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Abstract. Partial words are strings over a finite alphabet that may con-
tain a number of “do not know” symbols. In this paper, we introduce the
notions of binary and ternary correlations, which are binary and ternary
vectors indicating the periods and weak periods of partial words. Ex-
tending a result of Guibas and Odlyzko, we characterize precisely which
of these vectors represent the (weak) period sets of partial words and
prove that all valid correlations may be taken over the binary alpha-
bet. We show that the sets of all such vectors of a given length form
distributive lattices under inclusion. We also show that there is a well
defined minimal set of generators for any binary correlation of length
n and demonstrate that these generating sets are the primitive subsets
of {1,2,...,n — 1}. Finally, we investigate the number of correlations of
length n.

1 Introduction

Words, sequences or strings of symbols from a finite alphabet, arise naturally in
several areas of mathematical sciences. Notions and techniques related to peri-
odic structures in words find applications in virtually every area of theoretical
and applied computer science, notably in text processing, data compression, cod-
ing, computational biology, string searching and pattern matching algorithms.
Repeated patterns and related phenomena in words have played over the years a
central role in the development of combinatorics on words, and have been highly
valuable tools for the design and analysis of algorithms.

The first significant results on periodicity are the theorem of Fine and Wilf
[9] and the critical factorization theorem [7]. These two fundamental results refer
to two kinds of phenomena concerning periodicity: The theorem of Fine and Wilf
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considers the simultaneous occurrence of different periods in one string, whereas
the critical factorization theorem relates local and global periodicity of strings.
Starting from these basic classical results, the study of periodicity has grown
along both directions. Reference [15] contains a systematic and self-contained
exposition of this theory, including more recent significant results such as an
unexpected theorem of Guibas and Odlyzko which gives the structure of the set
of periods of a string [10].

In many practical applications, such as DNA sequence analysis, repetitions
admit a certain variation between copies of the repeated pattern because of
errors due to mutation, experiments, etc. Approximate repeated patterns, or
repetitions where errors are allowed, are playing a central role in different vari-
ants of string searching and pattern matching problems. Partial words, or strings
that may have a number of “do not know” symbols (also called “holes”), have
acquired great importance in this context [11,12,13,14,17]. Another application
area of current interest for the study of partial words is data communication
where some information may be missing, lost, or unknown. In their seminal and
fundamental work [1], Berstel and Boasson introduced this notion of partial word
and proved a theorem analogous to the periodicity theorem of Fine and Wilf for
the one-hole case. After them, Blanchet-Sadri and Hegstrom extended this re-
sult to partial words with two and three holes [5], and finally Blanchet-Sadri
extended it to arbitrary partial words [2]. Blanchet-Sadri and co-authors have
developed this line of research of periodicity on partial words and obtained the
first algorithms in the context of partial words. In particular, they extended the
critical factorization theorem to partial words with an arbitrary number of holes
[4,6] and Guibas and Odlyzko’s theorem to partial words with one hole [3].

In [10], Guibas and Odlyzko consider the period sets of strings of length n
over a finite alphabet, and specific representations of them, (auto)correlations,
which are binary vectors of length n indicating the periods. Among the possible
2™ bit vectors, only a small subset are valid correlations. There, they provide
characterizations of correlations, asymptotic bounds on their number, and a
recurrence for the population size of a correlation, that is, the number of strings
sharing a given correlation. In [16], Rivals and Rahmann show that there is
redundancy in period sets and introduce the notion of an irreducible period set.
They prove that I, the set of all correlations of length n, is a lattice under
set inclusion and does not satisfy the Jordan-Dedekind condition. They propose
the first efficient enumeration algorithm for I, and improve upon the previously
known asymptotic lower bounds on the cardinality of I,. Finally, they provide
a new recurrence to compute the number of strings sharing a given period set,
and exhibit an algorithm to sample uniformly period sets through irreducible
period sets.

