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Partial words are strings of symbols from a finite alphabet that may have a number of “do
not know” symbols. While a word can be described by a total function, a partial word can

be described by a partial function (see Section 2). Some combinatorial properties of partial
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Codes play an important role in the study of the combinatorics on words. In our recent
paper [5], we introduced pcodes that play a role in the study of combinatorics on partial
words. While a code of words X does not allow two distinct decipherings of some word in
X, a pcode of partial words Y does not allow two distinct compatible decipherings in Y.
We described various ways of defining and analyzing pcodes. In particular, many pcodes can
be obtained as antichains with respect to certain partial orderings. Adapting a technique
related to dominoes [3, 12, 13], we showed that the pcode property is decidable. In this
paper, the theory of codes of words, as exposited in [1], is revisited starting from pcodes of
partial words. Proofs are omitted when they follow the word case very closely. Section 2
reviews preliminary notions on partial words. In particular, the roles of compatibility and
conjugacy are described. The definitions and some important general properties of pcodes
are presented in Section 3. Section 4 contains several equivalent definitions of pcodes and the
monoids they generate. There, we investigate in particular the Defect Theorem for partial
words, a problem that is proposed in [15]. In Section 5, we give an analog of the Sardinas-
Paterson algorithm for testing whether or not a given finite set of partial words is a pcode.
Section 6 discusses the concept of a complete pcode. In Section 7, we introduce the circular
pcodes which take into account, in a natural way, the operation of conjugacy. The main
feature of these pcodes is that they define a unique factorization of partial words written on

a circle. Section 8 discusses two-element pcodes.

2 Preliminaries

In this section, we give a short review of some basic notions on partial words that will be
used throughout the paper.

Let A be a nonempty finite set of symbols, which we call an alphabet. An element a € A
is called a letter. A word over the alphabet A is a finite sequence of elements of A. The
empty sequence is called the empty word and is denoted by €. The set of all words over A is
denoted by A* and is equipped with the associative operation defined by the concatenation
of two sequences. The empty word is the neutral element for concatenation. Thus the set
A* is equipped with the structure of a monoid. It is called the free monoid over A. The
set of nonempty words over A is denoted by AT. Thus we have AT = A*\ {¢}, and A" is

equipped with the structure of a semigroup. It is called the free semigroup over A.



A word of length n over A can be defined by a total function « : {0,...,n —1} — A and
is usually represented as u = agay ...a,_1 with a; € A. A partial word of length n over A
is a partial function u : {0,...,n — 1} — A. For 0 < i < n, if u(i) is defined, then we say
that ¢ belongs to the domain of u (denoted by i € D(u)), otherwise we say that i belongs to
the set of holes of u (denoted by i € H(u)). A word over A is a partial word over A with an
empty set of holes (we sometimes refer to words as full words). For any partial word u over
A, |u| denotes its length. Clearly, |¢| = 0. We denote by Wy(A) the set A*, and for ¢ > 1,
by W;(A) the set of partial words over A with at most ¢ holes. We put W (A) = U;>o Wi(A),
the set of all partial words over A with an arbitrary number of holes.

If u is a partial word of length n over A, then the companion of u (denoted by u,) is the

total function u, : {0,...,n — 1} — AU {¢} defined by

(i) :{ u(i) if i € D(u),

o otherwise.

The symbol ¢ € A is viewed as a “do not know” symbol. The word w, = abbobocb is the
companion of the partial word u of length 8 where D(u) = {0,1,2,4,6,7} and H(u) = {3,5}.
The bijectivity of the map u +— wu, allows us to define for partial words concepts such as
concatenation and powers in a trivial way. More specifically, for partial words u,v, the
concatenation of u and v is defined by (uv), = u,v,, and the i-power of u is defined by

O = ¢ and (u,)" = ue(ue)™'. The set W (A) is a monoid under

(u)s = (u,)® where (us)
the concatenation of partial words (e serves as identity). For convenience in the sequel, we
consider a partial word over A as a word over the enlarged alphabet A U {¢}, where the
additional symbol ¢ plays a special role. Thus, we say for instance “the partial word cabob”
instead of “the partial word with companion ¢abob”.

Given two subsets X, Y of W(A), we define
XY ={wv|ue X andveY}

We sometimes write X C Y if X C Y but X # Y. For a subset X of W(A), we use the
notation || X|| for the cardinality of X.
A factorization of a partial word u is any sequence uy,us,...,u; of partial words such

that u = ujuy ... u;. For a subset X of W(A) and integer i > 0, we denote by X* the set
{u1u2...ui ‘ U, ..., U; € X}
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We denote by X* the submonoid of W(A) generated by X, or X* = U;>o X where X? = {¢},
and by XT the subsemigroup of W (A) generated by X, or Xt = (J;»o X*. By definition,
each partial word u in X* admits at least one factorization uq, us, ..., u; whose elements are
all in X. Such a factorization is called an X-factorization.

