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Abstract

In this paper, we consider one of the most fundamental results on periodicity of
words, namely the critical factorization theorem. Given a word w and nonempty words
u, v satisfying w = uv, the minimal local period associated to the factorization (u,v) is
the length of the shortest square at position |u| — 1. The critical factorization theorem
shows that for any word, there is always a factorization whose minimal local period is
equal to the minimal period (or global period) of the word.

Crochemore and Perrin presented a linear time algorithm (in the length of the word)
that finds a critical factorization from the computation of the maximal suffixes of the
word with respect to two total orderings on words: the lexicographic ordering related
to a fixed total ordering on the alphabet, and the lexicographic ordering obtained
by reversing the order of letters in the alphabet. Here, by refining Crochemore and
Perrin’s algorithm, we give a version of the critical factorization theorem for partial
words (such sequences may contain “do not know” symbols or “holes”). Our proof
provides an efficient algorithm which computes a critical factorization when one exists.
Our results extend those of Blanchet-Sadri and Duncan for partial words with one hole.
A World Wide Web server interface at http://www.uncg.edu/mat/research/cft2/
has been established for automated use of the program.
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1 Introduction

This paper studies partial words, or finite sequences of symbols from a finite alphabet that

may have a number of “do not know” symbols or “holes”. While a word can be described
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by a total function, a partial word can be described by a partial function. More precisely,
a partial word of length n over a finite alphabet A is a partial function from {0,...,n — 1}
into A. Elements of {0,...,n —1} without an image are called holes (a word is just a partial
word without holes). The paper focuses on three important concepts of periodicity of partial
words: one is that of period, an other is that of weak period, and the other is that of local
period which characterizes a local periodic structure at each position of the partial word.

Results concerning periodicity in the framework of partial words include: First, the well
known and basic result of Fine and Wilf [22] intuitively determines how far two periodic
events have to match in order to guarantee a common period. This result states that any
word having periodicities p and ¢ and length > p + ¢ — ged(p, ¢) has periodicity ged(p, q),
where ged(p,q) denotes the greatest common divisor of p and gq. Moreover, the bound
p + q — ged(p, q) is optimal since counterexamples can be provided for words of smaller
length. This result was extended to partial words with one hole by Berstel and Boasson [1],
to partial words with two or three holes by Blanchet-Sadri and Hegstrom [9], and to partial
words with an arbitrary number of holes by Blanchet-Sadri [2].

Second, the well known and unexpected result of Guibas and Odlyzko [24] states that
the set of all periods of a word is independent of the alphabet size. In [26], this result
was reconsidered through an algorithmic approach that reduces the technical complexity of
the proof. Guibas and Odlyzko’s result states that for every word u, there exists a binary
word v that has exactly the same set of periods as u. In [6], Blanchet-Sadri and Chriscoe
extended Guibas and Odlyzko’s result to partial words with one hole. As a consequence,
they obtained, for any partial word « with one hole, a binary partial word v with at most
one hole that has exactly the same set of periods and the same set of weak periods as w.
The proof provides a linear time algorithm which, given the partial word u, computes the
desired binary partial word v.

Third, the well known and fundamental critical factorization theorem, of which several
versions exist [13, 14, 18, 19, 20, 29, 30], intuitively states that the minimal period (or global
period) of a word of length at least two is always locally detectable in at least one position of
the word resulting in a corresponding critical factorization. More specifically, given a word
w and nonempty words u,v satisfying w = wuwv, the minimal local period associated to the

factorization (u,v) is the length of the shortest square at position |u|—1. It is easy to see that



no minimal local period is longer than the global period of the word. The critical factorization
theorem shows that critical factorizations are unavoidable. Indeed, for any string, there is
always a factorization whose minimal local period is equal to the global period of the string.
In other words, we consider a string aga; ...a,_1 and, for any integer i (0 < ¢ < n — 1),
we look at the shortest repetition (a square) centered in this position, that is, we look at
the shortest (virtual) suffix of aga; ... a; which is also a (virtual) prefix of a;1G;12...ap_1.
The minimal local period at position i is defined as the length of this shortest square. The
critical factorization theorem states, roughly speaking, that the global period of aga; ... a,_;
is simply the maximum among all minimal local periods. As an example, consider the word
w = babbaab with global period 6. The minimal local periods of w are 2, 3, 1, 6, 1, and 3
which means that the factorization (babb, aab) is critical.

Crochemore and Perrin showed that a critical factorization can be found very efficiently
from the computation of the maximal suffixes of the word with respect to two total orderings
on words: the lexicographic ordering related to a fixed total ordering on the alphabet =,
and the lexicographic ordering obtained by reversing the order of letters in the alphabet <.,
[15]. If v denotes the maximal suffix of w with respect to <; and v’ the maximal suffix of w
with respect to =<, then let u, v’ be such that w = wv = w'v'. The factorization (u,v) turns
out to be critical when |v| < [¢'|, and the factorization (u',v’) is critical when |v| > |v/|.
There exist linear time (in the length of w) algorithms for such computations [15, 16, 32]
(the latter two use the suffix tree construction).

In [8], Blanchet-Sadri and Duncan extended the critical factorization theorem to partial
words with one hole. In this case, they called a factorization critical if its minimal local
period is equal to the minimal weak period of the partial word. It turned out that for partial
words, critical factorizations may be avoidable. They described the class of the so-called
special partial words with one hole that possibly avoid critical factorizations. They gave a
version of the critical factorization theorem for the nonspecial partial words with one hole.
By refining the method based on the maximal suffixes with respect to the lexicographic/
reverse lexicographic orderings, they gave a version of the critical factorization theorem for
the so-called (k,!)-nonspecial partial words with one hole. Their proof led to an efficient
algorithm which, given a partial word with one hole, outputs a critical factorization when

one exists or outputs “no such factorization exists”.



In this paper, we further investigate the relationship between local and global periodicity
of partial words. We extend the critical factorization theorem to partial words with an
arbitrary number of holes. We characterize precisely the class of partial words that do
not admit critical factorizations. We then develop an efficient algorithm which computes a
critical factorization when one exists.