In the case of partial words, there are two notions of periodicity: one is that of
period, the other is that of weak period. In this paper, we study the combinatorics
of possible sets of periods and weak periods of partial words in a similar way
as it was done for the structure of all global periods of words. In Section 3,
we introduce the notions of binary and ternary correlations, which are binary



and ternary vectors indicating the periods and weak periods of partial words.
Extending the result of Guibas and Odlyzko, we characterize precisely which of
these vectors represent the (weak) period sets of partial words and prove that all
valid correlations may be taken over the binary alphabet. In Section 4, we show
that the sets of all such vectors of a given length form distributive lattices under
inclusion extending results of Rivals and Rahmann. We also show that there is a
well defined minimal set of generators for any binary correlation of length n and
demonstrate in Section 5 that these generating sets are the primitive subsets of
{1,2,...,n — 1}. Finally, we investigate the number of correlations of length n.

2 Definitions, notations, and preliminary results

Traditionally, a (full) word u is defined as a function w : {0,1,...,n—1} — A for
some n > 0 and some nonempty, finite set A, called the alphabet. The length n is
denoted |u| and sometimes the word is written explicitly as v = w(0)u(1) - - - u(n—
1). When n = 0 we say the word is empty and denote it by €. We denote the set
of all words of length n over the alphabet A by A™ and the set of all words over
A by A*.

A partial word is defined similarly except u is a partial function. We define
D(u) to be the domain of w, ie., the set of i € {0,1,...,n — 1} such that
u(i) is defined. Moreover, we define the companion of u to be the full word
o :{0,1,...,n—1} — AU{o} defined by ue (i) = u(i) if i € D(u) and u,(i) = ¢
otherwise. Finally we define H(u) = {0,1,...,n—1}\ D(u) to be the set of holes
of u. Throughout this paper v and u, will be used interchangeably. For example,
u = abbobboa is a partial word where D(u) = {0,1,2,4,5,7} and H(u) = {3,6}.
We say that A7 is the set of partial words of length n over the alphabet A and
that A% is the set of all partial words (including ¢) over the alphabet A.

Partial words allow for two weakenings of equality which we call containment
and compatibility. We say that the partial word w is contained in the partial word
v (denoted u C v) provided that |u| = |v|, D(u) C D(v) and for all i € D(u) we
have that u(i) = v(¢). As a weaker notion, we say that the partial words u and v
are compatible (denoted u T v) provided that there exists another partial word w
such that v C w and v C w. An equivalent formulation of compatibility is that
|u| = |v| and for all i € D(u) N D(v) we have that u(i) = v(i). As an example,
u = abbobboa and v = obbaboba are compatible with w = abbabbba. For a partial
word u, we denote by C(u) the set of all partial words compatible with u. More
specifically, C(u) = {v | v T v}.

We say that a partial word u is (strongly) p-periodic provided that u(i) = u(j)
for all 4, j € D(u) with ¢ = j mod p. Moreover, we say that all partial words have
period 0. We denote the set of all periods of w which are less than |u| by P(u).
Similarly we say that a partial word u is weakly p-periodic provided that whenever
0<i<n-—pandi,i+pec D(u) we have u(i) = u(i+p). We call the set of weak
periods of u which are less than |u| by P’(u). It is obvious that P(u) C P’(u) and
in the case of full words, P(u) = P’(u) since D(u) = {0,1,...,|u|—1}. In general
this equality does not hold. As an example, consider the partial word abobbbobbbb,



which is weakly 2-periodic but not 2-periodic. When ¢ € P’(u) \ P(u) we say
that u has a strictly weak period of gq. Note that if for some n we have that
u,v € AY and u C v, then P(v) C P(u) and P'(v) C P'(u).

We will say that the greatest lower bound of a pair of partial words u and
v of length n is the partial word u A v with D(u Av) = {0 < i <n |i€
D(u) N D(v) and u(i) = v(i)} and (u Av)(i) = u(i) = v(i) for all i € D(u A v).
Consider for example the partial words u = abbbbboa and v = obbaboba where
uAv = obbobooa. Note that u A v is constructed so that (u A v) C u and
(u A v) C v. Moreover, it is easily seen that u A v is mazimal in the sense that
for all partial words w which satisfy w C v and w C v we have that w C (uAwv).
One property we notice immediately about the greatest lower bound is that if
u,v € A2, then P(u) UP(v) C P(uAv) and P'(u) UP' (v) CP'(uAwv).

For any 0 < p < |u] and 0 < i < p, define w;, = u(i)u(i + p)u(i +2p) - - -,
the ith p-word of u. Clearly, p € P(u) if and only if u;, is 1-periodic for all
0 < i < p. Similarly, p € P'(u) if and only if u;, is weakly 1-periodic for all
0<i<p.