A partial word u is a factor of a partial word v if there exist partial words x,y such that
v = zuy. The factor u is proper if u # v. The partial word w is a prefiz (respectively, suffix)
of v if x = € (respectively, y = €). For a subset X of W(A), we denote by F(X) the set of

factors of elements in X. More specifically,
F(X)={u|u € W(A) and there exist x,y € W(A) such that zuy € X}.

The reverse of a word u = agay . .. a,_1 is rev(u) = a,_1 . .. ajag. The reverse of a partial
word w is rev(u) where (rev(u)), = rev(u,). The reverse of a set X C W(A) is the set
rev(X) = {rev(u) | u e X}.

A period of a partial word u over A is a positive integer p such that u(i) = u(j) whenever

i,7 € D(u) and i = j mod p. In such a case, we call u p-periodic.

2.1 Compatibility

In this section, we discuss compatibility on partial words.

If uw and v are two partial words of equal length, then w is said to be contained in v,
denoted by u C v, if all elements in D(u) are in D(v) and u(i) = v(i) for all i € D(u). We
sometimes write u C v if u C v but u # v. The order u C v on partial words is obtained
when we let © < a and a < a for all a € A. A partial word wu is called primitive if there exists
no word v such that u C v™ with n > 2. Observe that the empty word is not primitive. If
u is a nonempty partial word, then there exists a primitive word v and a positive integer n
such that v C v™ [6]. Uniqueness does not hold since the partial word u = ¢a is such that
u C a? and u C ba for distinct letters a,b. A nonempty partial word u is called unbordered
if no nonempty words z,v,w exist such that u C zv and u C wzx (otherwise, it is called
bordered) [6]. Unbordered partial words turn out to be primitive.

The partial words v and v are called compatible, denoted by u T v, if there exists a
partial word w such that v C w and v C w. We denote by u V v the least upper bound of
w and v (in other words, v C u Vv and v C u Vv and D(u V v) = D(u) U D(v)). As an

example, u = abaooa and v = aooboa are compatible and (u V v) = ababoa. For a subset
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X of W(A), we denote by C(X) the set of all partial words compatible with elements of X.
More specifically,

C(X)={u|ue W(A) and there exists v € X such that u T v}.

If X = {u}, then we denote C'({u}) simply by C(u). We call a subset X of W(A) pairwise
non compatible if no distinct partial words w,v € X satisty v T v. In other words, X is
pairwise non compatible if for all w € X, X N C(u) = {u}.

The following rules are useful for computing with partial words [2].
Multiplication: If u T v and x T y, then ux T vy.
Simplification: If ux T vy and |u| = |v|, then v T v and = T .
Weakening: If w T v and w C u, then w T v.
We end this section with the following lemma.
Lemma 1 ([2]) Let u,v,z,y € W(A) be such that ux T vy.
o [f|u| > |v|, then there exist w,z € W(A) such that w =wz, v | w, and y T zz.

o [f |u| <|v|, then there exist w,z € W(A) such that v =wz, u T w, and x T zy.

2.2 Conjugacy

In this section, we discuss conjugacy on partial words. Two partial words v and v are called

conjugate if there exist partial words x and y such that v C zy and v C yx [10].

Lemma 2 ([10]) Let u,v € W(A) \ {€} and let z € A*. If uz T zv, then there exist words

x,y such that u C xy, v C yz, and z C (xy)"z for some integer n > 0.

Lemma 2 does not necessarily hold if z is not full even if u, v are full. The partial words

u=a,v=>b, and z = obb provide a counterexample. However, the following holds.

Lemma 3 ([10]) Let u,v € W(A) \ {e} and let z € W(A). Ifuz T z2v and uz V zv is
|u|-periodic, then there exist words x,y such that uw C zy, v C yzx, and z C (xy)"x for some

mteger n > 0.
Throughout the rest of this paper, A denotes a fixed alphabet.
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3 Definitions

This section contains the definitions of pcode, prefiz (respectively, suffiz, biprefix) pcode,

mazimal pcode, and pcoding morphism.

Definition 1 ([5]) Let X be a subset of W(A). Then X is called a pcode over A if for all

integers m,n > 1 and partial words uy, ..., Up,v1,...,0, € X, the compatibility relation
ULUg .« . Uy, | V1V ... Uy
implies m =n and u; =v; fori =1,...,m.