In summary, the following table describes the number of holes for which the above men-

tioned periodicity results have been extended:

] Original result \ Holes \ Extended by ‘
Fine and Wilf 1965 1 Berstel and Boasson 1999
2-3 Blanchet-Sadri and Hegstrom 2002
arbitrary Blanchet-Sadri 2004
Guibas and Odlyzko 1981 1 Blanchet-Sadri and Chriscoe 2004
http://www.uncg.edu/mat/AlgBin/
Critical Factorization 1 Blanchet-Sadri and Duncan 2005
Theorem 1978 http://www.uncg.edu/mat/cft/
arbitrary Blanchet-Sadri and Wetzler (this paper)
http://www.uncg.edu/mat/research/cft2/

In [15], a new string matching algorithm was presented, which relies on the critical
factorization theorem and which can be viewed as an intermediate between the classical
algorithms of Knuth, Morris, and Pratt [28], on the one hand, and Boyer and Moore [11],
on the other hand. The algorithm is linear in time and uses constant space as the algorithm
of Galil and Seiferas [23]. It presents the advantage of being remarkably simple which
consequently makes its analysis possible. The critical factorization theorem has found other
important applications which include the design of efficient approximation algorithms for
the shortest superstring problem [12, 27, 29].

A periodicity theorem on words, which has strong analogies with the critical factorization
theorem, and three applications were derived in [33]. There, the authors improved some
results motivated by string matching problems [17, 23]. In particular, they improved the
upper bound on the number of comparisons in the text processing of the Galil and Seiferas’
time-space optimal string matching algorithm [23]. For other recent developments on the
critical factorization theorem and on the study of properties of local periods, we refer the

reader to [20, 21].



2 Preliminaries

In this section, we fix our terminology on partial words. In particular, we discuss compati-
bility and conjugacy in Sections 2.1 and 2.2 respectively.

A nonempty finite set, denoted by A, is called an alphabet. The elements of A are called
letters. A word over A is a finite sequence of letters from A. If u is a word over A, then
the length of u, denote by |u|, is the number of letters in u. The empty word, denoted by
€, is the unique sequence of length zero over A. A word of length n over A can be defined
by a total function w : {0,...,n — 1} — A and is usually represented as u = agpa; ... a,—1
for a; € A. The i-power of a word u, denoted by u’, is defined inductively by u® = € and
u' = uu'"'. We define the reversal of a word u, denoted by rev(u), as follows: If u = €, then
rev(e) =€, and if u = apay ... a,_1, then rev(u) = a,_1 . ..ajao. The set of all words over A
(length greater than or equal to zero) is denoted by A*. It is a monoid under the associative
operation of concatenation or product of words where € serves as identity, and is referred to
as the free monoid generated by A. The set of all nonempty words over A is denoted by A™
and is a semigroup under the concatenation of words and is referred to as the free semigroup
generated by A.

A partial word of length n over A is a partial function u : {0,...,n — 1} — A. For
0 < i < mn, if u(i) is defined, then we say that i belongs to the domain of u, denoted by
i € D(u), otherwise we say that ¢ belongs to the set of holes of u, denoted by i € H(u). A
full word over A is a partial word over A with an empty set of holes. The length of u will
be denoted by |ul.

If u is a partial word of length n over A, then the companion of u, denoted by u,, is the

total function u, : {0,...,n — 1} — AU {o} defined by

to(i) = { u(i) if i€ D(u),

o otherwise.

The symbol ¢ ¢ A is viewed as a “do not know” symbol. For example, the word u, = aboaca
is the companion of the partial word u of length 6 where D(u) = {0,1,3,5} and H(u) =
{2,4}. The map u — u, is a bijection and thus allows us to define for partial words concepts
such as concatenation, power, reversal, etc. in a trivial way. We define the concatenation of
the partial words u and v by (uv), = usvs. The i-power of the partial word u is defined by

0

(u')s = (us)® where (u,)? = € and (u,)" = us(u,)"!. The reversal of the partial word u is
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defined by (rev(u)), = rev(u,). The set of all partial words over A with an arbitrary number
of holes will be denoted by W (A). It is a monoid under the operation of concatenation where
€ serves as identity.

For partial words u and v, we define u is a prefiz of v, if there exists a partial word x
such that v = uz; u is a suffix of v, if there exists a partial word = such that v = xu; and u
is a factor of v, if there exist partial words x and y such that v = xuy ( the factor u is called
proper if u # € and u # v). The unique mazimal common prefix of u and v will be denoted
by u Av. For a subset X of W(A), we denote by P(X) the set of prefixes of elements in X
and by S(X) the set of suffixes of elements in X. More specifically,

P(X)={u|ue W(A) and there exists x € W(A) such that ux € X}.
S(X)={u|u e W(A) and there exists x € W(A) such that zu € X}.

If X is the singleton {u}, then P(X) (respectively, S(X)) will be abbreviated by P(u)
(respectively, S(u)).

A period of a partial word u is a positive integer p such that w(i) = wu(j) whenever
i,7 € D(u) and i = j mod p. In this case, we call u p-periodic. The smallest period of u is
called the minimal period of v and will be denoted by p(u). A weak period of u is a positive
integer p such that u(i) = u(i 4+ p) whenever 4,7 + p € D(u). In this case, we call u weakly
p-periodic. The smallest weak period of u is called the minimal weak period of u and will be
denoted by p/(u). Note that every weakly p-periodic full word is p-periodic but this is not
necessarily true for partial words. Also even if the length of a partial word u is a multiple of
a weak period of u, then u is not necessarily a power of a shorter partial word.

For convenience, we will refer to a partial word over A as a word over the enlarged
alphabet A U {¢}, where the additional symbol ¢ plays a special role. This allows us to
say for example “the partial word abacaac” instead of “the partial word with companion

abacaao” .

2.1 Compatibility

If v and v are partial words of equal length, then w is said to be contained in v, denoted by
u C v, if all elements in D(u) are in D(v) and u(i) = v(7) for all ¢ € D(u). The notation

u C v will abbreviate the two conditions v C v and u # v holding simultaneously.



The partial words v and v are called compatible, denoted by u T v, if there exists a partial
word w such that v C w and v C w. The least upper bound of u and v will be denoted by
u V v. More precisely, u V v satisfies the following three conditions: v C v Vv and v C u Vv
and D(u V v) = D(u) U D(v). As an example, u = abaooa and v = aooboa are compatible
and u V v = ababoa. We use u$ v as an abbreviation for v T v and u ¢ v and v ¢ u holding
simultaneously.

For a subset X of W(A), we denote by C'(X) the set of all partial words compatible with
elements of X. More specifically,

C(X) ={u|u e W(A) and there exists v € X such that u T v}.

