component polynomial of an undirected graph, introduced recently by Tittmann et al. (European Journal of Combinatorics, 2011),
which counts the number of connected components in vertex induced
subgraphs.
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Introduction

Borders and periods are two fundamental concepts of combinatorics on words
that play an important role in several research areas including text compression, computational biology, string searching and pattern matching algorithms (see, e.g., [3, 16, 18, 21, 26]). It is well-known that these two word
notions do not exist independently from each other. The length of the maximal border of a word is its length minus the length of its minimal period.
This implies that it is unbordered if it has no proper period. Borders and periods are also well-studied concepts in combinatorics on partial words which
allow positions to have don’t care characters or holes, as well as indeterminate strings which allow positions to have subsets of the alphabet (see,
e.g., [1, 2, 6, 9, 11–13, 19, 23, 25, 27]).
The combinatorics of specific representations of the border sets and period sets of (partial) words of length n over a finite alphabet have been
studied. Among them are the period correlations, which are n-bit vectors
indicating the periods, and the border correlations, which are n-bit vectors indicating the presence of borders of a certain length. Guibas and
Odlyzko [17] introduced the period correlations, so-called (auto)correlations,
provided characterizations of them, asymptotic bounds on their number, and
a recurrence for calculating the population size of a given period correlation,
that is, the number of words sharing it as period correlation. Rivals and
Rahmann [24] showed that the set of all period correlations of words of a
given length is a lattice under set inclusion, proposed the first efficient algorithm for enumerating them, and improved upon Guibas and Odlyzko’s
asymptotic lower bounds on their number. They also provided a new recurrence to compute the population size. Harju and Nowotka [20] studied
refined border correlations which are vectors that specify, for each cyclic
shift of the word, the length of a minimal border (if a word can be written
as uv, then vu is a cyclic shift of the word). Extensions of these results
to partial words appear in [7, 10]. In particular, binary and ternary period
correlations, which are binary and ternary vectors representing the strong
and strictly weak period sets of partial words, were considered.
Tittmann et al. [29] introduced the subgraph component polynomial Q(G; x, y)
of an undirected graph G with n vertices as the bivariate generating function
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which counts the numberPof connected
components in vertex induced subP
graphs, i.e., Q(G; x, y) = nj=0 ni=0 qji (G)xj y i , where qji (G) is the number
of vertex induced subgraphs of G with exactly j vertices and i connected
components. They showed that the subgraph component polynomial is more
useful for distinguishing graphs than other graph polynomials that appear
in the literature (see, e.g., [22] for more information on graph polynomials).
Recently, Blanchet-Sadri et al. [5] showed the use of the subgraph component
polynomial to count the number of primitive partial words of a given length
over an alphabet of a fixed size, which leads to a method for enumerating
such partial words.
In this paper, we establish connections between border correlations, lattices, and the subgraph component polynomial. We use the subgraph component polynomial to count the number of partial words of length n over
a k-letter alphabet that have the same border correlation, or the border
correlation’s population size. We associate an undirected graph Gbc with
any border correlation bc of length n as follows: the vertices represent the
positions 0, . . . , n−1 and the edges are the pairs {i, j} that are (n−`)-apart,
where ` indicates the length of a border. It turns out that the population
size of bc can be expressed in terms of the Q(Gbc ; 1, k)’s. We also associate an undirected graph Hrbc with any refined border correlation rbc of
length n so that the population size of rbc can be expressed in terms of the
Q(Hrbc ; 1, k)’s.
Borders are closely related to periods of words, so the study of border correlations of partial words is a relevant topic in combinatorics on words. Our
main result gives a formula to determine the size of the set of partial words
of a given length over a given alphabet that share a fixed border correlation.
We establish this formula by using the subgraph component polynomial, a
polynomial of undirected graphs. Thus, we combine two different areas of
combinatorics.
The contents of our paper are as follows: In Section 2, we review some
basic concepts on partial words such as borders, strong periods and weak
periods, and discuss relationships between them. In Section 3, we first recall
the fact that the set of binary (respectively, ternary) period correlations of
partial words over an arbitrary alphabet of cardinality at least two is the
same as the set of binary (respectively, ternary) period correlations of partial words over a binary alphabet. We then introduce border correlations
and characterize precisely which vectors are valid border correlations. We
establish a one-to-one correspondence between the set of valid border correlations and the set of valid ternary period correlations of a given length
giving an algorithm for generating the valid ternary period correlations of a
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given length. We also prove that all valid border correlations correspond to
partial words over the binary alphabet. In Section 4, we explore properties
of refined border correlations and ternary period correlations, and we make
connections between these two. In Section 5, we look at a better way of
counting valid colorings of undirected graphs by using the subgraph component polynomial and looking at different graph structures. In Section 6,
we give formulas to calculate the population size of a given border correlation. One approach is based on the previous section and another approach
is based on the fact that the sets of all border correlations of a given length
form distributive lattices under suitably defined partial orderings. We also
give formulas to calculate the population size of a given refined border correlation. Finally in Section 7, we conclude with some open problems.
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Preliminaries

Let Σ be a finite and non-empty set of characters, called an alphabet. Each
element a of Σ is referred to as a letter, and a sequence of letters from Σ
as a word, or total word, over Σ. A partial word over Σ is a sequence of
characters from Σ = Σ ∪ {}, where , a new character which is not in Σ,
is the “don’t care” or “hole” character (it represents an undefined position).
Note that a total word is a partial word with no holes. The length of a partial
word w, denoted by |w|, is the number of characters in w. For example, if
w = abbacc then |w| = 8. The empty word is the word of length zero and
we denote it by ε. The set of all words over Σ is denoted by Σ∗ . Similarly,
the set of all non-empty words over Σ is denoted by Σ+ . We denote by Σn
the set of all words of length n over Σ.
A partial word u is a factor of a partial word w if there exist (possibly
empty) partial words x, y such that w = xuy. We say that u is a prefix of w
if x = ε. Similarly, u is a suffix of w if y = ε. Starting numbering positions
from 0, we denote the character in position i of w by w[i] and the factor of
w from position i to position j (inclusive) by w[i..j] and from position i to
position j (non-inclusive) by w[i..j). We denote w concatenated with itself
m times as wm .
If u and v are partial words of equal length over Σ, then u is contained in
v, denoted by u ⊂ v, if u[i] = v[i] for all i such that u[i] ∈ Σ. Partial words
u and v are compatible, denoted by u ↑ v, if there exists a partial word w
such that u ⊂ w and v ⊂ w. Given partial words u and v such that u ↑ v,
the least upper bound of u and v is the partial word u ∨ v, where u ⊂ (u ∨ v)
and v ⊂ (u ∨ v), and if u ⊂ w and v ⊂ w then (u ∨ v) ⊂ w. For example,
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aab ∨ acb = acab.
A non-empty partial word w is unbordered if no non-empty partial words
x1 , x2 , u, v exist such that w = x1 u = vx2 and x1 ↑ x2 . If such non-empty
partial words exist, then x exists such that x1 ⊂ x and x2 ⊂ x and we call
w bordered and x a border of w. It is easy to see that if w is unbordered
and w ⊂ w0 , then w0 is unbordered as well. A border x of w is minimal
if |x| > |y| implies that y is not a border of w and is maximal if |x| < |y|
implies that y is not a border of w. For example, aab is bordered with
borders ab and aab, the first one being minimal, while abc is unbordered.
A strong period of a partial word w over Σ is a positive integer p such that
w[i] = w[j] whenever w[i], w[j] ∈ Σ and i ≡ j mod p; w is called strongly
p-periodic. A weak period of w is a positive integer p such that w[i] = w[i+p]
whenever w[i], w[i + p] ∈ Σ; w is weakly p-periodic. A strictly weak period
is a weak period that is not a strong period. For example, 2 is a strictly
weak period of abaaca. The set of all strong periods (respectively, weak
periods) of w is denoted by SP(w) (respectively, WP(w)). The following
two lemmas are useful for our purposes. The first one states that a weak
period is a strong period if and only if all of its multiples are also weak
periods, and the second one establishes relationships between borders, and
strong and weak periods. Note that abaaca has a border of length 5 but
does not have strong period 2.
Lemma 2.1 ( [10]). Let w be a partial word and let p ∈ WP(w). Then
p ∈ SP(w) if and only if for all 0 < i ≤ |w|
p , ip ∈ WP(w).
Note that given the set of weak periods, the set of strong periods is
directly implied by it.
Lemma 2.2 ( [1]). Let w be a partial word.
(a) If 0 < ` < |w|, then w has a border of length ` if and only if w has weak
period |w| − `.
(b) If 0 < ` ≤ b |w|
2 c, then w has a border of length ` if and only if w has
strong period |w| − `.