A nonempty set X satisfying X C {a,o}* is a pcode over {a} if and only if X is a
singleton set distinct from {e}. The set Y = {aob, ao} is a pcode over {a,b}. But the set
Z = {uy, us, us, ug} where uy = aob, uy = aaobba, uz = ob, and uy = ba is not a pcode over
{a, b} since ujugusuqus T usuguy is a nontrivial compatibility relation over Z.

Definition 1 has immediate consequences that should be emphasized:
e A pcode is always a pairwise non compatible set, but the converse is false.

e If X is a pcode over A, then X, = {u, | v € X} is a code over AU {o}. But the
converse does not hold. Consider, for instance, the code X, = {aca, cao} over {a,o}.
The underlying set X is not a pcode over {a} since its elements are compatible. This

fact is important, since it justifies the study of pcodes.

For a monoid M, we call a morphism ¢ : M — W(A) pinjective if for all m,m’ € M,
©(m) T p(m') implies m = m’. The definition of a pcode can be rephrased according to the

following proposition.

Proposition 1 If a subset X of W(A) is a pcode over A, then a morphism ¢ : B* — W (A)
which induces a bijection of some alphabet B onto X is pinjective. Conversely, if there exists

a pinjective morphism ¢ : B* — W(A) such that X = ¢(B), then X is a pcode over A.

For an alphabet B, a morphism ¢ : B* — W{(A) which is pinjective and satisfies X =
©(B) is called a pcoding morphism for X. For any pcode X C W(A), the existence of a
pcoding morphism for X is straightforward: it suffices to take any bijection of a set B onto

X and to extend it to a morphism from B* into W (A).
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We now introduce the class of prefiz pcodes. Let X be a subset of W(A). Then X is
called a prefiz pcode if for all u,v € X,

uz T v for some x € W(A) implies u = v.

It is immediate that a singleton set is a prefix pcode and any subset of a prefix pcode is a
prefix pcode. Hence any intersection of prefix pcodes is also a prefix pcode. A prefix pcode
is a pcode. Note that a pcode may not be a prefix pcode (take for example X = {acob, ac}).
Suffiz pcodes are defined in a symmetric way. Clearly, a set of partial words X is a suffix
pcode if and only if rev(X) is a prefix pcode. Biprefix pcodes are pcodes that are both prefix
and suffix.

If n is a positive integer, then a largest pairwise non compatible set X satisfying X C
(AU{o})™ is a biprefix pcode called a uniform pcode of partial words of length n. By largest
we mean that if u is a partial word of length n over A, then there exists v € X such that
u T v. Such a uniform pcode is maximal over A (a pcode is called mazimal over A if it is
not a proper subset of any other pcode over A).

The following proposition follows as for codes over A.

Proposition 2 Any pcode X over A is contained in some maximal pcode over A.

4 Pcodes and Monoids

We can prove that a set X is a pcode by knowing the submonoid X* of W (A) it generates. In
particular, X is a pcode (respectively, prefix pcode, suffix pcode, biprefix pcode) if and only
if X* is a pfree monoid (respectively, right unitary monoid, left unitary monoid, biunitary

monoid).

Proposition 3 If M is a submonoid of W(A), then the set X = (M \ {e}) \ (M \ {€})? is

the unique minimal set that generates M.

We call a submonoid M of W (A) pfree if there exists a morphism ¢ : B* — M of a free
monoid B* onto M that satisfies

¢(x) T ¢(y) implies z = y.
For instance, for any partial word u € W(A) \ {€}, the submonoid generated by u is pfree.
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Proposition 4 If M is a pfree submonoid of W(A), then its minimal generating set is a
pcode. Conversely, if X C W(A) is a pcode, then the submonoid X* of W(A) is pfree and

X s its minimal generating set.
We call the pcode X which generates a pfree submonoid M of W (A) the base of M.
Corollary 1 Let X and Y be pcodes over A. If X* =Y*, then X =Y.

The set X = {a, ob, aob} is not a pcode over {a, b} since it is not the minimal generating
set of X*. The set Y = {z,y} where x = obb and y = abbo is the minimal generating set of
Y* yet Y is not a pcode over {a,b} because xy T yx is a nontrivial compatibility relation
over Y. Here Y* is not pfree.

Proposition 5 gives a characterization of a pfree submonoid of W (A) that does not depend
on its base. This proposition can be used to show that a submonoid is pfree (and consequently
that its base is a pcode) without knowing its base. We call a submonoid M of W (A) stable (in
W(A)) if for all u, v, v,w € W(A) with u T o, the conditions u, v'w,v € M and wv € C(M)
imply v = v’ and w € M.

Proposition 5 A submonoid M of W(A) is stable if and only if it is pfree.

Note that although the monoid A* is stable, the monoid W (A) is not stable (and hence
not pfree).