The following two lemmas, related to the combinatorial property of compatibility, are

useful for computing with partial words.
Lemma 1 ([1]) Let u,v,w,z,y € W(A).
Multiplication: Ifu T v and x Ty, then ux T vy.
Simplification: If ux T vy and |u| = |v|, then u T v and z T y.
Weakening: If u T v and w C u, then w T v.
Lemma 2 ([1]) Let u,v,z,y € W(A) be such that ux T vy.
o [f |u| > |v|, then there exist w,z € W(A) such that w = wz, v T w, and y | zx.
o [f|u| <|v|, then there exist w,z € W(A) such that v =wz, v | w, and x T zy.

2.2 Conjugacy

The following lemma, related to the combinatorial property of conjugacy, is used in particular

to prove our main results (Theorems 1 and 2).

Lemma 3 ([5]) Let u,v € W(A)\ {€} and z € W(A) be such that |u| = |v|. Then uz T zv

if and only if uzv is weakly |u|-periodic.



The following lemma is used to prove Theorems 2 and 3. It relates to the compatibility
relations x T y and uz T yv holding simultaneously. Note that when x = y = z, this reduces
touz T zv. Let m be defined as L%j and n as |z|(mod |ul). Then let u = Zoyo, v = Ym+1Tmr2,
T = T1Y1%2Y2 - - - TmYmTmt1, and y = X1y 25Y5 - .. ),y T, Where each x;, 2} has length n

and each y;, v} has length |u| — n. The |u|-pshuffle and |u|-sshuffle of ux and yv are defined

as

_ !,/ !,/ / / /
PSthﬂe|u|(U37a Yv) = ToYoT Y1 T1Y1T5Y; - - - Tm—1Ym—1T Y TmYm T4 1Ym+1Tm+1,

sshuffley, (uz, yv) = Tm1Tpq0.

Lemma 4 ([5]) Let u,v,xz,y € W(A)\ {€} be such that |z| = |y| and |u| = |v|. Then z Ty
and vx T yv if and only if pshuffley, (uz,yv) is weakly |u|-periodic and sshuffle, (uz, yv) is

|z| (mod|u|)-periodic.

Throughout the rest of this paper, A denotes a fixed alphabet.

3 Orderings

In this section, we define two total orderings on partial words, <; and =,., and state three
lemmas related to them that will be used to prove our main results.

First, let the alphabet A be totally ordered by < and let ¢ < a for all a € A. The first
total ordering of W(A), denoted by =, is simply the lexicographic ordering related to a
fixed total ordering on A and is defined as follows: u <; v, if either w is a proper prefix of
v, or u = (uAv)ar,v = (uAv)by with a,b € AU {o} satistfying a <; b. The second total
ordering of W(A), denoted by =,, is obtained from <; by reversing the order of letters in
the alphabet, that is, for a,b € A, a <; b if and only if b <, a.

Now, if u € W(A) and 0 < i < j < |ul, then u[i..j) denotes the factor of u satisfying
(u[i..g))e = uo(i)...us(j —1). The mazimal suffix of u with respect to =; (respectively,
=) is defined as ufi..|u|) where 0 < i < |u| and where u[j..|u|) =<, w[i..|u|) (respectively,
ulj..|u|) 2, uli..|u])) for all 0 < j < |u|. For example, if a <; b <, ¢, then the maximal suffix

of accbac with respect to =<, is cbac, and with respect to <, is ac.

Lemma 5 ([8]) Let u,v,w € W(A).



1. If v is the maximal suffix of w = uv with respect to <, then no nonempty partial words

x,y are such that y C x, u =rx and v =ys for some r,s € W(A).

2. Ifv is the maximal suffix of w = uv with respect to =,., then no nonempty partial words

x,y are such that y C x, u=rx and v = ys for some r,s € W(A).

Lemma 6 ([8]) Let u,v,w € W(A).

1. If v is the maximal suffix of w = uv with respect to <, then no nonempty partial words

x,y,s are such that y C x, w =rx and y = vs for some r € W(A).

2. If v is the mazximal suffiz of w = uv with respect to =<,., then no nonempty partial words

x,y,s are such that y C x, w = rx and y = vs for some r € W(A).

Lemma 7 Let u,v € W(A) \ {e}. Then both u <, v and u =<, v if and only if u € P(v) or
there ezist x,y € W(A) and a € A such that uw = (u A v)ox and v = (u A v)ay.

Proof. If v <; v and u =, v, then either v € P(v), or u = (u Av)ar and v = (u A v)by
where z,y € W(A) and where a,b € AU {o} satisfy a <, b and a <, b. The latter leads to
a = ¢o. Conversely, if u € P(v), then u <; v and v <, v by definition. And if there exist
z,y € W(A) and a € A such that u = (u A v)ox and v = (u A v)ay, then u <; v and u <, v

since ¢ <; @ and ¢ <, a for all a € A. ]

4 Critical factorization theorem on partial words with
an arbitrary number of holes

In this section, we discuss our first version of the critical factorization theorem on partial
words with an arbitrary number of holes. Intuitively, our theorem states that the minimal
weak period of a nonspecial partial word w of length at least two can be locally determined
in at least one position of w. More specifically, if w is nonspecial according to Definition 2,
then there exists a critical factorization (u,v) of w with u,v # € such that the minimal local

period of w at position |u| — 1 (as defined below) equals the minimal weak period of w.

Definition 1 ([8]) Let w € W(A)\ {e}. A positive integer p is called a local period of w at
position i if there exist u,v,x,y € W(A) \ {€} such that w =wv, |u| =i+ 1, |z|=p, z Ty,

and such that one of the following conditions holds for some partial words r, s:
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1. w=rx and v =ys (internal square),

2. x =ru and v =ys (left-external square if r # €),

3. w=rz and y = vs (right-external square if s # €),

4. x =ru and y = vs (left- and right-external square if r,s # €).

The minimal local period of w at position i, denoted by p(w,i), is defined as the smallest
local period of w at position i. Clearly, 1 < p(w,i) < p'(w) < |w| and no minimal local

period is longer than the minimal weak period.
A partial word being special is defined as follows.

Definition 2 Let w € W(A) \ {€} be such that p'(w) > 1. Let v (respectively, v') be the
maximal suffiz of w with respect to <, (respectively, <,.). Let u,u’ be partial words such that

w=uv =uv.
o [f |v| < |V'|, then w is called special if one of the following holds:

1. p(w,|u|l —1) < |u| and r ¢ C(S(u)) (as computed according to Definition 1).