3 Characterizations of correlations

The major result of [10] was a complete characterization of the possible sets
of periods for full words of arbitrary length. Guibas and Odlyzko stated their
results not in terms of sets of periods but in terms of bit vectors which they called
correlations. For a (full) word u, let v be the bit vector of length |u| for which
v; = 1 whenever i € P(u) and v; = 0 otherwise. We call v the correlation of u.
For example, the word abbababbab has periods 5 and 8 and thus has correlation
1000010010. This representation gave them a useful method of representing sets
of periods in concise ways and allowed them to prove the main result of their
paper. We now recall their theorem, for which we will need a definition.

Definition 1. A bit vector v of length n is said to satisfy the

— Forward propagation rule provided that for oll 0 < p < q < n such that
vp = vg = 1 we have that vy iq—p) = 1 for all integers i satisfying 2 < i <
(n—p)/(a—p),

— Backward propagation rule provided that for any nonnegative integers p and
q less than n such that 0 < p < q¢ < 2p and v, = vy =1 and vep_q = 0 we

have that v,_;q—p) =0 for alli = 2,...,min{p/(q¢ —p),(n —p)/(qd —p)}-

Theorem 1. Guibas and Odlyzko [10] For correlation v of length n the fol-
lowing are equivalent:

1. There exists a word over the binary alphabet with correlation v.
2. There exists a word over some alphabet with correlation v.
8. The correlation v satisfies the forward and backward propagation rules.

Corollary 1. For any alphabet A and any word u € A*, there exists a word
v € {a,b}* such that P(v) = P(u).



In this section, we follow the example of Guibas and Odlyzko and completely
characterize the possible sets of periods and weak periods of partial words. To do
so we first extend their definition of a “correlation” to incorporate the difference
between strictly weak periods and strong periods, a difference which does not
occur in the case of full words.

Definition 2. Let P and Q be sets. We say that the pair (P,Q) is a ternary
correlation of length n provided that there exists a partial word u € AL such
that P = P(u) and Q = P'(u) \ P(u). Such a pair we will denote by P/Q. For
a given ternary correlation P/Q of length n, we define its correlation vector v
to be the ternary vector for which v; = 1 whenever i € P, v; = 2 whenever
i € Q, and v; = 0 otherwise. We will say that P(v) ={0<i<n|v; =1} and
P(v)={0<i<n]|v; >0} When Q = &, we will call the correlation P/Q a
binary correlation.

We begin the process of characterizing the correlations of partial words by
recording two facts. (1) The first formalizes a relatively obvious property of
the periods of full words: For all integers p > 0 define (p),, to be the set of
nonnegative integers less than n which are multiples of p. Then for all u € A",
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for some P C {0,1,2,...,n — 1}. (2) The second characterizes the relationship
between partial words and the words which are compatible with them: If u is a
partial word over an alphabet A, then

Pw= |J P

weC (u)NA*

For example, consider the partial word u = abcaccabca over the alphabet A =
{a,b,c}. Then P(u) = {3,6,9,10} = P(w;1) U P(ws) U P(w3) where wy =
abcaacabca, wy = abcabcabea and w3 = abcaccabea are the words w satisfying
w e Clu) N A*.

We are now ready to state the first part of our characterization theorem.
This part of the theorem completely characterizes the set of binary correlations
of all partial words. In the sequel, we only use the subscript n in (p), when its
value is not clear from context.

Theorem 2. For any finite collection uy,us,...,ur of full words of length n
over an alphabet A, there exists a partial word w of length n over the alphabet

{a,b} with P(w) = P'(w) = P(ur) UP(uz2) U---UP(ug).

Proof. (Sketch) The case k = 1 follows from Corollary 1. Moreover, since ¢ is
the only word of length 0, the case n = 0 forces k = 1 and so we assume that
k> 1 and n > 0. Then from (1) we have that

k
UPw)=Uw
j=1
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for some P C {0,1,...,n —1}. Thus for all 1 < j <k, we assume that P(u;) =
(p;) for some 0 < p; < n.

With these assumptions, we move on to the case when k£ = 2. For notational
clarity we set u = u1, v = ug, P(u) = (p), and P(v) = {g) for some 0 <p < ¢ <
n. Define

ab™ ! ifp=0
wp =1 (abP~Hkab™1 ifp>0andr >0
(abP— 1)k otherwise

where n = kp + r with 0 < r < p. Similarly define w,. Obviously P(w,) = (p)
and P(wgy) = (g). We claim that P(w, A wg) = P(wp) U P(wy).