Returning to the above example, the set Y* = {z,y}* where x = obb and y = abbo is not
pfree, which can be seen by using Proposition 5. Indeed, Y* is not stable by setting u = obb,
u' = abb, v = ¢, and w = oobb in the definition of stability.

Let M be a submonoid of W(A). Then we call M right unitary (in W(A)) if for all
u,u';v € W(A) with u T «/, the conditions w,u'v € M imply v = ' and v € M. Symmetri-
cally, we call M left unitary (in W(A)) if for all u,u’,v € W(A) with u T «/, the conditions
u, vt/ € M imply v = v and v € M. The submonoid M is biunitary if it is both left and
right unitary.

Proposition 6 Let M be a submonoid of W(A) and let X be its minimal generating set.
Then M is right unitary (respectively, left unitary, biunitary) if and only if X is a prefic
(respectively, suffix, biprefix) pcode. In particular, a right unitary (left unitary, biunitary)
submonoid of W(A) is pfree.



Proposition 7 An intersection of pfree submonoids of W (A) is a pfree submonoid of W(A).

If X is a subset of W(A), the set M(X) of pfree submonoids of W(A) containing X may
be empty. If M(X) # ), then X is pairwise non compatible. If M(X) is not empty, then
we call the intersection of all elements of M(X), which is the smallest pfree submonoid of
W (A) containing X by Proposition 7, the pfree hull of X. If X* is a pfree submonoid of
W (A), then X* coincides with its pfree hull.

Proposition 8 Let X C W(A) be such that M(X) # 0. Let Y be the base of the pfree hull
of X. Then

Y C{uluy e X for somey e Y*}N{u|yue X for somey € Y*}.

Proof. We show that Y C {u | yu € X for some y € Y*}. Suppose there exists v € Y
such that v & {u | yu € X for some y € Y*}. Then X C {e} UY*(Y \ {v}). Let Z be
defined by v*(Y \ {v}). We have Z* = Y*(Y \ {v}), and thus X C Z*. Now Z is a pcode.
Indeed, a compatibility relation ujus ... u,, T v1vs...v, Where m,n are positive integers and

ULy e v oy U, V1, ..., Uy € Z can be rewritten as

19

vRry Ry, o oFmy Tl 0%, L vtz

with u; = by, v; = vz, y, € Y\ {v}, z; e Y\ {v}, ks >0,¢; >0fori=1,....,m
and j = 1,...,n. Since Y is a pcode, we get k1 = (1,11 = 21, ko = lo,yo = zo,..., and
finally m = n and u; = v; for ¢« = 1,...,m. Thus, the set Z* is a pfree submonoid of
W (A) containing X. But we have Z* C Y*, which contradicts the minimality of the pfree
submonoid Y*. We similarly show that Y C {u | uy € X for some y € Y*}. O

The following result extends the well-known Defect Theorem on words to partial words.

Theorem 1 Let X be a finite subset of W(A) such that M(X) # 0. Let Y be the base of
the pfree hull of X. If X is not a pcode, then ||Y|| < || X]|.

5 An Algorithm for Pcodes

In this section, we give an algorithm to test whether or not a finite set is a pcode.

Let X be a subset of W(A) \ {€}. Let



Uy ={z|zeW(A)\ {e} and there exists u € C(X) such that ux € X},
and for ¢ > 1, let

Uiy1 ={x | 2 € W(A) and there exists u € C(X) such that ux € U;} U{z | x € W(A) and
there exist y € U,y € W(A) such that y 13/ and ¢z € X}.

Lemma 4 Let X C W(A)\ {e}. Foralln>1 and k € {1,...,n}, we have € € U, if and
only if there exist a partial word x € Uy and integers 1,7 > 0 such that zX' N C(X7) # ()
and i+ 7+ k=n.

Proof. We prove the statement for all n by descending induction on k. Assume first that
k =mn. If € € U, then the condition is satisfied with © = € and ¢ = j = 0. Conversely, if the
condition is satisfied, then i = 7 =0 and z = € and € € U,.

Now, let n > k > 1, and suppose that the equivalence holds for n,n —1,...,k + 1. If
e € Up,, then by the inductive hypothesis, there exist a partial word = € Uy,; and integers
i,7 > 0 such that X' N C(X?) # 0 and i 4 j + (k + 1) = n. Thus there exist partial words

U, ..., U, V1, ..,0; € X such that
TU .U T Uy

Now z € Uyy1, and there are two cases: Either there exists u € C'(X) such that uz € Uy, or
there exists y € U, and a partial word 1’ such that y T ¢/ and 'z € X. In the first case, we

have u T «’ for some v’ € X and
/
uruy ... u; T u'vg ...