2. p(w, lu] — 1) < |v| and s € C(P(v)) (as computed according to Definition 1).

o [f|v] > |[V'|, then w is called special if one of the above holds when referring to Defini-

tion 1 where u is replaced by u' and v by v'.

The partial word w is called nonspecial otherwise.

The proof of the following theorem not only shows the existence of a critical factorization
for a given nonspecial partial word of length at least two, but also gives an algorithm to

compute such a factorization explicitly.

Theorem 1 Ifw € W(A) is nonspecial and satisfies |w| > 2, then w has at least one critical
factorization. More specifically, if p'(w) > 1, then let v denote the mazimal suffiz of w with
respect to =; and v' the mazimal suffix of w with respect to <,.. Let u,u’ be partial words
such that w = uwv = w'v'. Then the factorization (u,v) is critical when |v| < |V'|, and the
factorization (u',v") is critical when |v| > |v'|. Moreover, if |v| < |v| and the factorization
(u,v) is critical, then w is nonspecial, and if |v| > |v'| and the factorization (u',v") is critical,

then w is nonspecial.
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Proof. If p/(w) = 1, then w = a{°ca"o...a, " '0a™ for some ag,ay,...,a, € A and
integers mg, mq,...,m, > 0. The result trivially holds in this case. We now assume that
P (w) > 1 and that |v| < [v'| (the case where p/(w) > 1 and |v| > [v/] is proved similarly
but requires that the orderings =<; and =, be interchanged). Assume that u = ¢, and thus

w = v. Since |v| < |v'|, we also have w = v’. Consider the following possibilities:

o If w = ooz for some z € W(A), then z # € since p'(w) > 1. Here z is a nonempty
suffix of w, and both z <; v = w and z <, v = w hold. By Lemma 7, z € P(w), or
z = (z ANw)or and w = (z A w)ay for some z,y € W(A) and a € A. In the former
case, w = oz = zab for some a,b € AU {0} in which case, D(z) = () and we have a
contradiction with the fact that p'(w) > 1. In the latter case, w = ooz <; ay <, v = w

leading to a contradiction.

o If w = oaz for some a € A and z € W(A), then az <, v = w = oaz and a <, o,

contradicting our definition of the <;-ordering.

o If w = az for some a € A and z € W(A), then we argue as follows. If b € A is a
letter in z, then b <; @ and b <, a. Thus, b = a and w is unary. We get p'(w) = 1,

contradicting our assumption.

Each possibility yields a contradiction and therefore u # €. Now let us denote p(w, |u| — 1)
by p. We consider the following four cases:
Case 1. p > |u] and p > |v|
If p > |u| and p > |v|, then Definition 1(4) is satisfied. There exist x,y,r,s € W(A)
such that |z| = p, x Ty, © = ru, and y = vs. First, if |r| > |v|, then p = |z| = |ru] >
luv| = |w| > p'(w), which leads to a contradiction. Now, if |r| < |v|, then we may choose
r,s,z,2 € W(A) such that v = rz, u = 2's, and z T 2. There exists z” € W(A) such that
z C 2" and 2/ C 2”. Thus, uv C z"srz” showing that p = |2”sr| is a weak period of uv, and
so p'(w) < p. On the other hand, p'(w) > p. Therefore, p'(w) = p which shows that the
factorization (u,v) is critical.
Case 2. p < |u| and p > |v|
If p < |u| and p > |v|, then Definition 1(3) is satisfied. There exist z,y,r,s,v € W(A)
such that |z| =p, x Ty, u = rx = rys, and y = vs. If v C v, then y C z, and v being the

maximal suffix of w with respect to =;, we get a contradiction with Lemma 6. If v = v or
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v $ v, then we consider whether or not r € C(S(w)). If r ¢ C(S(u)), then w is special by
Definition 2(1). If r € C(S(u)), then 2'r T rz for some 2’. By Lemma 3, u = rz is weakly
|z|-periodic, and so raxy = rxvs is weakly |z|-periodic since x T y. Therefore, p = |z| is a
weak period of uv = rzxv.
Case 3. p < |u| and p < |v|

If p < |u] and p < |v|, then Definition 1(1) is satisfied. There exist x,y,r,s € W(A)
such that |z| = p, Ty, w = rz, and v = ys. If y C z, then v being the maximal suffix
of w with respect to <;, we get a contradiction with Lemma 5. If x C y or £ $y, then we
argue as follows. If r ¢ C'(S(u)) or s &€ C(P(v)), then w is special by Definition 2(1) or
Definition 2(2). If » € C(S(u)) and s € C(P(v)), then 2'r T rx and ys T sy’ for some 2/, y/'.
By Lemma 3, u = rz is weakly |z|-periodic and v = ys is weakly |y|-periodic. Therefore,
p = |x| = |y| is a weak period of uv = rzys since = T y.

Case 4. p > |u| and p < |v|

If p > |u| and p < |v|, then Definition 1(2) is satisfied. There exist x,y,r,s € W(A)
such that |x| =p, Ty, * = ru, and v = ys. Then w is special by Definition 2(2) unless
s € C(P(v)). If s € C(P(v)), then ys T sy’ for some y. By Lemma 3, v = ys is weakly
ly|-periodic, and so xys = ruys is weakly |y|-periodic since x T y. Therefore, p = |y| is a
weak period of uv = uys. |

Referring to Definition 2, the following table provides counterexamples w showing why
our result excludes the special partial words where it is assumed that a <; b and b <, a

(there exists no position ¢ satisfying p'(w) = p(w,1)):

| w [ Def2 |re C(Sw) |[scC(P)[u]v] = |y] r | s |
aaooboooobba 2 yes no re|ys | © | b |aacchoooo | ba
baaobbo 1 no yes re|ys | © b baa bo
aboaca 2 no a |ys| ru |bo b aoa
obobbabbb 1 no ra | bbb | obba | vs ob a

From the proof of Theorem 1, we can obtain an algorithm that outputs a critical fac-
torization for a given partial word w with p'(w) > 1 and with an arbitrary number of holes
of length at least two when w is nonspecial, and that outputs “special” otherwise. The
algorithm computes the maximal suffix v of w with respect to <; and the maximal suffix v’
of w with respect to <,.. The algorithm finds partial words u, ' such that w = uv = uv’. If

|v| < |v'|, then it computes p = p(w, |u| — 1) and does the following:
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1. If p < |ul, then it finds partial words x,y,r, s satisfying Definition 1. If r € C(S(u)),

then it outputs “special”.