3

Period and Border Correlations

Binary and ternary period correlations are defined according to the following
definition.
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Definition 3.1 ( [10]). (a) The binary period correlation of a partial word
w of length n satisfying SP(w) = WP(w) is the binary vector 2pcw of
length n such that 2pcw [0] = 1 and for 1 ≤ i < n:
(
1 if i ∈ SP(w),
2pcw [i] =
0 otherwise.
(b) The ternary period correlation of a partial word w of length n is the
ternary vector 3pcw of length n such that 3pcw [0] = 1 and for 1 ≤ i < n:


1 if i ∈ SP(w),
3pcw [i] = 2 if i ∈ WP(w) \ SP(w),


0 otherwise.
Considering the partial word abacaacaba which has strong periods 9
and 11 (and 12) and strictly weak period 5, its ternary period correlation
vector is 100002000101. For any partial word w, note that both w and its
reversal, rev(w), share the same binary and ternary period correlations.
We say that a binary or ternary vector of length n is a valid binary or
ternary period correlation if it is the binary or ternary period correlation of
some partial word of length n. The following theorem implies that the sets
of all valid binary and ternary period correlations are independent of the
alphabet size.
Theorem 3.2 ( [10]). If w is a partial word over an alphabet Σ, |Σ| ≥ 2,
then there exists a partial word w0 of length |w| over the binary alphabet
{a, b} such that SP(w0 ) = SP(w) and WP(w0 ) = WP(w).
Border correlations are now defined according to the following definition.
Definition 3.3. The border correlation of a partial word w of length n is the
binary vector bcw of length n such that bcw [n−1] = 1 and for 0 ≤ i < n−1:
(
1 if w has a border of length i + 1,
bcw [i] =
0 otherwise.
Considering again the partial word abacaacaba, its border correlation
vector is 101000100001.
The following theorem gives a characterization of the possible border
length sets of partial words of arbitrary length.
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Theorem 3.4. Given a binary number q = q0 q1 · · · qn−1 with qn−1 = 1,
the binary partial word w = w[0..n − 1] defined by w[n − 1] = b and for
0 ≤ i < n − 1,

 if qi = 1,
w[i] =
a otherwise
satisfies the equation bcw = q. In other words, every binary number that
ends in 1 is a valid border correlation.
Proof. Let i be such that 1 ≤ i < n. Suppose qi−1 = 1. From the definition
of w, w[i − 1] = , and w[n − 1] = b, so w[i − 1] ↑ w[n − 1]. If i = 1, then
qi−1 = q0 = 1, so w[0] = , and w has a border of length 1. If i > 1, then from
the definition of w, w[0] · · · w[n − 2] is unary, so w[0..i − 2] ↑ w[n − i..n − 2].
Thus, w[0..i − 1] ↑ w[n − i..n − 1], and w has a border of length i which
means bcw [i − 1] = 1. Conversely, suppose bcw [i − 1] = 1. Then w has
a border of length i implying in particular that w[i − 1] ↑ w[n − 1]. Since
w[n − 1] = b and w[i − 1] ∈ {a, }, we get that w[i − 1] =  which means
qi−1 = 1.
Now, suppose qi−1 = 0. From the definition of w, w[i−1] = a 6↑ b = w[n−
1]. Thus, w does not have a border of length i which means bcw [i − 1] = 0.
Conversely, suppose bcw [i − 1] = 0. Then w does not have a border of
length i implying that w[0..i − 1] 6↑ w[n − i..n − 1]. Since w[0..i − 2] and
w[n−i..n−2] are in {a, }∗ , we deduce that w[i−1] 6↑ w[n−1], so w[i−1] = a
and w[n − 1] = b. This implies that qi−1 = 0.
Since qi−1 = 1 if and only if bcw [i − 1] = 1 and qi−1 = 0 if and only if
bcw [i − 1] = 0, and bcw and q both end in 1 by definition, bcw = q.
Given the binary number 10101, the previous theorem builds the partial
word aab having 10101 as its border correlation.
Note that Theorem 3.4 implies that the reverse of a valid binary period correlation is a valid border correlation. However, the converse is not
true in general. There are 12 binary period correlations of partial words w
with one hole of length 7 over a binary alphabet, while there are 17 border
correlations of such partial words. Table 1 shows the valid binary period
correlations whose reversals are valid border correlations. However, Table 2
shows the valid border correlations which do not lead to valid binary period
correlations when reversed.
Theorem 3.5. There is a one-to-one correspondence between the set of valid
border correlations and the set of valid ternary period correlations of a given
length.
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2pcw
1000000
1000001
1000010
1000011
1000100
1000101

rev(2pcw )
0000001
1000001
0100001
1100001
0010001
1010001

2pcw
1000110
1000111
1001001
1001011
1010101
1111111

rev(2pcw )
0110001
1110001
1001001
1101001
1010101
1111111

Table 1: Valid binary period correlations of length 7 whose reversals are
valid border correlations.

rev(bcw )
1100000
1010000
1001000
1010001
1001010

bcw
0000011
0000101
0001001
1000101
0101001

Table 2: Valid border correlations of length 7 whose reversals are not valid
binary period correlations.

8

Proof. We show that two partial words of length n have the same border correlation if and only if they have the same ternary period correlation. Assume
two partial words have the same border correlation. From Lemma 2.2(a),
we know the partial words’ set of weak periods. From this set, we can then
determine whether a weak period p is a strong period using Lemma 2.1:
we check whether the multiples of p are all in the weak period set; if so,
we set 3pc[p] = 1, and if not, we set 3pc[p] = 2. The two partial words
both have the unique ternary period correlation determined in this way,
3pc[0] 3pc[1] · · · 3pc[n − 1], where 3pc[0] = 1.
For the reverse direction, assume two partial words have the same ternary
period correlation. From it, we know the partial words’ weak period set, and
can determine the set of border lengths from Lemma 2.2(a). Set bc[n − 1] =
1, bc[i] = 1 if i + 1 is in the set of border lengths, and bc[i] = 0 otherwise.
Both the partial words have the border correlation bc[0] bc[1] · · · bc[n −
1].
The proof of Theorem 3.5 leads to an algorithm that can generate a list
of all the valid border correlations of a given length, and their corresponding
ternary period correlations. The following example illustrates the algorithm.
Example 3.6. Suppose we want to find the ternary period correlation 3pc
corresponding to the border correlation 1111001111. We first assign 3pc[0] =
1 by definition. The border correlation gives the border set {1, 2, 3, 4, 7, 8, 9},
which corresponds to the weak period set {9, 8, 7, 6, 3, 2, 1}. Thus, 4 and 5
are not weak periods, so 3pc[4] and 3pc[5] are zeros. Then we check whether
each weak period’s multiples are also weak periods. All of the multiples of
9, 8, 7, 6, and 3 are also in the weak period set, so 3pc[3], 3pc[6], 3pc[7],
3pc[8], and 3pc[9] are all ones. The weak period set does not contain all
of the multiples of 2 or of 1, so 3pc[1] and 3pc[2] are twos. Now 3pc has
been determined to be 1221001111.
The following result follows from Theorem 3.2 and Theorem 3.5.
Theorem 3.7. If w is a partial word over an alphabet Σ, |Σ| ≥ 2, then
there exists a binary partial word w0 such that bcw0 = bcw .