Moreover, we see that w, A w, has no strictly weak periods. Assume the
contrary and let § € P’ (wp Awy) \ P(wp Awg). Then there exist ¢, j € D(wp Awg)
such that ¢ = j mod £ and (wp, A wy)(i) = a and (w, A wy)(j) = b, and for all
0 < k < n such that kK = i mod £ and k is strictly between i and j we have
k € H(wp Awy). Let k be such that |i — k| is minimized (that is, if ¢ < j then k is
minimal and if ¢ > j then k is maximal). This minimal distance is obviously &.
Then p and ¢ divide ¢ and at least one of them divides k. But we see that only
one of p and ¢ divides k, for if both did then (w, Awg)(k) = a # o. Without loss
of generality let p|k. But as p|i and p|k, we have p||i — k| = £. Then since w,, is
p-periodic, we have that w,(l) = wy(i) = a for all [ = ¢ mod p. But j =i mod &
and p|¢, so j = i mod p. Therefore, wy(j) = a and thus (w, A wy)(j) # b, a
contradiction. Now let & > 2 and let {p1,...,pr} C {0,1,...,n — 1} be the
periods such that P(u;) = (p;). We claim that P(wp, A -+ Awp,) = Plwp,) U
-+ UP(wp,) and that wy, A--- Awp, has no strictly weak periods. O

Theorem 2 tells us that every union of possible correlations of full words over
any alphabet is the correlation of a binary partial word. But (2) tells us that
the period set of every partial word over any alphabet (including the binary
alphabet) is the union of the period sets of all full words compatible with it.
Thus, we have a bijection between these sets which we record as the following
corollary.

Corollary 2. The set of valid binary correlations P/@ of length n over the
binary alphabet is precisely the set of unions of valid correlations of full words
of length n over all nonempty alphabets.

In light of (2), the following corollary is essentially a rephrasing of the pre-
vious corollary. But as a concept, this corollary is important enough to deserve
special attention.

Corollary 3. The set of valid binary correlations P/ over an alphabet A with
|A| > 2 is the set of valid binary correlations over the binary alphabet. Phrased
differently, if u is a partial word over an alphabet A, then there exists a binary
partial word v such that P(v) = P(u).

Theorem 2 and Corollaries 2 and 3 give us three equivalent characterizations
of valid binary correlations of partial words over an arbitrary alphabet. They



do not mention at all, though, the effect of strictly weak periods. The following
theorem shows that the characterization is actually rather elegant.

Theorem 3. A ternary correlation P/Q of length n is valid if and only if

1. P is the nonempty union of sets of the form (p)n,
2. For each q € Q, there exists an integer 2 < m < % such that mq ¢ P U Q.

Proof. (Sketch) First, if Q = @ then we are in the case of Corollaries 2 and
3. Thus we consider only the case when Q) # @. We begin by taking a triple
(P, Q,n) satisfying the above conditions along with the assumption that n is at
least 3 since the cases of zero-letter, one-letter, and two-letter partial words are
trivial by simple enumeration considering all possible renamings of letters. So
we may now define

Vo = /\qu Vg wp = /\pEP Wp

where ¢, = ab?"lob" 97! with 1 < ¢ < n, a,b € A are distinct letters, and w,
is as in the proof of Theorem 2. Notice that 0 ¢ @ since 0 € P and then Om € P
for all integers m. Thus, 9 is well-defined. Then we claim that v = wp A1 is
a partial word with correlation P/Q.

We claim that P = P(u) and since P U Q C P’(u) it suffices to show that
if ¢ € P’'(u) \ P(u) then ¢ € Q. Since ¢ € P’'(u) \ P(u) we have that some w; 4
contains both a and b. But the only possible location of a is 0, so we may write
this as u(0) = a, u(gj) = o, and u(gk) = b for some k > 2 and 0 < j < k. But
notice then that u does not have period ¢ so ¢ ¢ P. Thus, since u(q) = ¢, we
have that ¢ € ) and have thus completed this direction of the theorem. Now
consider the other direction, i.e., if we are given a partial word u with correlation
P/Q, then P/Q satisfies our conditions. By Theorem 2 we have that the first
condition must be met and we claim that the second condition must be met as
well. a

In analogy to Corollary 3, we record the following fact.