2. If p < |vl, then it finds partial words z,y, 7, s satisfying Definition 1. If s ¢ C(P(v)),

then it outputs “special”.
3. Otherwise, it outputs (u,v).

If || > |[v'], then the algorithm computes p = p(w, |u/| — 1) and does the above where u is
replaced by v/ and v by v'. As an example, consider w = aaabobabb. Its maximal suffix with
respect to <; (where a < b) is v = bb and with respect to <, (where b < a) is v' = aaabobabb.
Here |v| < |[v| and the factorization (aaaboba,bb) is not critical since w is special. Now,
if we consider rev(w) = bbabobaaa, its maximal suffix with respect to <; is v = bbabobaaa
and with respect to <, is v = aaa. Here |v| > |v| and rev(w) is nonspecial and so the
factorization (bbabob, aaa) of rev(w) (which corresponds to the factorization (aaa, bobabb) of
w) is critical. This observation leads us to improve our algorithm by considering both w and

rev(w).

Algorithm 1 Step 1: Compute the mazimal suffiz vy of w with respect to =; and the
mazimal suffic v of w with respect to =,. Also compute the mazimal suffic vi of

rev(w) with respect to <, and the mazimal suffiz v} of rev(w) with respect to =<,.

Step 2: Find partial words ug, ug such that w = ugvy = uyvy. Also find partial words uq, u)

such that rev(w) = ujvy = ujvy.

Step 3: If |vo] < |vg] and |v1] < |vi|, then compute py = p(w,|up] — 1) and py =
p(rev(w), Jus| — 1).

Step 4: If po > p1, then do the following:

1. If po < |wg|, then find partial words z,y,r,s satisfying Definition 1. If r ¢
C(S(up)), then output “special”.

2. If po < |vo|, then find partial words z,y,r,s satisfying Definition 1. If s &
C(P(vy)), then output “special”.

3. Otherwise, output (ug,vp).
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Step 5: If po < p1, then do the work of Step 4 with p1,u; and vy instead of pg, ug and vy.

Step 6: If |vg| > |vg)| (or|vi| > |v}|), then do the work of Step 3 with u)y and v} instead of ug
and vy (or do the work of Step 3 with v} and v} instead of wy; and vy). The algorithm
may produce (ug,v,) unless w is special (or may produce (ul,v]) unless rev(w) is

special) (in those cases, output “special”).

5 A class of special partial words

In this section, the nonempty suffixes of a given partial word w are ordered as follows

according to =;:
Vo, lw|—1 =1 Vo,|w|-2 =<1+ <[ V0,0

There result the factorizations of w called (uo0,v00), (0,1, V0,1), - - .. Similarly, the nonempty

suffixes of w are ordered as follows according to =<,.:
g = <y = U
0,|lw|—1 7 Y0,|Jw|-2 "7 r 70,0

There result the factorizations of w called (ug,vg), (41, v04), - - .- The nonempty suffixes

of rev(w) are ordered as follows:

Ul jw|—1 =1 V1,jw|-2 <1 <1 V10

/ / /
UL jw|—1 =r V1 jl—2 =r "7 =r Vg

The factorizations of rev(w) called (u1,0,v10), (U1,1,1,1); - - -5 (), V1 ), (U] 1,01 ), ... result.
Referring to Definition 2, the following table provides examples of special partial words
w whose reversals are also special and for which there exists a position i such that p'(w) =

p(w, i) or p'(w) = p(rev(w), i) resulting in a critical factorization (it is assumed that a <; b

and b <, a):

’ w H Fact \ Critical H Fact \ Critical H Fact \ Critical ‘
aaaooba (10,0, 0,0) no (u/1,07 ULO) no (u1,0,v10) yes
abbaoabb || (1,0, Vo,0) no (u0,v10) no (uo1,v01) yes

acabbobbbaa (“6,0: Vo.0) no (u1,0,v10) no (uo.2,v02) yes
aocbac (u{m, Vo) no (U] o5 Ui,o) no (uo.2,v02) yes
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The above examples lead us to refine Theorem 1. First, we define the concept of an

(k,l)-special partial word (note that the concept of special in Definition 2 is equivalent to the

concept of (0,0)-special in Definition 3).

Definition 3 Let w € W(A) \ {e} be such that p'(w) > 1, and let k,1 be a pair of integers

satisfing 0 < k, 1 < |w].
o If lvor| < |vg,l, then w is called (k,1)-special if one of the following holds:

1. p(w,|ul — 1) < |u| and r & C(S(uo)) (as computed according to Definition 1).

2. p(w, lu] — 1) < |v| and s € C(P(vox)) (as computed according to Definition 1).

o If [uox| > |vg,l, then w is called (k,1)-special if one of the above holds when referring

to Definition 1 where ugy, is replaced by ugy, and voy, by vy,
The partial word w is called (k,l)-nonspecial otherwise.

We now describe our algorithm (based on Theorem 2) that outputs a critical factorization
for a given partial word w with p/(w) > 1 and with an arbitrary number of holes of length at

least two when such a factorization exists, and that outputs “no critical factorization exists”

otherwise.

Algorithm 2 Step 1: Compute the nonempty suffizes of w with respect to =; (say vo jw—1 <
-+ <1 vop) and the nonempty suffives of w with respect to =, (say v -y <r 1 =y
vgo)- Also compute the nonempty suffives of rev(w) with respect to =; (say vy, -1 <

- <y v10) and the nonempty suffizves of rev(w) with respect to =, (say v’17|w|_1 =

= vl
Step 2: Set kg =0,1,=0, ky =0, l; =0, and mwp = 0.

Step 3: If ko > |w| — [[H(w)[| orlo > |w| = [[H(w)[| or k1 > |w| = [|H(w)|| or & >

|w| — ||H(w)||, then output “no critical factorization exists”.

Step 4: If vor, =i Voy,, then update ly with lo + 1 and go to Step 3. If vy, <, Vo, then
update ko with ko 4+ 1 and go to Step 3. If vi 5, < 'U’Ul, then update [y with l; + 1 and
go to Step 3. If vy, =, Vi, then update ky with ky + 1 and go to Step 3.
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Step 5: If ko > 0 and vy, = w, then update ly with lo + 1 and go to Step 3. If ly > 0 and
Vo,ky = W, then update ko with ko + 1 and go to Step 3. If ki > 0 and v}, = rev(w),
then update l; with Iy + 1 and go to Step 3. If l; > 0 and vy, = rev(w), then update
kv with ki + 1 and go to Step 3.