Consequently, there exist a partial word uz € Uy, and integers 4, j + 1 > 0 such that uz X' N
C(X7) £ @ and i+ (j + 1) + k = n, and the condition is satisfied. In the second case, we

have
/
y'auy .. u; Tyvr. ...

Consequently, there exist a partial word y € U, and integers j,i + 1 > 0 such that yX7 N
C(X"™)# (0 and j+ (i + 1) + k = n, and the condition is satisfied.
Conversely, assume that there exist a partial word = € Uy and integers ¢, 7 > 0 such that

X' 'NC(X7)#0 and i + j + k = n. Then
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CE'LLl...UZ‘Tvl...Uj

for some uy, ..., u;,v1,...,v; € X. If =0, theni =0and k =n. If 7 > 0, then we consider
two cases:
Case 1. |z| > |vy|
If x = vjy for some y € W(A) and some v] satisfying v] T vy, then y € Uy and
yuy...u; T vz...v5. Thus yX' N C(X77) # 0 and by the inductive hypothesis € € U,,.
Case 2. |z| < |vy]
If v; = 2’y for some y € W(A) \ {€} and some 2’ satisfying = T 2/, then y € Uiy, and
up...u; T yva...vj. Thus yX7~' N C(X") # 0 and by the inductive hypothesis € € U,. O
Note that if X is a finite set, then {U,, | n > 1} is finite (this is because each U, contains
only suffixes of partial words in X). The next theorem hence provides an algorithm for
testing whether or not a finite set is a pcode. Note that the algorithm ends immediately for

prefix pcodes since U; = () for such sets.

Theorem 2 Let X C W(A) \ {€} be pairwise non compatible. The set X is a pcode if and

only if none of the sets U,, contains the empty word.

Proof. If X is not a pcode, then there exists a compatibility relation
ULUS « .« . Uy T V1V . . . Uy,

where m,n are positive integers, u; # vy, and uy, ..., Uy, v1,...,0, € X. Assume first that
|u1| = |v1]. Then uy T vy, a contradiction since X is pairwise non compatible. Now assume
that |uy| > |v1]. Then uy = vjz for some x € W(A)\ {€} and some v} satisfying v] T v;. But
then z € Uy and 2 X™ 1 NC(X"!) #£ (. By Lemma 4, € € Uppyp1-

If X is a pcode and € € U, then put £ =1 in Lemma 4. There exist x € U; and integers
i,7 > 0such that i+j =n—1and zX'NC(X?) # (). Since € Uy, we have v = ux for some
u € C(X),v € X. Furthermore, u # v since x # €. Since u € C(X), there exists v’ € X
such that u T «/. Tt follows from ux X* NuC(X7) # () that vX* N C(uw' X7) # (), showing that
X is not a pcode. o

As an example, let us consider the set X consisting of the partial words wuq, us, us, uy
with u; = aob, us = aacbba, us = ©b, and uy = ba. This set is not a pcode since usuzuy |
uyuzuzugug. In an attempt to discover this nontrivial compatibility relation, we give the

following list of compatibilities
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Uz T u1bba
ug U us3a
Usb T U1u3uUs
uguz T uiuzusb
uguza T UIUZU3U4
gzt | U U3U3U4US

The underlined word bba is in Uy, next a € Usy, then b € Us and b € Uy, finally a € Us and

€ € Ug. More precisely, we obtain
Uy = {b, bba},
Uy = {a, b},
Us = {a, b, ob, acbba},
Uy = {e€,a,b,0b, ba, bba, acbba},
Us = {€,a,b,ob, ba, ach, bba, acbba, aacbba} = Usg = Uy = - - -.

Since € € Uy, the set X is not a pcode by Theorem 2 (see http://www.uncg.edu/mat/pcode/).

6 Complete Pcodes

Let X be a subset of W(A). A partial word u over A is completable in X if there exist
x,y € W(A) such that zuy € C(X). It is equivalent to saying that W (A)uW (A)NC(X) # 0,
or, in other words, that u € F(C(X)). The set X is dense if all elements of W (A) are
completable in X, or equivalently F(C(X)) = W(A). Clearly, each superset of a dense set
is dense. The set X is complete if X* is dense. Every dense set is also complete.

The proof that a maximal pcode is complete is based on Proposition 9 which describes a

method for embedding any pcode in a complete pcode.