Corollary 4. The set of valid ternary correlations P/Q over an alphabet A
with |A| > 2 is the same as the set of valid ternary correlations over the binary
alphabet. Phrased differently, if u is a partial word over an alphabet A, then there
exists a binary partial word v with P(v) = P(u) and P'(v) = P'(u).

We end this section with some consequences of Theorem 3. Having completely
characterized the sets of binary and ternary correlations of partial words and
having shown that all valid binary and ternary correlations may be taken as
over the binary alphabet, we give these sets names. In the sequel we shall let A,
be the set of all valid binary correlations of partial words of length n and A,
the set of valid ternary correlations of length n.

As a first consequence of Theorem 3 we notice that for a given ternary cor-
relation v € A, we have that v; # 2 for all i > | 251 |. Another consequence of
Theorem 3 is that for all v € A,, we have that

P@) = [ @)
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for some P C {0,1,...,n — 1}, and we say that P generates the correlation
v. One such P is P(v). But in general there are strictly smaller P which have
this property. For example, if v = 1001001101 then P(v) = {0, 3,6,7,9}. While
P = P(v) will generate this set, we see that P = {0,3,6,7}, {3,6,7}, {0,3,7},
or {3,7} (among others) will as well. On the other hand, we see that there is a
well defined minimal set of generators. That is, for every v € A,, there is a set
R(v) such that for any set P which generates v we have that R(v) C P. Namely,
this is the set of nonzero p € P(v) such that for all ¢ € P(v) with p # ¢ we have
that ¢ fp. For if there is ¢ distinct from p such that ¢|p then we have that all
multiples of p are also multiples of ¢, i.e., (p) C (g). Moreover, we see since there
are no divisors of the elements of R(v) in P(v) that the only p € P(v) which can
generate r € R(v) is r itself. Thus we have achieved minimality.

We will call R(v) the irreducible period set of v. For partial words of length
n, we define @,, to be the set of all irreducible period sets. Moreover, we see that
there is an obvious bijective correspondence between @,, and A,, given by the
function R : A,, — &,, in one direction and its inverse E : &, — A,, defined as
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4 Structural properties of A,,, A/ and &,

In [16] Rivals and Rahmann defined the set of all valid correlations of full words
of length n as I,. They then defined a notion of irreducible period set based on
forward propagation. Specifically, they noticed that (like partial words), some
periods are implied by other periods because of the forward propagation rule. An
example is that if a twelve-letter word has periods 7 and 9 then it must also have
period 11 since 11 = 742(9—7). They then gave for any v € I',, conditions for a
period set to be an irreducible period set associated with v and showed that this
minimal set of periods exists and is unique. In the above example, {0,7,9,11}
would correspond to {0,7,9}. The set of these irreducible period sets they called
Ay

Our notion of irreducible periods and Rivals and Rahmann’s differ in a fun-
damental way. Specifically, their definition relied on forward propagation. This
rule does not hold in the case of partial words. For example, the proof of The-
orem 3 tells us that abbbbbbobobb has periods 7 and 9 but does not have period
11. Thus, {7,9,11} is irreducible in the sense of partial words, but not in the
sense of full words.

The idea of reduction is still present though. And in [16] Rivals and Rahmann
went on to show several structural properties of I3, and A,. Specifically, they
showed that I, is a lattice under inclusion which does not satisfy the Jordan-
Dedekind condition, a criterion which stipulates that all maximal chains between
two elements of a poset are of equal length. Violating this condition implies that
I3, is neither distributive, modular, nor a matroid. They also showed that while
A, is not a lattice that it does satisfy the Jordan-Dedekind condition as a poset.



Because of the analogies between I, and A,, and A/, as well as the analogies
between A, and &,, we now investigate the structural properties of A,, A/
and @,. In order to highlight the differences between the cases of full words
and partial words, the structure of this section closely follows the structure of
the analogous section of [16]. In particular we show that both A,, and A/ are
distributive lattices under inclusion (suitably defined in the case of A]). On the
other hand, we show that @,, is not a lattice but does satisfy the Jordan-Dedekind
condition.