Step 6: Find partial words ug,, g, such that w = ugr,vor, = Ug .00, Also find partial

words uy g, ,uy,;, such that rev(w) = uy g v1r, = Uy, v, -

Step 7: If |vok,| < [vo,l and |vik,| < vy, |, then compute por, = p(w, [ugr,| — 1) and

Pik, = p(rev(w), |u1,k‘1| - 1)

Step 8: If por, < mwp, then move up which means to update ko with ko 4+ 1 and to go to
Step 3. If 1, < mwp, then move up which means to update k; with ky + 1 and to go
to Step 3.

Step 9: If por, = P1k,, then update mwp with poy,. Do the following:

1. If pog, < |Uokel, then find partial words x,y,r,s satisfying Definition 1. If r &
C(S(uok,)), then move up which means update ko with ko + 1 and go to Step 3.

2. If por, < |Vokol|, then find partial words x,y,r,s satisfying Definition 1. If s &
C(P(vok,)), then move up which means update ko with ko + 1 and go to Step 3.

3. Otherwise, output (o ky, Vo k) -

Step 10: If pok, < D1k, then update mwp with pyy, and do the work of Step 9 with p; 1,

Uik, and vy, nstead of pok,, Uok, and Vo,

Step 11: If |vo,| > [vg,,| (07 |1k | > [v1,,]), then compute poy, = p(w, ug,, | — 1) and do
the work of Step 8 with po,, ug,, and vy, instead of po,, Uok, and vok, (move up here
means update ly with lo + 1 and go to Step 3) (or compute p1y, = p(rev(w), [uy, | —1)
and do the work of Step 8 with py,,, uy,, and vy, instead of pyy,, U1k, andvyy, (move
up here means update Iy with l; + 1 and go to Step 3)). The algorithm may produce
(g 105 V0g,) unless w is (Ko, lo)-special (or may produce (u};, v}, ) unless rev(w) is

(k1,11)-special) (in those cases, move up).

We illustrate Algorithm 2 with the following example.
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Example 1 Below are tables for the nonempty suffizes of the partial word w = aocbac and
its reversal rev(w) = cabcoa. These suffizes are ordered in two different ways: The first
ordering s on the left and is an <;-ordering according to the order o < a < b < ¢, and the
second 1s on the right and is an <,.-ordering where © < ¢ < b < a. The tables also contain the
indices used by the algorithm, kg, ly, k1,11, and the local periods that needed to be calculated
in order to compute the critical factorization (aoc,bac). The minimal weak period of w turns

out to be equal to 4.

’ ko ‘ Do,ko ‘ Vo,ko ‘ U(/),zo ‘ Do.lo ‘ lo ‘
) ocbac | ocbac 5
4 aocbac | ¢ 4
3 ac cbac 3
2 |4 bac bac 2
113 c aocbac 1
0|1 chac ac 3 0

Lk pow [oie, [0l o [0
) oa oa 5
4 a coa 4
3 abcoa | cabeoa 3
2 beoa beoa 2
1 |4 coa a 1 1
0 cabcoa | abeoa | 3 0

Algorithm 2 starts with the pairs (vop,vg,) = (cbac,ac), (vi10,v14) = (cabcoa, abcoa) and
selects the shortest component of each pair, that is, vy, and vy . In Step 11, poo is computed
as 3 and p1o as 3. Since poo > pro > mwp = 0, the factorization (ug g, vo,) = (aoch, ac)
is chosen and the algorithm discovers that w is (0,0)-special according to Definition 3.
The variable ly is then updated to 1 and the pairs (vop, vy ;) = (cbac, aocbac), (v10,v] ) =
(cabcoa, abcoa) are treated with shortest components vo, vy o respectively. Now, pog is com-
puted as 1 and pi1p as 3. Since pog < p1o < mwp = 3, ko gets updated to 1 and l; to
1. Now, the pairs (vo1,v5,) = (c,aocbac), (vip, v} ;) = (cabcoa,a) are considered and in
Step 5, ly is updated to 2 since ko = 1 > 0 and vy, = vy, = w. The pairs (vo1,vh,) =
(c,bac), (v10,v] 1) = (cabcoa, a) are treated and in Step 5, ky is updated to 1 since l; =1 >0
and vy, = vio = rev(w). Comes the turn of (vo,1,vy,) = (¢, bac), (vi1,v],) = (coa, a) with
shortest components voy and vy,. The algorithm computes poy = 3 and pyy = 1. Since

pi1 < pog < mwp = 3, the indices ko and [y get updated to 2 and the pairs (voz2,vy,) =
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(bac, bac), (v1,1,v] 5) = (coa, beoa) are then considered with shortest components vo 2, v1,1 and
with poo = 4,p1,1 = 4 calculated in Step 7. Since poo > p1.1 > mwp = 3 leads to an improve-
ment of the number mwp, the algorithm outputs (uoz2,voz2) in Step 9 with mwp = poo = 4

(here w is (2,2)-nonspecial).
We now prove Theorem 2.

Theorem 2 1. Let (ko,lo) be a pair of nonnegative integers being considered at Step 9
(when po g, > mwp or when pyy, > mwp). If w e W(A) is (ko, ly)-nonspecial satisfying
lw| > 2 and p'(w) > 1, then w has at least one critical factorization. More specifi-
cally, the factorization (uo,, Vok,) 18 critical when |vok,| < |vgy,|, and the factorization
(0 105 V04,) 18 critical when |vog,| > [vg,,|. Moreover, if [vo | < |vg,,| and the factor-
ization (Uoky, Vo,ke) 05 critical, then w is (ko, lo)-nonspecial, and if |vok,| > |vg,,| and

the factorization (ug,,vy,,) s critical, then w is (ko,lo)-nonspecial.

2. Let (ky,1y) be a pair of nonnegative integers being considered at Step 10 (when py , >
mwp or when py;, > mwp). If rev(w) € W(A) is (ki,l1)-nonspecial satisfying |w| > 2
and p'(w) > 1, then rev(w) has at least one critical factorization. More specifically,
the factorization (uyr,,vik,) is critical when |viy,| < |vi, ], and the factorization
(uy,,,v1y,) is critical when |vi, | > [v,, |. Moreover, if vy, | < |v],, | and the factor-
ization (uik,, Vi, ) 8 critical, then rev(w) is (ky,l1)-nonspecial, and if [vig,| > [v],,|

and the factorization (u';,, v}, ) is critical, then rev(w) is (ki,l1)-nonspecial.