4

Refined Border Correlations

We show some connections between a partial word’s ternary period correlation and its refined border correlation. This problem was suggested in [7].
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Let σ : Σ∗ → Σ∗ , where σ(ε) = ε and σ(cw) = wc for all w ∈ Σ∗ and
c ∈ Σ , be the shift function. Inductively, we define the i-shift of a partial
word w, denoted by σ i (w), by σ 0 (w) = w if i = 0 and by σ i (w) = σ(σ i−1 (w))
if i > 0. The partial words u and v are said to be conjugates if u = σ i (v)
for some i ≥ 0. Refined border correlations are now defined according to
the following definition, that is, the refined border correlation is the vector
which specifies for the i-shift the length of a minimal border.
Definition 4.1 ( [20]). The refined border correlation of a partial word w
of length n is the vector rbcw of length n such that for 0 ≤ i < n:
(
length of a minimal border of σ i (w) if σ i (w) is bordered,
rbcw [i] =
0
otherwise.
Note that σ(rbcw ) = rev(rbcrev(w) ), a fact which is merely a rephrasing
of [7, Lemma 4.4].
The next theorem shows that the refined border correlation of a partial
word w at position i can be easily calculated from the position of the last
non-zero digit of the ternary period correlation of the i-shift of w.
Theorem 4.2. Let w be a partial word of length n. For 0 ≤ i < n, rbcw [i] =
(n − ki ) mod n where ki is the position of the last non-zero digit of 3pcσi (w) .
Proof. Let us first show that the equality rbcw [0] = (n − k0 ) mod n holds.
Suppose that w is bordered. We prove that the maximal weak period
of w, the greatest integer that is a weak period, is n − rbcw [0]. To see
this, from Lemma 2.2, w has a weak period n − rbcw [0]. To show that
n − rbcw [0] is maximal, assume for the sake of contradiction that w has a
weak period p that is greater than n − rbcw [0] by a positive integer q. Then
p = n − rbcw [0] + q = n − (rbcw [0] − q) is a weak period of w, so, from
Lemma 2.2, w has a border of length rbcw [0]−q < rbcw [0]. This contradicts
our designation of rbcw [0] as the length of a minimal border of w. Thus
k0 = n − rbcw [0] and since 0 < rbcw [0] < n, rbcw [0] = (n − k0 ) mod n.
Suppose now that w is unbordered. Then rbcw [0] = 0 and w does not
have a border of length ` such that 0 < ` < n. So, by Lemma 2.2, w does
not have a weak period n − ` such that 0 < ` < n. Equivalently, 3pc[j] = 0
for all 0 < j < n. Thus k0 = 0 and rbcw [0] = (n − k0 ) mod n.
Therefore, rbcσi (w) [0] = (n − ki ) mod n for all 0 ≤ i < n. Since
rbcσi (w) = σ i (rbcw ), we can equate the first digits of both sides of the
equality, so rbcσi (w) [0] = rbcw [i]. Thus, rbcw [i] = (n − ki ) mod n.
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i

σ i (w)

3pcσi (w)

rbcσi (w)

0
1
2
3
4
5
6
7
8
9
10
11

abbacdbbc
bbacdbbca
bacdbbcab
acdbbcabb
cdbbcabba
cdbbcabba
dbbcabbac
bbcabbacd
bcabbacdb
bcabbacdb
cabbacdbb
abbacdbbc

100000000001
100000000000
100000000101
100000000000
100000000001
100000000001
100000000000
100000010000
100000000011
100000000011
100000000010
100000000001

101011051121
010110511211
101105112110
011051121101
110511211010
105112110101
051121101011
511211010110
112110101105
121101011051
211010110511
110101105112

Table 3: Illustrating Theorem 4.2 with partial word w = abbacdbbc of
length n = 12; the bold in the second to last column is the position ki
of the last non-zero digit of 3pcσi (w) , while the bold in the last column is
(n − ki ) mod n = rbcσi (w) [0] = rbcw [i].
Table 3 illustrates Theorem 4.2.
We next give some other connections between refined border correlations
and ternary period correlations. The ternary period correlation of a given
partial word at a specific position, under some conditions, implies lower and
upper bounds on the digits of its refined border correlation at a specific
range of positions.
Remark 4.3. Let w be a partial word of length n. The equation rbcw [0] = 1
is equivalent to w[0] ↑ w[n − 1], and the equation rbcw [i] = 1, for any i such
that 1 ≤ i < n, is equivalent to w[i − 1] ↑ w[i].
Proposition 4.4. If the refined border correlation of a partial word w contains exactly one digit, rbcw [`], not equal to 1, then rbcw [`] 6= 0.
Proof. Let w be a partial word of length n, and let I be the set of integers
i such that rbcw [i] = 1. Suppose I = [0..n − 1] \ {`}. For i ∈ I, let
j = (i − 1) mod n. From Remark 4.3, w[i] ↑ w[j], and the only consecutive
characters of w that are not compatible are w[`] and w[` − 1] (if ` = 0,
replace ` − 1 with n − 1). Therefore, if ` 6= 0, then w[`..n − 1]w[0..` − 2] ↑
w[` + 1..n − 1]w[0..` − 1]. Thus, σ ` (w) = w[`..n − 1]w[0..` − 1] is bordered
by w[`..n − 1]w[0..` − 2] ∨ w[` + 1..n − 1]w[0..` − 1]. Similarly, if ` = 0, then
11

w[0..n−2] ↑ w[1..n−1], so σ ` (w) = w is bordered by w[0..n−2]∨w[1..n−1].
Since σ ` (w) is bordered, rbcw [`] 6= 0.
Notice that all unary partial words of length n have ternary period correlations and refined border correlations equal to 1n , and that all partial
words with 1n as a ternary period correlation are unary.
Proposition 4.5. If w is a non-unary partial word of length n, then 3pcw [1] =
2 if and only if rbcw [i] = 1 for all 1 ≤ i < n.
Proof. For the forward implication, suppose that 3pcw [1] = 2. From the
definition of ternary period correlations, w has a strictly weak period of 1, so
every two consecutive characters of w are compatible; i.e., given i such that
1 ≤ i < n, w[i − 1] ↑ w[i]. From Remark 4.3, rbcw [i] = 1 for all 1 ≤ i < n.
The proof of the converse is similar. Suppose rbcw [i] = 1 for all 1 ≤
i < n. Then, from Remark 4.3, w[i − 1] ↑ w[i] for all 1 ≤ i < n. All
consecutive characters of w are compatible, so w has a weak period of 1; as
w is non-unary, it is strictly weak. Thus, 3pcw [1] = 2.
To illustrate Proposition 4.5, consider the partial word w = abbc which
has ternary period correlation 120010 and refined border correlation 211111.
Proposition 4.6. For any partial word w of length n, the following hold
for 0 < p < n:
(a) If 3pcw [p] 6= 0, then 1 ≤ rbcw [i] ≤ p for all p ≤ i ≤ n − p.
(b) If 3pcw [p] = 1 and p divides n, then 1 ≤ rbcw [i] ≤ p for all 0 ≤ i < n.
Proof. We prove the case where p ≥ 2 (the case where p = 1 follows easily
from Remark 4.3). For (a), suppose that 3pcw [p] = 2. From the definition of
ternary period correlation, w has a strictly weak period of p, so, given j such
that p ≤ j < n, w[j − p] ↑ w[j]. The conjugate σ i (w) = w[i..n − 1]w[0..i − 1]
has border w[i..i + p − 1] ∨ w[i − p..i − 1] for p ≤ i ≤ n − p. This border
has length p, so 1 ≤ rbcw [i] ≤ p for p ≤ i ≤ n − p. Now, suppose that
3pcw [p] = 1. It is still true that given j such that p ≤ j < n, w[j − p] ↑ w[j],
so we reach the same conclusion.
For (b), suppose that 3pcw [p] = 1 and p divides n, and let n = mp for
some m ≥ 2. Here w has a (strong) period of p, so the factors
w[0..p − 1], w[p..2p − 1], . . . , w[(m − 1)p..mp − 1]
are pairwise compatible. In other words, there is a partial word u of length
p, the least upper bound of this set of factors of w, such that w ⊂ um . We
have
12