First, we blur the lines between the correlation vector v € A,, and the associ-
ated set of periods P(v). Specifically, we say that for any u,v € A,, we have that
u C v if and only if P(u) C P(v) and p € w if and only if p € P(u). Moreover,
we define u Nv and u U v to be the unique vectors with P(unwv) = P(u) N P(v)
and P(uUv) = P(u) UP(v). It is easy to see that if u,v € A, then unNwv € A,
and uUv € A,. Moreover, the pair (A, C) is a poset with a null element and a
universal element. Namely the null element is 10"~! and the universal element is
1™. One of the theorems of [16] is that the set of correlations of full words form
a lattice that does not satisfy the Jordan-Dedekind condition. Thus it is neither
distributive nor modular. But since the meet and the join of binary correlations
are the set intersection and set union of the correlations, we have the following
theorem.

Theorem 4. The poset (A, C) is a distributive lattice and thus satisfies the
Jordan-Dedekind condition.

Second, we expand our considerations to A/, the set of ternary correlations
of partial words of length n, and show that A! is a lattice again with respect
to inclusion, which we define suitably. Consider ternary correlations u,v € Al,.
We define the intersection of w and v as the ternary vector w N v such that
P(unwv) =Plu)NP) and P'(unwv) =P (u) NP’ (v). Equivalently we might
say that (uNwv); = 0 if either u; =0 or v; =0, 1 if u; = v; = 1, and 2 otherwise.
Note that Al is closed under intersection.

We may define the union in the analogous way, specifically, for u,v € Al we
say that P(uUv) = P(u)UP(v) and that P’'(uUv) = P’ (u)UP’(v). Equivalently,
uwUw is the ternary vector satisfying (uUv); = 0 if u; = v; = 0, 1 if either u; =1
or v; = 1, and 2 otherwise. Unlike unions of binary correlations, the union of two
ternary correlations is not necessarily again a ternary correlation. For example,
consider the correlations © = 102000101 and v = 100010001. The union of these
two correlations is « U v = 102010101, which violates the second condition of
Theorem 3. Specifically, there is no ¢ > 2 such that (u U v)s, = 0. Finally, for
u,v € Al we say that u C v provided that P(u) C P(v) and P’'(u) C P'(v).
Equivalently we may say that v C v provided that whenever u; > 0 we have
that u; > v; > 0. Or more explicitly, © C v provided that whenever u; = 1 that
v; = 1 and whenever u; = 2 that v; = 1 or v; = 2. Under these definitions, the
pair (A!,C) is a poset with null element 10"~! and universal element 1.

Theorem 5. The poset (A, C) is a lattice.
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Proof. (Sketch) First, Al is closed under intersection. Second, the pair (A/,, C)
is a poset. Now, we do not have the union of the two correlations to explicitly
define the join. One method of proving that the join exists is to notice that the
join of u,v € A/, is the intersection of all elements of A/ which contain v and
v. This intersection is guaranteed to be nonempty since A/, contains a universal
element. On the other hand, we can modify the union slightly such that we obtain
the join constructively. Consider the example above in which v = 102000101 and
v = 100010001 and v Uwv = 102010101. If we simply change (uUwv)y from 2 to 1,
then we will have created a valid ternary correlation. Calling this vector u V v
we see that u C u V v and that v C u V v. Thus, we generalize this operator by
defining u V v to be the unique correlation satisfying P’(u V v) = P’'(u) U P’ (v)
and P(uVwv) = P(u) UP(v) UB(uUv) where B(uUwv) is the set of all 0 < g < n
such that (uUv), = 2 and there exists no k > 2 such that (uUv),, = 0. That is,
B(uUw) is the set of positions in wUwv which do not satisfy the second condition
of Theorem 3.

We claim that u V v is the unique join of v and v (and thus justify our use
of the traditional notation V for our binary operation). Notice first that since
PuUwv) = Plu) UP(w) and P'(vuUwv) = P'(u) UP'(v) that uUv C u Vo.
Thus we have that u CuUv C uw Vv and that v CuUv C u Vv. We also see
that v Vv € Al. This follows from the fact that if p € P(u V v) then either
p € P(u) UP(v) or for all k > 1 we have that kp € P'(u) U P’'(v). In the first
case, we then have that (p) € P(u) UP(v) C P(uV v). In the second case, we
see that all multiples of p are in P’(u) U P’(v). Therefore, by the definition of
u V v and the fact that the multiples of all multiples of p are again multiples of
p, we must have that (p) C P(uV v). Thus, using the V operator instead of the
U operator resolves all conflicts with Theorem 3 and so u Vv € A!,. From here
it suffices to show that it is minimal. a

Strangely, even though the join operation of A] is more complicated than
the join operation of A,,, we still have that A/ is distributive and thus satisfies
the Jordan-Dedekind condition. This is stated in the following theorem.