Proposition 9 Let X C W(A)\{e} be a pcode, let u be an unbordered word over A such that
u ¢ F(C(X™")), let U be a largest pairwise non compatible subset of W(A)\ C(W(A)uW (A))
containing X*, and let Y = U \ X*. Then the set

Z =XU{upu...ypu|y,...,yn €Y andn >0}

18 a complete pcode.
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Proof. First, let us show that the set V = Uu is a prefix pcode. To see this, suppose that
vux T v'u for two partial words v,v" € U and some x € W(A). If |vu| > [v/|, then vu T v'y
with u = yz for some y, z. We deduce that yz T 2’y for some 2. If 2 = ¢, then vu T v'u and
v T v'. Since U is pairwise non compatible, we have v = v'. If z # €, then since y is full, by
Lemma 2, there exist words 2/, 4y’ such that 2/ C 2'y/, 2 C y'2’, and y C (2'y')"z’ for some
integer n > 0. But then u C (z'y/)"™'2’, and since u is unbordered, ' =¢e. If n > 0, u is
bordered, and if n = 0, we get y = € and so vu T v/. This leads to v' € C(W(A)ulW(A)),
which is a contradiction. Hence |vu| < [v/|, and vuy T v’ for some y. But then again v’ is in
C(W(A)uW (A)), a contradiction.

Next, we show that Z is a pcode. Assume the contrary and consider a relation
ULUg .« . . Uy, | V1V ... Uy

with wy,..., Uy, v1,...,v, € Z, and u; # v;. The set X being a pcode, one of these partial
words must be in Z \ X. Assume that one of wuy,...,u, is in Z \ X, and let ¢ be the
smallest index such that u; matches u(Yu)*. Since W(A)uW (A) N C(X*) = 0, it follows
that W(A)u,W(A) N C(X*) = 0. Consequently one of vy, ..., v, matches u(Yu)*. Let j be
the smallest index such that v; matches w(Yw)*. Then u; ... w;—qu, vy ...v,_1u € V whence
Up...Ui—1 =Vq...vj_1 since V is a prefix pcode. The set X being a pcode, thus from u; # v,

it follows that : = j = 1. Put

Uy = UYL U . . . UYpU,

— / /
V] = UYiU . .. UYyu,

with y1, ..., Yk, Yy, -, yp € Y. If |ug| = |vq], then uw; T vy. Since X is a pcode, we get
uy = vy, a contradiction. So assume that |uy| < |v1|. Since V' is a prefix pcode, the set V*
is right unitary. Since Y C U, each y;u, yiu is in V. Consequently y; = v}, ...,y = y;.. Put
W = Yy u.. . uyyu. We have ug...upy, T wuy...v, with w € V*. The word u is a factor
of w, and thus occurs also in us . ..u,,. This shows that one of us, ..., u,,, say u,, matches
uw(Yu)*. Suppose r is chosen minimal. Then uy...u,—qu € V and y;,,u € V, and with the
set V being a prefix pcode, we have y; ; = up...u,—;. Thus y, , € X*, a contradiction
with the fact that y, , € Y.
Last, let us show that Z is complete. Let w € W(A). If w € C(W(A)uW (A)), then

w T UL UULY . . . Uy Uy,
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for some positive integer n and some partial words us,...,u, € U. If w & C(W(A)ulW (A)),
then w € U or w € C(U), and the abovementioned compatibility relation holds. In any case,
vwu € C(Z*) and so w € F(C(Z*)). To see this, let u;,,ui,,...,u; be those u;’s in X*.
Then

vwu T (uug . .. w1 w)Uyy (Ui 41U« o Uy W) Uiy - . Uy, (UG 41U . UL ).

The parenthesized partial words are in Z and the result follows. a

Theorem 3 ([5]) Let X € W(A)\ {e}. If X is a mazximal pcode, then X is complete.

7 Circular Pcodes

In this section, we introduce a particular class of pcodes called circular pcodes. Circular
pcodes turn out to have numerous interesting properties.

Let X be a subset of W(A)\{e}. Then X is called a circular pcode over A if for all integers
m,n > 1, partial words uy, ..., Up,v1,...,0, € X, and r € W(A) and s € W(A) \ {¢}, the

conditions
SUgUs3 . .. Up,” T V1V . .. Uy,
uy Crs,
imply m =n,r =¢, and u; = v; for : = 1,...,m. A subset X of A" is a circular code if

and only if it is a circular pcode. Also, any subset of a circular pcode is a circular pcode.
Using arguments as in [5], we can show that a circular pcode does not contain two distinct
conjugate partial words, and also that elements of a circular pcode are primitive.

We now characterize in various ways the submonoids generated by circular pcodes.

A submonoid M of W(A) is called pure if for all uw € W(A) and integer n > 1, the
conditions u;...u, € M and u; C w for all ¢ = 1,...,n imply u; = upy = --- = u,
and u; € M for all i = 1,...,n. A submonoid M of W(A) is called very pure if for all
u,v,u’ v € W(A) satisfying |v'| = |v| and |v/| = |ul, the conditions vu T v'u/, wv € M, and

v'u' € M imply u = v’ and u,v € M. A very pure monoid is pure.