σ i (w) ⊂ u[i mod p..p − 1]um−1 u[0..(i − 1) mod p]
= (u[i mod p..p − 1]u[0..(i − 1) mod p])m .
Thus, σ i (w) has u[i mod p..p − 1]u[0..(i − 1) mod p] as a border, which has
length p, so 1 ≤ rbcw [i] ≤ p for all 0 ≤ i < n.
To illustrate Proposition 4.6, consider the following example.
Example 4.7. Let w = abaaca, which has ternary period correlation
3pcw = 10220001 and refined border correlation rbcw = 15211125. Here
3pcw [p] = 2 for p = 2, and n = 8, so for 2 ≤ i ≤ 6, we have 1 ≤ rbcw [i] ≤ 2.
For p = 3, we have a weaker result: for 3 ≤ i ≤ 5, 1 ≤ rbcw [i] ≤ 3. The
converse of Proposition 4.6(a) is false, e.g., if w = aba, then rbcw =
111211. Thus 1 ≤ rbcw [i] ≤ 2 for all 2 ≤ i ≤ n − 2 = 4. However, 3pcw =
100111, so 3pcw [2] = 0. The partial word ababaaba has ternary period
correlation 100100101 and refined border correlation 131123133 satisfying
Proposition 4.6(b).

5

Valid Colorings of Undirected Graphs Using the
Subgraph Component Polynomial

We adopt the notation Σy for an arbitrary y-letter alphabet. We start with
some definitions.
Definition 5.1. Let G = (V, E) be an undirected graph such that V =
[0..n − 1]:
• A valid coloring over Σy of G is one in which the colors of adjacent
vertices are the same or one is the hole color. Here, the colors are the
y letters of the alphabet Σy as well as the hole color, . The number
of valid colorings over Σy of G, denoted by VCy (G), is the number
of partial words w of length n over Σy such that if {i, j} ∈ E, then
w[i] ↑ w[j].
• If s is a sequence of pairs of the form (i, c), where i ∈ V and c ∈
Σy ∪ {}, then the number of s-valid colorings over Σy of G, denoted
by s- VCy (G), is the number of valid colorings w over Σy of G subject
to the restrictions imposed by s, that is, if (i, c) is in s, then w[i] = c.
If s consists of a singleton (i, c), then we simply write (i, c)-VCy (G).
Definition 5.2. Let G = (V, E) be an undirected graph such that V =
[0..n − 1]. The connected component vector of G, denoted by ccG , is a
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vector of length n + 1 such that for 0 ≤ i ≤ n, ccG [i] is the number of ways
to remove a set of vertices from G such that the resulting induced subgraph
has i connected components.
The following example illustrates our definitions.
Example 5.3. Consider the graph G = ({0, 1, 2, 3, 4}, {{0, 2}, {1, 3}, {2, 4}}).
Then VC2 (G) = 119, one of the valid colorings over {a, b} of G being aaab
(we show later how to calculate 119). The connected component vector of G
is 19(19)300. For example, the three ways to remove a set of vertices from
G to get induced subgraphs with three connected components are to remove
the sets {2}, {1, 2}, and {2, 3}, so ccG [3] = 3.
Pn
i
Let P (G; y) =
i=0 y ccG [i] be the generating function for the connected component vector ccG of an undirected graph G on n vertices. We
can obtain this by plugging in x = 1 into the subgraph component polynomial
Q(G; x, y), as defined by Tittmann et al. [29]. The next theorem shows that
there are P (G; y) partial words of length n over Σy that satisfy the required
compatibilities to be valid colorings over Σy of an undirected graph G on n
vertices.
Theorem 5.4. If G = (V, E) is an undirected graph with V = [0..n − 1],
then
n
X
VCy (G) = P (G; y) =
y i ccG [i].
i=0

Proof. We are counting the number of valid colorings over Σy of G = (V, E),
i.e., the number of partial words w of length n over Σy such that if {i, j}
is an edge in E, then w[i] and w[j] are compatible. Removing a set of
vertices V 0 from G is equivalent to coloring the vertices in V 0 with the
hole color (and to coloring no other vertex with the hole color); this is also
equivalent to putting holes in the positions which correspond to vertices in
V 0 (and to putting holes only in those positions). Suppose that the resulting
induced subgraph has i connected components. Each of these components
is associated with a color of Σy , thus there are y i possible color distributions
for the i connected components. The coefficient of y i is the number of ways
to remove a set of vertices from G such that the resulting induced subgraph
has i connected components, which is ccG [i].
Results on subgraph component polynomials facilitate the computation
of connected component vectors. Note that if G = G1 t G2 tQ
· · · t Gn is the
disjoint union of the graphs G1 , G2 , . . . , Gn , then P (G; y) = nj=1 P (Gj ; y).
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Figure 1: From left to right: the path graph P5 , the cycle graph C5 , the
broken wheel graph W3,2 , and the broken wheel graph W1,2,1,1 , also written
as W1,1,1,2 . They are associated with the border correlations 00011, 10011,
110011, and 010011, respectively (see Section 6).
We adopt the following notations for graphs on n vertices: En is the
empty graph, Kn is the complete graph, Pn is a path graph, and Cn is
the cycle graph. A wheel graph (respectively, broken wheel graph) of order
n is a graph consisting of a cycle graph on n vertices and an additional
vertex, called a hub, that is adjacent to all (respectively, at least one) of
the vertices in the cycle graph. We denote a wheel graph of order n by
Wn and a broken wheel graph of order n by Ws , where s is a sequence of
numbers whose sum is n. The first number in s is a number of consecutive
hub-adjacent vertices, the second number in s is the number of consecutive
non-hub-adjacent vertices following the hub-adjacent ones, and so on around
the cycle. Figure 1 shows a path, a cycle, and two broken wheels.
Although the subgraph component polynomials of En , Kn , Pn , Cn , and
Wn have been studied in [29] and formulas have been given, we either give
new formulas for previously considered cases or give new proofs of known
formulas using partial words.
Proposition 5.5 ( [29]). The following hold:
(a) P (En ; y) = (1 + y)n ,
(b) P (Kn ; y) = 1 + (2n − 1)y,
Proof. For (a), each of the n isolated vertices can be colored in 1 + y ways.
For (b), there is one valid coloring in which all of the vertices are ’s. In all
other valid colorings, at least one vertex has a non-hole color, say c. Then
all of the other vertices can either be ’s or also have the color c, because
they are adjacent to this vertex. Given that at least one vertex has the
non-hole color c, there are 2n − 1 valid colorings, because we can choose c
or  independently for each vertex, and then subtract the one case in which
all vertices are ’s. There are y possible non-hole colors.
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For path graphs, we can derive the following formulas.
Proposition 5.6. The following equality holds:
P (Pn ; y) = 1 +