Proof. We prove Statement 1 (Statement 2 is proved similarly). The pair (ko,ly) = (0,0)
was treated in Theorem 1. So, we may assume that (ko,lp) # (0,0). We consider the case
where |vgg,| < |vg,,| (the case where [vgg,| > [vg,,| is handled similarly but requires that
the orderings <; and =<, be interchanged). Here, ugy, # € unless voy, = 1)6710 = w. In
such case where vor, = vy, = w, if w begins with ¢, then the algorithm will discover in
Step 3 that w has no critical factorization. And if w begins with a for some a € A, then
ko < |w| — [[H(w)|| and ly < |w| — ||H(w)||. In such case, we have (ko > 0 and vy, = w)
or (lp > 0 and vy, = w). In the former case, Step 5 will update ly with [y + 1 resulting in
the pair (kg, lo + 1) being considered in Step 3; in the latter case, Step 5 will update kq with
ko + 1 and (ko + 1,1o) will be considered in Step 3.

We now consider the following cases where pgx, denotes p(w, |ugg,| — 1).
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Case 1. pogy, = |Uoky| and por, > Vo k|
Here Definition 1(4) is satisfied and there exist x,y,r,s € W(A) such that |z| = pok,,
x Ty, = rupg and y = vog,s. First, if || > |vog,|, then por, = |z| = |ruog,| >
|0 keVoke| = |w| > p'(w), which leads to a contradiction. Now, if |r| < |vgg,|, then by
Lemma 2, there exist r’, z € W(A) such that vy, = 1"z, r T/, and ugy, T zs. There exists
r” such that » C r” and " C r”, and there exist 2/, s’ such that ugg, C 2's’, 2 C 2/ and

'r'2’ showing that pgx, = |2's'r’| is a weak period of g x,v0 ko

s C s'. Thus, ugk,vok, C 2's
and p'(w) < pog,- On the other hand, p’(w) > pox,. Therefore, p’(w) = por, which shows
that the factorization (ug g, Vo x,) is critical.
Case 2. po g, < |tok| and por, > V0 k|
Here Definition 1(3) is satisfied and there exist x,y,r,s,v € W(A) such that |z| = po x,,
Y T Vokys Uok, = T = 178, and y = vox,s. Note that if kg = 0 and vy, C v, then y C x
and we get a contradiction with Lemma 6. If r & C(S(ugg,)), then w is (ko, lo)-special by
Definition 3(1). If » € C(S(ugg,)), then there exists 2’ such that 2’r T rx. The result follows
as in Case 2 of Theorem 1.
Case 3. po, < |Uok,| and por, < Vol
Here Definition 1(1) is satisfied and there exist z,y,r,s € W(A) such that |z| = pg,,
z Ty, uok, =71z, and vor, = ys. Note that if by = 0 and y C =, then we get a contradiction
with Lemma 5. Here w is (ko, ly)-special by Definition 3 unless r € C(S(ugg,)) and s €
C(P(vok,)). If the two conditions hold, then z'r T rz and ys T sy’ for some ', 3’. The result
follows as in Case 3 of Theorem 1.
Case 4. Poky = [Uoke| and pok, < |vo k|
Here Definition 1(2) is satisfied and there exist z,y,r,s € W(A) such that |z| = pg,,
x 1y, v = rupk and vor, = ys. Note that if kp = 0 and »r = € and y C z, then
we get a contradiction with Lemma 5. Here w is (ko,lp)-special by Definition 3(2) unless
s € C(P(vog,)). If s € C(P(vok,)), then ys T sy’ for some 3" and the result follows as in
Case 4 of Theorem 1. O
We conclude this section by characterizing the special partial words that admit critical
factorizations. If w is such a special partial word satisfying |voo| < [vggl, then poo =
p(w, lugo| — 1) < p'(w). The following theorem gives a bound of how far py is from p'(w)

and explains why Algorithm 2 is faster in average than a trivial algorithm where every
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position would be tested for critical factorization.

Theorem 3 Let w € W(A) be a special partial word that admits a critical factorization, and
let vy (respectively, Ué,o) be the mazximal suffix of w with respect to <, (respectively, =<, ).

Let g, up o be partial words such that w = g gvo,0 = U oV -
o If lvgo| < |vhgl, then the following hold:

1. If w is special according to Definition 2(1), then one of the following holds:

(a) If poo < |voo|, then there exist nonnegative integers m,n, partial words
Loy .-y Ty, Ths - - o Ty yq Of lengthn, and partial words Yo, . . ., Yms1:Y1s - - > Yy
of length p'(w) — poo — n such that

— ToYoT Y1 T1Y1 Y - - 'xmflymflx;ny;nxmymx;nJrlmerlmerl has a weak pe-
riod of p'(w) — po.o,
— Tmt1 | Tma,
— Poo = |T11%2Y2 - - - TnYmTmir| < Poo + |Toyo| = p'(w),
— upp s a suffix of a weakly p'(w)-periodic partial word ending with
LoYoT1Y1L2Y2 - - - TmYmTm+1,
— Voo 18 a prefix of a weakly p'(w)-periodic partial word starting with
LY T - - -'I;ny;nx;n+1?/m+1$m+2~

(b) If poo > |vool|, then let s denote the nonempty suffix of length poo — |vool| of
uo,0. Then there exist nonnegative integers m,n and partial words as above
except that

— Poo = |x1y1x2yg ce xmymxm-i-ls‘;
— g s a suffix of a weakly p'(w)-periodic partial word ending with
ToYoT1Y1T2Y2 « - - TonYmTma1S,
— V00 = T, - T YT 1
2. If w is special according to Definition 2(2), then one of the following holds:

(a) If poo < |uopl|, then there exist mnonnegative integers m,n, partial words

L0y .-y Tng2, Ths - - Ty iy Of lengthn, and partial words Yo, . . ., Yms1:Ys - - - > Yy

of length p'(w) — po,o — n such that
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— ToYoT Y1 T1Y1T5Yy - - 'xmflymflx%y;nxmymx;n—i-lmerlmerl has a weak pe-
riod of p'(w) — po,o,

- Tm+1 T-Tm—i—Z;

= Poo = [T @55 - - T Y Tinaa| < P00 F |Yma1Tmra| = p'(w),

— upp is a suffix of a weakly p'(w)-periodic partial word ending with

ToYol1Y1Z2Y2 - - - TimYmTm+1,

— Voo 18 a prefix of a weakly p'(w)-periodic partial word starting with

TYATYY) - - T L 41 Yt Tt
(b) If poo > |uoo|, then let r denote the nonempty prefix of length poo — |uool| of
vo,0- Then there exist nonnegative integers m,n and partial words as above

except that

_ P VA
— Poo = |r:131y1x2y2 s xmymxm+1|7

— Up,0 = T1Y1X2Y2 - - - TimYmTm41,

— Voo 18 a prefiz of a wealky p'(w)-periodic partial word starting with

Pl ol ol /A
TT1Y122Ys - - - xmymxm+1ym+1xm+2-

o If lvgo| > |vhl, then the above hold when replacing ugo,vo0 by ug g, vh o Tespectively.