Proposition 10 A submonoid M of W(A) is very pure if and only if its minimal generating

set is a circular pcode.
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Proof. Let M be a very pure submonoid of W(A). Let u,v,v,w € W(A) with v T «/,
u,v'w,v € M, and wv € C(M). We have (vv')w = v(v'w) € M and w(vu') = (wv)u’ €
C(M). This implies © = v and w € M. Thus M is stable, hence M is pfree by Propo-
sition 5. Let X be its base. Assume that there exist positive integers m,n, partial words

ULy ooy Uy U1,y ..., 0 € X, and r € W(A) and s € W(A) \ {e} such that

SUgUs3 . .. Uy T V1V . .. Uy,

u; C rs.

Put u; = r’s’ where || = |r| and || = |s|. Putu=s"and v = uy...u,r". Then vu € M and
by weakening uv € C'(M). Since M is very pure, u,v € M. Since ug . . . Uy, Uz . . . Uy, 1", 8", 78" €
M, the stability of M implies that 7" € M. From 7’s’ € X, it follows that ' = ¢ (and r = €).
By weakening, uwjus ... u, T vivy...v,. Since X is a pcode by Proposition 4, this implies
m=mnand u;, =v; fort=1,...,m.

Conversely, let X be the minimal generating set for M and assume that X is a circular
pcode (here M = X*). To show that M is very pure, consider u,v € W(A) such that uv € M
and vu € C(M). The latter implies that vu T v'u/ with o/, v satisfying v'u’ € M, |[v'| = |v],

and |v/| = |ul. f u =€ or v =c¢, then u=u" and u,v € M. If u # € and v # ¢, then put

UV = UTU2 . . . U,

vu T V10 ... Uy
with wy, ..., U, v1,...,v, € X. There exists an integer ¢, 1 < ¢ < m, such that

U= UuUug...U;_1T,

UV = SUjtyq1-.-Unp
where u; = rs, r € W(A), and s € W(A) \ {e}. Then

SUitq -« UppUiUg - . . Ui 1T | V1Vg . .. Uy

Since X is a circular pcode, this implies m = n, r = €, and u; = v, Uiz 1 = Vo, ..., Uy =
Un—i+1, U1 = Un—i4+2,U2 = Up—i+3,...,Uj—1 = Up. Thusu = ULUg .. . Uj—1 = Up—j4+2Un—i+3...0Up =
u' and u,v € M, showing that M is very pure. O

We now give a characterization of circular pcodes in terms of conjugacy. Let X C

W(A) \ {€} be a pcode. Two partial words u,v € X* are called X—conjugate if there exist
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r,y € X* such that u = zy,v = yx. Of course, two partial words in X* which are X—

conjugate are conjugate.

Proposition 11 Let X C W(A) \ {€} be a pcode. The following conditions are equivalent:
1. The set X 1is a circular pcode.

2. The monoid X* is pure, and any two partial words in X™* which are conjugate are also

X -conjugate.

Proof. We first show that Condition 1 implies Condition 2. Since X* is very pure, it is pure.
Next, let u,v € X* be conjugate partial words. Then u C zy,v C yz for some x,y € W(A).

//| _

Put v = 'y’ where |2'| = |z| and |y/| = |y|. Also, put v = y"z” where |y ly| and

"0

|z|. Since 2/ C z and ¢’ C y, we get ¥’ C yx. The latter and the fact that y"2” C yx

|| =
imply that y'2’ T y”2"”. We get the two conditions 'y’ € X* and y'2’ € C'(X*). Since X* is
very pure, ' = z” and 2/,y’ € X*. With a similar reasoning, we can deduce that vy = y".
So u = x'y',v =y'x’ with 2/,y' € X*, showing that u,v are X-conjugate.

Now, we show that Condition 2 implies Condition 1. Let u,v € W(A) be such that
wv € X* and vu € C(X*). The latter implies that vu T v’ with o/, v’ satisfying v'v" € X*,
|V'| = |v] and |u/| = |u|. If u = €, then v = v and u,v € X*. If u # € and v = ¢, then
u, v, v € X* and u T u/. Since X is a pcode, this yields u = «/. If u # € and v # €, then
by definition, there exists a primitive word x and a positive integer n such that vu C x™
and v'u’ C x". We get words r, s and integers p,q such that x = rs, u C sx?, v C aPr,
and p+ g+ 1 = n. Put y = sr (z being primitive, y is primitive as well). Since v'u' C 2"
and uv C y", write v'u/ = z129... 2, and uv = Y1Ys ...y, where |z1| = |x3| = -+ = |z,],
ly1| = |y2| = -+ = |yn|. Since X* is pure, we have 1 =29 = -+ = Zp, Y1 = Yo = *** = Yy,
and x1,...,Tn, Y1, -, Yn € X*. Thus v'v/ = (/)" and wv = (y')" with 2’3y’ € X*. Since
¥ Cx Crs,y Cy C sr,we get that o',y are conjugate and thus X-conjugate. So there
exist 7', € X* such that 2/ = r's’ and ¢/ = §r'. Thus u = §'(2')?, v’ = §'(2)9, and
v = (2')Pr’ showing that v = v/ and u,v € X*. O

The following result is an analogue of Theorem 3.