n−1
h 
XX
h=0 i=0



n − h − 1 h + 1 i+1
y .
i
h−i

Moreover, let c be one of y non-hole colors, let s = h(0, c), (n − 1, c)i, and
let s0 = h(0, c)i. Then the following hold:
Ph n−h−1 h−1 i−1
P
,
(a) s- VCy (Pn ) = 1 + n−2
i=1
h=1
h−i y
i
P
Ph n−h−1 h  i
(b) s0 - VCy (Pn ) = 1 + n−1
h=1
i=1
h−i y .
i
Proof. We are actually counting the number of weakly 1-periodic partial
words of length n over y letters. The number of valid colorings for Pn is the
sum of the number of valid colorings for each number of holes h. If h = n,
there is exactly one valid coloring. So let h ∈ [0..n − 1], which is the index
of the outer sum. All adjacent vertices must be compatible, so the graph is
partitioned into i + 1 blocks separated by i strings of ’s, where i ∈ [0..h]
is the index of the inner sum. Each block is a unary total word having a
single non-hole color. There are i + 1 blocks, and y color choices, thus we
will multiply by y i+1 .
We first separate the i+1 blocks by i holes, called “forced” holes because
they are required to keep the blocks distinct. We need to have at least one
non-hole vertex in each block, so we have n − h − (i + 1) remaining non-hole
vertices to be placed into any block. There are n − h − 1 available positions
for the remaining n − h − (i + 1) non-hole vertices and the i forced holes.
Choosing where to place the n − h − (i + 1) non-hole vertices is equivalent to
choosing the positions of the i forced holes. There are n−h−1 positions and
i forced holes, so n−h−1
gives the number of ways to distribute the noni
hole vertices. Once the lengths of the blocks are determined, we count the
number of ways to distribute the h − i remaining holes among the positions
adjacent to existing holes. Along with the remaining holes, we also have
to place the i + 1 blocks. There are (h − i) + (i + 1) = h + 1 available
positions for the blocks and remaining holes. We choose h − i positions
 for
the remaining holes from the h + 1 available ones, so there are h+1
h−i ways
to distribute the remaining holes.
We prove (a) (the proof for (b) is similar). The index i in the inner sum
is the number of forced holes. If i = 0, there is only one block, and from the
constraint that Pn begins and ends with the same non-hole color c, Pn must
16

be colored with c. Notice that i = 0 implies h = 0, so we add 1 for this case.
So, let h ∈ [1..n − 2] and i ∈ [1..h]. The number
of ways to distribute the

,
as
before.
The number of ways
non-hole vertices into i + 1 blocks is n−h−1
i
to distribute the h − i remaining holes, the same number of remaining holes
as before, is as follows. The number of available positions is decreased by
two because we cannot place a remaining hole before the first block or after
the last block. Thus, we have (h − i) + (i + 1) − 2 = h − 1 available positions,
and we are choosing h − i of them. Now that we know the arrangement of
the blocks and strings of holes, we must choose a single non-hole color for
each block. Our constraint implies that the first and last blocks have the
color c; thus, there are i − 1 block color choices and y color choices for each,
so we multiply by y i−1 .
For cycle graphs, wheel graphs, and broken wheel graphs, we can derive
the following formulas.
Proposition 5.7. If c is one of y non-hole colors, then the following hold:
(a) P (Cn ; y) = 2P (Pn−1 ; y)−P (Pn−2 ; y)+(s- VCy (Pn ))y, where s = h(0, c), (n−
1, c)i,
(b) P (Wn ; y) = P (Cn ; y) + 2n y,
(c) P (W1,n−1 ; y) = P (Cn ; y) + (s- VCy (Pn+1 ) + P (Pn−1 ; y))y, where s =
h(0, c), (n, c)i,
(d) If n − r > 1, then P (Wn−r,r ; y) is
P (Cn ; y) + (s- VCy (Pr+2 ) + 2(s0 - VCy (Pr+1 )) + P (Pr ; y))y2n−r−2 ,
where s = h(0, c), (r + 1, c)i and s0 = h(0, c)i.
Proof. For (a), a valid coloring of Cn is equivalent to a valid coloring of
Pn with the property that either the first and last vertices have the same
non-hole color, or at least one of them is a hole. If the first vertex is a hole,
then the number of valid colorings is P (Pn−1 ; y), and similarly if the last
vertex is a hole. These counts include the valid colorings in which both the
first and last vertices are holes; there are P (Pn−2 ; y) of these which me must
subtract. We must also add the number of valid colorings where the first
and last vertices have the same non-hole color, say c, which is s- VCy (Pn ),
given in Proposition 5.6(a), and there are y non-hole colors.
For (b), when the hub of Wn is a hole, it imposes no restrictions on the
coloring of the other n vertices, so the number of valid colorings is P (Cn ; y).
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When the hub is any of the y non-hole colors, say c, each other vertex can
be either c or , so there are 2n valid colorings.
For (c), when the hub is a hole, there are P (Cn ; y) valid colorings of
W1,n−1 . When the hub is the non-hole color c, the single vertex v adjacent
to the hub can be either a hole or c. If it is a hole, then it imposes no
restrictions on the remaining n − 1 vertices in the cycle, which form a path
graph Pn−1 and can be colored in P (Pn−1 ; y) many ways. If it has the
non-hole color c, then the colorings of the remaining vertices have the same
restrictions as if they were the n − 1 vertices of degree two in a path graph
Pn+1 where the vertices of degree one are c. Thus the number of valid
colorings in this case is s- VCy (Pn+1 ). The total number of colorings when
the hub is c is s- VCy (Pn+1 ) + P (Pn−1 ; y), and there are y non-hole colors.
For (d), when the hub is a hole, there are P (Cn ; y) valid colorings of the
broken wheel. When the hub is c, the vertices adjacent to the hub can be
either holes or c. If the vertices adjacent to the hub are labeled 0, . . . , n−r−1,
then the colorings of the vertices 1, . . . , n−r −2 do not affect the colorings of
the vertices n − r, . . . , n − 1. The vertices 0 and n − r − 1 affect the colorings
of the vertices n − r, . . . , n − 1, though, so we consider the four possible
colorings of 0 and n − r − 1 (each of them can be either c or ). If they are
both c, then the vertices n − r, . . . , n − 1 are colored like the r vertices of
degree two in Pr+2 , in s- VCy (Pr+2 ) ways. If one of them is c and the other
is a hole, then the vertices n − r, . . . , n − 1 are colored like r consecutive
vertices of Pr+1 , where the remaining vertex is c, in s0 - VCy (Pr+1 ) ways. If
both 0 and n−r−1 are holes, then the vertices n−r, . . . , n−1 can be colored
like Pr , in P (Pr ; y) ways. The total number of valid colorings when the hub
is c is s- VCy (Pr+2 ) + 2(s0 - VCy (Pr+1 )) + P (Pr ; y), multiplied by 2n−r−2 for
the independent choices of c or  for each of the vertices 1, . . . , n − r − 2.
Finally, we multiply this number by y for the total number of valid colorings
when the hub is a non-hole color.
The graph G may not have any of the above forms, but its complement
G may have.
Proposition 5.8. If G = (V, E) is an undirected graph with V = [0..n − 1],
then VCy (G) = P (G; y) = 1+(2n −1)y +UCy (G), where 1+(2n −1)y counts
the number of valid unary colorings of G, i.e., those with at most one nonhole color, and UCy (G) counts the number of valid non-unary colorings of
G, i.e., those with at least two and at most y non-hole colors.
We give formulas when G = Pn or G = Cn .
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Proposition 5.9. Let G = (V, E) be an undirected graph such that V =
[0..n − 1]. If G = Pn , then UCy (G) = y(y − 1)(2n − 3).
Proof. We claim that the only valid non-unary colorings of G are as follows:
• Two vertices that form a P2 in G have the non-hole colors c0 and c1 ,
and all other vertices in G have the hole color.
• Three vertices that form a P3 in G have the non-hole colors c0 , c1 , and
c0 , respectively, and all other vertices in G have the hole color.
To prove our claim, first, suppose there are exactly two non-hole vertices in
G. If these vertices are adjacent in G, they are not adjacent in G, so color
one vertex c0 and the other c1 , which is a valid coloring of G. If these vertices
are not adjacent in G, if we color one vertex with c0 and color the other with
c1 , then this is not a valid coloring of G because they are adjacent in G.
Next, suppose there are exactly three non-hole vertices in G. All possible
distributions of the three non-hole vertices have already been considered
except when these three vertices form a P3 inside G. Say the three vertices
are i1 , i2 , and i3 , which can only be colored with c0 , c1 , and c0 , respectively,
because i1 and i3 are adjacent in G. Finally, suppose there are four or more
non-hole vertices in G. We cannot have four consecutive non-hole vertices
i1 , i2 , i3 , i4 in G: vertices i1 and i2 must have distinct non-hole colors because
they are adjacent in G, but their colors must be compatible with that of i4 ,
because i1 and i2 are both adjacent to i4 in G.
Our claim follows, so we only need to consider the number of non-hole
colorings of P2 in G and the number of non-hole colorings of P3 in G. There
are n − 1 of the former and n − 2 of the latter. The two cases are mutually
exclusive, so their sum, 2n − 3, is the total number of possibilities. We are
choosing two non-hole colors, and we have y non-hole colors, so we have
y(y − 1) choices for distinct colorings.
Proposition 5.10. Let G = (V, E) be an undirected graph such that V =
[0..n − 1]. If G = Cn , then