Theorem 6. The lattice (Al,C) is distributive and thus satisfies the Jordan-
Dedekind condition.

So unlike the lattice of correlations of full words which does not even satisfy
the Jordan-Dedekind condition, the lattices of both binary and ternary correla-
tions of partial words are distributive.

Finally we turn our attention to @,, = R(A,,), the set of irreducible period
sets of length n. For n > 3, we see immediately that the poset (@,,C) is not
a join-semilattice since the sets {1} and {2} will never have a join since {1} is
always maximal. On the other hand, we have that (®,,,C) is a meet-semilattice
as it contains a null element &. The meet of two elements of @,, is simply their
set theoretic intersection.

Proposition 1. @, satisfies the Jordan-Dedekind condition.
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Notice that while there is a natural bijection between the lattice A,, and the
meet-semilattice @,, given above by the maps R and E, we see immediately that
these maps are not morphisms. For example, consider the period sets {0, 1,2, 3,4}
and {0,2,4}. Then we see that {0,1,2,3,4} N {0,2,4} = {0,2,4} for which
the corresponding irreducible period set is {2}. But R({0,1,2,3,4}) = {1} and
R({0,2,4}) = {2}, a pair of irreducible period sets whose intersection is @ # {2}.

5 Counting correlations

In this section we look at the number of correlations of partial words of a given
length. In the case of binary correlations, we give bounds and link the problem
to one in number theory, and in the case of ternary correlations we give an exact
count.

A primitive set of integers is a subset S C N = {1,2,...} such that for any
two distinct elements s, s’ € S we have that neither s divides s’ nor s’ divides s.
We denote by P,, the set of finite primitive sets of integers at most n. As &,, and
P,,_1 coincide, we have the relation || A, || = ||@n] = ||Pn-1]|- So if we can count
the number of finite primitive sets of integers less than n then we can count
the number of binary correlations of partial words of length n. We present some
results on approximating this number.

Theorem 7. Erdds [8] Let S be a finite primitive set of size k with elements
less than n. Then k < L%J Moreover, this bound is sharp.

This bound tells us that the number of primitive sets of integers with elements
less than n is at most the number of subsets of {1,2,...,n — 1} of size at most
| 2]. Moreover, the sharpness of the bound gives us that [|@,[| > 2["/2). Thus
we have that

—Z<
5 =

n [10], Guibas and Odlyzko showed that as n — oo

In2  In|®,] <ln 2
—y =

1 In ||| - 1
(Inn)2 — 21n(3/2)

o(1)

and in [16] Rivals and Rahmann improved the lower bound to

In ||| 1 <1lnlnn>2 0.4130 147123 Inlnn ( 1 >

(Inn)2 ~2In2 In n Inn (In n)2 (In n)?

where I, is the set of all valid correlations of full words. Thus the bounds we
give, which show explicitly that In [|A,[| = ©(n), demonstrate that the number
of valid binary correlations of partial words is much greater than the number of
valid correlations of full words.

We now show that the set of ternary correlations is actually much more
tractible to count than the set of binary correlations. We first note two interesting
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consequences of Theorem 3: (1) Let u be a partial word of length n and let
p € P'(u). Then p € P(u) if and only if kp € P/(u) for all 0 < k < n/p.
That is, a weak period is a strong period if and only if all of its multiples are
also weak periods. (2) If S C {1,2,...,n — 1}, then there is a unique ternary
correlation v € A/ such that P’(v) = SU{0}. We note that (2) agrees with the
definition of the join forced upon us in Section 4. Considering all periods as weak
periods and then determining which ones are actually strong periods is how we
defined that operation. We note that (2) tells us as well that the cardinality of
the set of ternary correlations is the same as the cardinality of the power set of
{1,2,...,n —1}. And thus the equality ||A.| = 2"~! holds.
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