Proof. Let us prove Statement 1. Let z,y,r € W(A) \ {¢} and s € W(A) be such that
|z] = poo, * Ty, uoo = rx, and either voy = ys or y = vg0s.

We first assume that vog = ys (this case is related to Statement 1(a)). Since w ad-
mits a critical factorization, there exists (ko,lo) # (0,0) such that w is (ko,l)-nonspecial
and either (uoy, Voke) (if [Vore| < [vgy,]) or (g, v0y,) Gf [Vok,| > [vg,,]) is critical with
minimal local period ¢ (here poy < ¢ = p'(w)). Let a, 8 € W(A) \ {€} be such that
ar 1 yB, |lax| = |yB| = ¢, either ugg is a suffix of ax or az is a suffix of wyp, and

|z|

either yf is a prefix of vgg or wyg is a prefix of y3. Let m be defined as || and n

lal
as |z|(mod |a|). Then let @ = xoyo, S = Ymi1Tmiz, T = TIY1T2Y2 - - - TYmTmr1, and
y = zhyiwhys ... xl Y, where each x;, ) has length n and each y;, y; has length |a| —n.
By Lemma 4, pSthﬂe\al(O‘xa YB) = ToYoT Y1 T1Y1T5Y5 - - T 1Ym 1T Yy T Ym Ty 11 Yt 1Tm 41
is weakly |a|-periodic and sshuffle(az,yB8) = Tpi1Tmie is |z|(mod|al)-periodic (which

means that z,,11 T T;,12) and the result follows.
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We now assume that y = vg s with s # € (this case is related to Statement 1(b)). Set
x =s. Here ax T v of0s for some a, 3 € W(A) \ {e}. By simplification, ay T voo/f3, and we
also have 7 T vgo. The result follows similarly as above.

Finally, let us prove Statement 2. Let x,y,s € W(A) \ {e} and r € W(A) be such that
|z| = poo, x Ty, either ugp = ra or x = rugy, voo = ys, and let (ko,ly) and ¢ be as above.
Statement 2(a) is similar to Statement 1(a). For Statement 2(b), let o, 5,7 € W(A) \ {¢}
be such that y = v, raugo T yB, |az| = |yB| = ¢, and either yf3 is a prefix of vy or v is
a prefix of y3. By simplification, augy T 73, and we also have ugp T 7. The result follows

from Lemma 4. O

6 Conclusion

In this paper, we considered one of the most fundamental results on periodicity of words,
namely the critical factorization theorem, and extended it to partial words (such sequences
may contain “do not know symbols” or “holes”). While the critical factorization theorem on
words shows that critical factorizations are unavoidable, Theorem 1 shows that such factor-
izations can be possibly avoidable for the so-called special partial words. Then, Theorem 2
refines the class of the special partial words to the class of the so-called (k,1)-special partial
words. Theorem 2’s proof leads to an efficient algorithm which, given a partial word with
an arbitrary number of holes, outputs “no critical factorization exists” or outputs a critical
factorization that gets computed from the lexicographic/reverse lexicographic orderings of
the nonempty suffixes of the partial word and its reversal. Finally, Theorem 3, characterizes
the (0, 0)-special partial words that admit critical factorizations.

In our testing of the algorithm, we felt it important to make the distinction between
partial words that have a critical factorization and partial words for which no critical factor-
ization exists. In the table below, we provide data concerning partial words without critical
factorizations. Tests were run on all partial words with an arbitrary number of holes over a

three letter alphabet from sizes two to twelve.
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Size || Number of partial words | Number of partial | %
without CF's words

2 0 16 0.0

3 0 64 0.0

4 24 256 9.375
5 144 1024 14.063
6 816 4096 19.922
7 3852 16384 23.511
8 17376 65536 26.514
9 73962 262144 28.214
10 311460 1048576 29.703
11 1269606 4194304 30.270
12 5115750 16777216 30.492

In the case where a partial word has no critical factorization, we exhaustively search
|w| — ||H(w)]|| positions for a factorization. Now we show the average values for our indices
ko, lo, k1,11 after the algorithm completes over the same data set. Also, we show the average

values for these indices when partial words without critical factorizations are ignored.

All partial words Partial words with CFs
Size ]{?0 ‘ lo ‘ /{31 ‘ ll ]{30 ‘ lo ‘ ]{71 ‘ ll
2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
4 0.137 1 0.180 | 0.105 | 0.102 || 0.0 0.0 0.0 0.0
5) 0.352 | 0.377 | 0.233 | 0.212 || 0.017 { 0.017 | 0.010 | 0.010
6 0.617 | 0.657 | 0.453 | 0.394 || 0.049 | 0.049 | 0.033 | 0.033
7 0.848 | 0.910 | 0.651 | 0.568 || 0.083 | 0.081 | 0.058 | 0.058
8 1.093 | 1.181 | 0.862 | 0.763 || 0.123 | 0.121 | 0.091 | 0.090
9 1.297 | 1.413 | 1.050 | 0.945 || 0.160 | 0.158 | 0.121 | 0.120
10 1.505 | 1.650 | 1.242 | 1.134 || 0.196 | 0.194 | 0.151 | 0.150
11 1.676 | 1.848 | 1.407 | 1.301 || 0.229 | 0.228 | 0.180 | 0.179
12 1.834 | 2.030 | 1.562 | 1.460 || 0.262 | 0.261 | 0.209 | 0.209

From this data, we see that if a partial word has a critical factorization, then the algorithm

discovers it extremely quickly.
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