 y(y − 1)(2n + y − 2) if n = 3,
y(y − 1)(2n + 1)
if n = 4,
UCy (G) =

2y(y − 1)n
otherwise.
Proof. We claim that the only valid non-unary colorings of G are as follows:
• Two vertices that form a P2 in G have the non-hole colors c0 and c1 ,
and all other vertices in G have the hole color.
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• Three vertices that form a P3 in G have the non-hole colors c0 , c1 , and
c0 respectively, and all other vertices in G have the hole color.
• If n = 3 and y ≥ 3, then the vertices in G have the non-hole colors c0 ,
c1 and c2 .
• If n = 4, then the vertices 0, 1, 2, 3 in G have the non-hole colors c0 ,
c1 , c0 , and c1 respectively.
To prove our claim, the argument is similar to that of Proposition 5.9 for
the first two cases. For the third case, it is possible to color all the vertices
distinct non-hole colors (assuming y ≥ 3), because none of the vertices are
adjacent in G. For the fourth case, it is possible to color the vertices 0, 1, 2, 3
with c0 , c1 , c0 , c1 , because all of the distinctly colored non-hole vertices are
adjacent in G. We notice that these are the only special cases.
Our claim follows. For any values of n and y, the number of P2 ’s in G is
n, and the number of P3 ’s in G is also n. We add the numbers of valid nonunary colorings because they are mutually exclusive, giving us 2n. For these
colorings we assign two of the y colors and there are y(y −1) ways to do this.
Thus, the number of valid colorings is 2y(y − 1)n. For the case when n = 3,
there are y(y − 1)(y − 2) valid colorings with three distinct non-hole colors
and we add this number to 2y(y − 1)n to get y(y − 1)(2n + y − 2). Finally for
the case when n = 4, we need to count the number of valid colorings when
the vertices 0, 1, 2, 3 are colored c0 , c1 , c0 , c1 , respectively. Assigning two of
the y colors to these vertices yields y(y − 1) additional colorings. Thus,
adding this number to 2y(y − 1)n gives the total y(y − 1)(2n + 1).
Finally, note that y(y − 1)(2n + y − 2) = 2y(y − 1)n when n = 3 and
y = 2.
If a graph G has only one connected component and G’s connected components are only path graphs, cycle graphs, and vertices of degree zero, we
can calculate the number of valid non-unary colorings of G by looking at
each connected component of G, ignoring the vertices of degree zero, and
then add the results because the non-unary colorings of these components
are mutually exclusive by the proofs of Propositions 5.9 and 5.10.
The following example illustrates our results.
Example 5.11. Returning to Example 5.3, we calculate VCy (G) as follows. First, consider P2 on vertices 1 and 3, and P3 on vertices 0, 2 and
4. We have P (P2 ; y) = 1 + 3y and P (P3 ; y) = 1 + 6y + y 2 by using Proposition 5.6. Applying Theorem 5.4, we obtain VCy (G) = P (P2 t P3 ; y) =
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P (P2 ; y)P (P3 ; y) = 1 + 9y + 19y 2 + 3y 3 , as is also computed from the connected component vector of G. If y = 2, we get VC2 (G) = 119. We also
obtain VCy (P2 t P3 ) = 1 + (25 − 1)y + UCy (P2 t P3 ) = 1 + (25 − 1)y +
UCy (P2 ) + UCy (P3 ) = 1 + 27y + 4y 2 by using Proposition 5.8 and Proposition 5.9.
We can modify Definitions 5.1 and 5.2 to count valid colorings when
restricting the number of holes.
Definition 5.12. Let G = (V, E) be an undirected graph such that V =
[0..n − 1], and let h be an integer in [0..n]:
• A h-valid coloring over Σy of G is one in which no vertices colored
with two different colors from Σy are adjacent and in which exactly h
vertices are colored with the hole color. The number of h-valid colorings
over Σy of G, denoted by VCh,y (G), is the number of partial words w of
length n with h holes over Σy such that if {i, j} ∈ E, then w[i] ↑ w[j].
• The (n − h)-connected component vector of G, denoted by ccn−h,G ,
is a vector of length n + 1 such that for 0 ≤ i ≤ n, ccn−h,G [i] is the
number of ways to remove a set of exactly h vertices from G such that
the resulting induced subgraph has i connected components.
Referring to the subgraph component polynomial Q(G; x, y), we use the
notation Qn−h (G; x, y) when we restrict to induced subgraphs with exactly
n − h vertices, and similarly for Pn−h (G; y).
The proof of the following theorem is similar to that of Theorem 5.4 but
we remove sets of exactly h vertices.
Theorem 5.13. If G = (V, E) is an undirected graph with V = [0..n − 1]
and h is an integer in [0..n], then
VCh,y (G) = Pn−h (G; y) =

n
X

y i ccn−h,G [i].

i=0

6

Population Size

We derive formulas to compute the population size over Σk , an arbitrary kletter alphabet, of a given border correlation bc, i.e., the number of partial
words over Σk sharing bc as their border correlation, which we denote by
PSk (bc). We also consider refined border correlations. Given m undirected
graphs G1 = (V, E1 ), . . . , Gm = (V, Em ) with the same vertex set V , we let
∪(G1 , . . . , Gm ) = (V, E1 ∪ · · · ∪ Em ).
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6.1

Border correlations

Recall that by Theorem 3.5, the population size of a border correlation coincides with the population size of its corresponding ternary period correlation.
We first describe a graphical approach based on the subgraph component
polynomial to calculate their population size.
We define two types of graph collections that are associated with a border
correlation.
Definition 6.1. Let bc = bc[0..n) be a border correlation. For each ` ∈
[1..n), associate an undirected graph whose set of vertices consists of [0..n−1]
and whose set of edges consists of the pairs {i, j} such that |i − j| = n − `.
• Let GC (bc) be the collection of all graphs associated with integers `
such that bc[` − 1] = 1. Each graph in this collection is called a
compatibility graph. If GC (bc) = {G1 , . . . , Gm }, then let Gbc be
∪(G1 , . . . , Gm ).
• Let GI (bc) be the collection of all graphs associated with integers `
such that bc[` − 1] = 0. Each graph in this collection is called an
incompatibility graph. If GI (bc) = {G1 , . . . , Gm }, then let Gbc be
∪(G1 , . . . , Gm ) (note that Gbc is the complement graph of Gbc ).
Note that the graph associated with ` records the pairs of positions that
are (n − `)-apart. A compatibility graph associated with ` encodes the
compatibilities a partial word w must satisfy to have a border of length `,
i.e., it must satisfy w[0..` − 1] ↑ w[n − `..n − 1], while an incompatibility
graph associated with ` has a set of edges such that at least one edge must
correspond to an incompatibility in order for w not to have a border of
length `. Figure 2 gives an example.
Note that the graphs Gbc and Gbc may have the forms we discussed
in Section 5. For example, G000001 = E6 , G111111 = K6 , G100101 = P6 ,
G100011 = C6 , G010011 = W1,2,1,1 , G110011 = W3,2 , G111101 = P6 , G011101 =
C6 , and so on, but G110101 is not from the previous forms. Letting 0 = 1
and 1 = 0, we have the following proposition.
Proposition 6.2. Let bc = bc[0..n) be a border correlation. Let bc0 =
bc0 [0..n) be the border correlation such that bc0 [i] = bc[i] for 0 ≤ i < n − 1.
Then Gbc = Gbc0 .
The graph G000100010001000100010001 is the disjoint union of four K6 ’s; note
that G111111 = K6 . This observation generalizes to the following proposition.
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Figure 2: The first graph is the compatibility graph of border correlation
00101 that corresponds to a border of length 3. The three other graphs are
the incompatibility graphs of border correlation 00101 that correspond to a
border of length 1, 2, and 4, respectively.
Proposition 6.3. Let bc = [0..n) be a border correlation and let p be a
positive integer. Let bc0 = [0..pn) be the border correlation such that bc0 [j] =
bc[i] for j = ip + p − 1, 0 ≤ i < n and bc0 [j] = 0 otherwise. Then Gbc0 is the
disjoint union of p graphs isomorphic to Gbc and P (Gbc0 ; y) = (P (Gbc ; y))p .
Proof. Let Gbc0 = (V, E). We can partition V into p equivalence classes as
follows: vertex j belongs to the class of vertex i if i − j is a multiple of p. So
Gbc0 can be written as the disjoint union of p graphs G0 , . . . , Gp−1 , where
the set of vertices of Gi is the class of vertex i. Each Gi contains n vertices,
and any two vertices j1 = i + k1 p and j2 = i + k2 p are connected by an edge
in Gi if and only if k1 and k2 are connected by an edge in Gbc .
To see this, suppose that j1 = i + k1 p and j2 = i + k2 p are connected
by an edge in Gi , so they are connected by an edge in Gbc0 . First note
that k1 , k2 ∈ [0..n) since j1 , j2 ∈ [0..pn). By the definition of Gbc0 , let ` be
such that bc0 [` − 1] = 1 and |j1 − j2 | = pn − `. Then by the definitions of
bc and bc0 , we have ` = p`0 for some `0 such that bc[`0 − 1] = 1. Thus,
|(i + k1 p) − (i + k2 p)| = pn − p`0 = p(n − `0 ) and so |k1 − k2 | = n − `0 . By
the definition of Gbc , this implies that k1 and k2 are connected by an edge
in Gbc . The converse is similar.
Thus Gi is isomorphic to Gbc . The formula can now be derived.
We now have the necessary definitions to count the number of partial
words sharing a given border correlation.
Theorem 6.4. Let bc be a border correlation. Let GI (bc) = {G1 , G2 , . . . , Gm }
and let G0i = ∪(Gbc , Gi ) for 1 ≤ i ≤ m. Then,
PSk (bc) = VCk (Gbc ) +

m
X

(−1)j

j=1

X
{i1 ,...,ij }
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VCk (∪(G0i1 , . . . , G0ij )),

where {i1 , . . . , ij } is a subset of j distinct elements of {1, . . . , m}.
Proof. We start with VCk (Gbc ), which counts the number of partial words
satisfying the required compatibilities. Every G0i is a graph that is associated with partial words satisfying the required compatibilities, i.e., the ones
embodied by Gbc , but also satisfying compatibilities that prevent them from
having border correlation bc, i.e., the ones embodied by Gi . Thus, we subtract the number of partial words that satisfy compatibilities they should
not satisfy, i.e., we subtract
X

VCk (G0i1 )

=

m
X

VCk (G0i ).

i=1

{i1 }

The result follows by using the inclusion-exclusion principle because for each
subset {i1 , . . . , ij } of j distinct elements of {1, . . . , m}, we have
VCk (G0i1 ) + · · · + VCk (G0ij ) = VCk (∪(G0i1 , . . . , G0ij )).

The following example illustrates Theorem 6.4.
Example 6.5. Referring to Figure 2, consider the border correlation 00101.
By Example 5.11, VCk (G00101 ) = 1 + 9k + 19k 2 + 3k 3 . We obtain
VCk (G01 )
VCk (G02 )
VCk (G03 )
VCk (∪(G01 , G02 ))
VCk (∪(G01 , G03 ))
VCk (∪(G02 , G03 ))
VCk (∪(G01 , G02 , G03 ))

= VCk (P2 t C3 )
=
VCk (C5 )
=
VCk (P4 )
=
VCk (P5 )
= VCk (P2 t P2 )
=
VCk (P2 )
=
VCk (K5 )

=
=
=
=
=
=
=

1 + 10k + 21k 2
1 + 21k + 10k 2
1 + 26k + 5k 2
1 + 24k + 7k 2
1 + 29k + 2k 2
1 + 30k + k 2
1 + 31k.

Thus, PSk (00101) = 4k − 7k 2 + 3k 3 .
We next describe a lattice approach to calculate the population size of
a given border correlation and its corresponding ternary period correlation.
We denote the set of all partial word border correlations of length n by
BCn . For bc ∈ BCn , define B(bc) = {i | 0 ≤ i < n and bc[i] = 1}, and for
bc, bc0 ∈ BCn , define bc ≤ bc0 if B(bc) ⊆ B(bc0 ). We use the symbolism
bc < bc0 to denote bc ≤ bc0 and bc 6= bc0 . Referring to Theorem 3.4, the
pair (BCn , ≤) is a distributive lattice.
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11111(63)

00111(4)

01111(2)

10111(4)

11011(8)

11101(14)

01011(4)

10011(8)

01101(4)

10101(24)

00011(6)

00101(4)

01001(14)

10001(30)

11001(38)

00001(16)

Figure 3: The distributive lattice (BC5 , ≤) along with the population size
over the binary alphabet of each of its border correlations (population size
written in parentheses).
Let bc be a border correlation. A partial word w satisfying bcw = bc
corresponds to a valid coloring of the vertices of Gbc . Each valid coloring
of Gbc corresponds to a partial word having a border correlation bc0 such
that bc ≤ bc0 . The number of valid colorings of Gbc is then the sum of
the population sizes of all border correlations bc0 such that bc ≤ bc0 . To
find the population size of bc, we subtract the population sizes of all border
correlations bc0 such that bc < bc0 from the number of valid colorings of
Gbc .
Theorem 6.6. If bc ∈ BCn , then
P
PSk (bc) = VCk (Gbc ) − bc0 ∈BCn ,bc<bc0 PSk (bc0 ),
P
= VCk (Gbc ) − bc0 ∈BCn ,bc<bc0 ,bc0 6=1n PSk (bc0 ).
Figure 3 illustrates the lattice (BC5 , ≤) along with the population size
of each of its border correlations, calculated over a binary alphabet using
our results. The following example gives details for the computation of
PS2 (01011).
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Example 6.7. The graph G01011 contains two connected components, P2
and C3 . Thus, the number of valid colorings of G01011 with at most two
non-hole colors is 1 + (25 − 1)2 + UC2 (P2 ) + UC2 (C3 ) = 63 + 2 + 12. To
find the population size of the border correlation 01011, we must subtract the
population sizes of the border correlations bc0 such that 01011 < bc0 . Thus,
we must subtract PS2 (01111) + PS2 (11011) + PS2 (11111) = 2 + 8 + 63, so
PS2 (01011) = 4.
We can also calculate the population size when restricting the number
of holes. Given a border correlation bc of length n, denote by PSh,k (bc)
the number of partial words of length n with h holes over Σk sharing bc as
their border correlation. Referring to Theorems 5.13 and 6.4, we obtain the
following.
Theorem 6.8. Let bc = bc[0..n) be a border correlation, let h be an integer
in [0..n], let GI (bc) = {G1 , G2 , . . . , Gm }, and let G0i = ∪(Gbc , Gi ) for 1 ≤
i ≤ m. Then,
PSh,k (bc) = VCh,k (Gbc ) +

m
X

(−1)j

j=1

X

VCh,k (∪(G0i1 , . . . , G0ij )),

{i1 ,...,ij }

where {i1 , . . . , ij } is a subset of j distinct elements of {1, . . . , m}.

6.2

Refined border correlations

We obtain a formula for the population size of a refined border correlation.
We define two types of graph collections that are associated with it.
Definition 6.9. Let rbc = rbc[0..n) be a refined border correlation. For
each i ∈ [0..n):
• If rbc[i] = ` 6= 0, then associate a compatibility graph, i.e., an undirected graph whose set of vertices consists of [0..n − 1] and whose set
of edges consists of the pairs
{i, (i + n − `) mod n}, . . . , {(i + ` − 1) mod n, (i + n − 1) mod n}.
• If rbc[i] = ` 6= 1, then associate for each j ∈ [1..(n + ` − 1) mod n] an
incompatibility graph, i.e., an undirected graph whose set of vertices
consists of [0..n − 1] and whose set of edges consists of the pairs
{i, (i + n − j) mod n}, . . . , {(i + j − 1) mod n, (i + n − 1) mod n}.
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Figure 4: The top five graphs are the compatibility graphs of refined border
correlation 11141 that correspond to a minimal border of length 1 for the
0-shift, 1 for the 1-shift, 1 for the 2-shift, 4 for the 3-shift, and 1 for the 4shift, respectively. The three bottom graphs are the incompatibility graphs
of refined border correlation 11141 that correspond to the 3-shift for not
having a border of length 1, 2, or 3, respectively.
• Let HC (rbc) be the collection of all compatibility graphs. If HC (rbc) =
{H1 , . . . , Hm }, then let Hrbc be ∪(H1 , . . . , Hm ).
• Let HI (rbc) be the collection of all incompatibility graphs. If HI (rbc) =
{H1 , . . . , Hm }, then let H rbc be ∪(H1 , . . . , Hm ) (note that H rbc is the
complement graph of Hrbc ).
A compatibility graph associated with i encodes the compatibilities the
i-shift of a partial word w must satisfy to have a border of length `, while
an incompatibility graph associated with i has a set of edges such that at
least one edge must correspond to an incompatibility in order for the i-shift
of w not to have a border of length j for some 1 ≤ j < `. Since there is
an incompatibility graph for each 1 ≤ j < `, this ensures that the border
length ` is minimal. Figure 4 gives an example.
We now have the necessary definitions to count the number of partial
words sharing a given refined border correlation.
Theorem 6.10. Let rbc be a refined border correlation. Let HI (rbc) =
{H1 , H2 , . . . , Hm } and let Hi0 = ∪(Hrbc , Hi ) for 1 ≤ i ≤ m. Then,
PSk (rbc) = VCk (Hrbc ) +

m
X

(−1)j

j=1

X
{i1 ,...,ij }
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VCk (∪(Hi01 , . . . , Hi0j )),

where {i1 , . . . , ij } is a subset of j distinct elements of {1, . . . , m}.
The following example illustrates Theorem 6.10.
Example 6.11. Referring to Figure 4, consider the refined border correlation 11141. By Proposition 5.6, VCk (H11141 ) = VCk (P5 ) = 1 + 15k + 15k 2 +
k 3 . We obtain
VCk (H10 )
VCk (H20 )
VCk (H30 )
VCk (∪(H10 , H20 ))
VCk (∪(H10 , H30 ))
VCk (∪(H20 , H30 ))
VCk (∪(H10 , H20 , H30 ))

=
VCk (C5 )
= VCk (P2 t C3 )
=
VCk (P4 )
= VCk (P2 t P3 )
= VCk (P2 t P2 )
=
VCk (P2 )
=
VCk (K5 )

=
=
=
=
=
=
=

1 + 21k + 10k 2
1 + 26k + 4k 2 + k 3
1 + 26k + 5k 2
1 + 27k + 4k 2
1 + 29k + 2k 2
1 + 30k + k 2
1 + 31k.

We conclude that PSk (11141) = −3k + 3k 2 .
Corollary 6.12. Let rbc = rbc[0..n) be a refined border correlation and
let i ∈ [0..n). Let rbc0 be the refined border correlation that is the i-shift
of rbc. Then, PSk (rbc) = PSk (rbc0 ). Moreover, the partial words sharing
rbc0 as their refined border correlation are the i-shifts of the partial words
sharing rbc as their refined border correlation.
We can also calculate the population size when restricting the number
of holes.
Theorem 6.13. Let rbc = rbc[0..n) be a refined border correlation, let
h be an integer in [0..n], let HI (rbc) = {H1 , H2 , . . . , Hm }, and let Hi0 =
∪(Hrbc , Hi ) for 1 ≤ i ≤ m. Then,
PSh,k (rbc) = VCh,k (Hrbc ) +

m
X

(−1)j

j=1

X

VCh,k (∪(Hi01 , . . . , Hi0j )),

{i1 ,...,ij }

where {i1 , . . . , ij } is a subset of j distinct elements of {1, . . . , m}.

7

Conclusion and Open Problems

Our method for computing population sizes of border correlations also applies to computing population sizes of ternary period correlations that record
the strong and weak period sets, as defined in Definition 3.1, through the
one-to-one correspondence of Theorem 3.5. A World Wide Web server interface has been established at
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www.uncg.edu/cmp/research/bordercorrelations2
for automated use of a program that implements the algorithm in the proof
of Theorem 3.5, which lists the 2n−1 valid border correlations of length n
(they are the binary vectors that end in 1) and their corresponding ternary
period correlations. There are several open problems involving binary period
correlations, the binary vectors that record the strong period sets of partial
words that do not have strictly weak periods: listing the valid binary period
correlations of a given length, finding their number, and computing their
population size.
The concept of refined border correlation, as defined in Definition 4.1,
is the same as that defined in [20] (denoted by β 0 in that paper), but the
concept of border correlation, as defined in Definition 3.3, is different from
the concept of border correlation defined in [20] (denoted by β in that paper
and defined by β[i] = 0 if σ i (w) is unbordered and by β[i] = 1 otherwise).
Our method of computing population sizes can be applied to that different
concept of border correlation as well. We expect that there are more connections between refined border correlations and ternary period correlations
than those we have discussed in Section 4. It would be nice to find a characterization of all vectors that can be refined border correlations for partial
words.
We have established connections between border correlations and undirected graphs. Recent papers have established connections between border/prefix arrays and undirected graphs (see [4, 15]). We suggest to find
faster methods of computing the population size of a border correlation or
to find efficient ways to determine the connected component vector. We also
suggest to find a characterization of the graphs Gbc associated with border
correlations bc in terms of graph structures such as the ones discussed in
this paper: complete graphs, path graphs, cycle graphs, wheel graphs, broken wheel graphs, etc. Our method has the advantage that it also applies to
indeterminate strings; in that context, we can perhaps encounter structures
not discussed in this paper such as ladder graphs. We refer the reader to
the well-known Kuratowski’s theorem in graph theory [14, 28], which is a
mathematical characterization via forbidden minors, which could give some
insights into what a characterization should be like.
In [1], bordered partial words of length n with h holes over Σk have
been counted by so-called critical positions. A formula was given for the
parameter h = 1, but no general formula was given.
Our method here gives

formulas for any h ≥ 1, i.e., we can calculate nh k n−h − PSh,k (0n−1 1). So we
can link the population size of the border correlation 0n−1 1, or the ternary
29

period correlation 10n−1 through Theorem 3.5, to the counting of bordered
partial words with the above mentioned parameters. If we do not restrict the
number of holes, the number of unbordered partial words of length n over
Σk is PSk (0n−1 1), which can be calculated with our formulas in Theorem 6.6
in particular.
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[9] F. Blanchet-Sadri, C. D. Davis, J. Dodge, R. Mercaş, and M. Moorefield. Unbordered partial words. Discrete Applied Mathematics, 157:890
– 900, 2009.
[10] F. Blanchet-Sadri, J. Fowler, J. D. Gafni, and K. H. Wilson. Combinatorics on partial word correlations. Journal of Combinatorial Theory,
Series A, 117:607–624, 2010.
[11] F. Blanchet-Sadri and R. A. Hegstrom. Partial words and a theorem
of Fine and Wilf revisited. Theoretical Computer Science, 270:401–419,
2002.
[12] F. Blanchet-Sadri, T. Mandel, and G. Sisodia. Periods in partial words:
An algorithm. Journal of Discrete Algorithms, 16:113–128, 2012.
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