Proposition 12 Let X € W(A) \ {€} be a circular pcode. If X is mazimal as a circular
pcode, then X is complete.
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8 Two-Element Pcodes

In [5], it was shown that if the two-element set {u, v} belongs to the so-called type 1 or type
2 sets of partial words, then {u,v} is a pcode if and only if wv ¥ vu. In this section, we
extend this result further. Note that the above equivalence is not true in general: the set
{u,v} where u = aob and v = abbaab satisfies uv J vu, but {u, v} is not a pcode since u? 1 v.

The following proposition holds.

Proposition 13 ([5]) Let X be a subset of W(A). Then X is a pcode over A if and only
if for every integer n > 1 and partial words uy,...,u,,v1,...,v, € X, the compatibility

relation
Ul . .. Uy T V1V ... Uy
implies u; = v; fori=1,...,n.

We now assume that {u, v} is a set of partial words over an alphabet of size at least two.

Otherwise, sets of at least two partial words are obviously non pcodes.

Proposition 14 Let k be an integer satisfying k > 1. Let u,v € W(A) \ {€} be such that
lv| = klu| and ||[H(v)|| = 0. Then {u,v} is a pcode if and only if u*v ¥ vuF.

Proof. If {u,v} is a pcode, then clearly u*v ¥ vu*. Conversely, assume that {u,v} is not a

pcode and u*v Jvu®. Then there exist n > 1 and uy, ..., Uy, v1, ..., v, € {u,v} such that
ULUs . .. Uy T V1V ... Uy, (1)

and with |ujus . .. u,| as small as possible contradicting Proposition 13. We hence have u; #
vy and u, # v,, and we may assume that n > 2. There are four possibilities: vy = u,, = u,
V] = Uy =0, U] =Vp = U, V] = U, =0, U3 =V, =0, V07 = U, =u;, and u; = u, = v,
vy = v, = u. In all cases, put us...u, 1 = x and vy ...v,_1 = y. These possibilities can
be rewritten as (a) uzu T vyv; (b) uzv T vyu; (¢) veu T wyv; and (d) vrv T uyu. Since
|v| = k|u|, for any of the possibilities (a)—(d), there exist wy, ws, ..., w, € W(A) \ {€} such
that v = wywsy ... wg, |w1| = |we| = -+ = |wy| = |u|, wy T u, and wy, T u. The latter two
relations give v C wy and u C wy since v is full.

Let us consider the case where u; = v and v; = v (the other cases are handled similarly).
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Case 1. uy = uUg = -+ + = Up_1 = U.
In this case wy T u, we T u, ..., w, T u, and by multiplication, u*v T vu*, contradicting

our assumption.

Case 2. There exists 1 < j < k such that uy =uy =--- =uj_1 = v and u; = v.

Note that each element in {wy, ws, ..., w;_1} is compatible with u. Here, k = m(j—1)+r
with 1 < r < j. We get wy_jio = wy_9j4+3 = --- = element in the set {wy,ws, ..., w;j_1},
Wg—j43 = Wg—2j+4 = --- = element in the set {wy, wo,..., w1}, ..., and wy = wy_j41 =

- = element in the set {wy,ws,...,w;—1}. Thus, wy T w, we T u, ..., wy T u. Hence
uFv T vuF, contradicting our assumption. O

Proposition 15 Let k, { be integers satisfying 1 < k < (. Let u,v,w,wy,...,wp € W(A)\
{e} be such that u = wiws ... wg, v = w', and |wy| = |wy| = -+ = |wi| = |w|. Then {u,v}

is a pcode if and only if uv Y vu.

Proof. We refer the reader to the proof of Proposition 14. Any of the possibilities (a)—(d)

imply w; T w, wy Tw, ..., wg T w. Hence uv T vu, which contradicts our assumption. O

Proposition 16 Let k be an integer satisfying k > 1. Let u,v,wy,ws, ..., wx € W(A)\ {€}
be such that v = wywy ... wy, |wi| = |wa| = -+ = |wg| = |ul, ||[H(w)|]| =0, and ||H(v)| =

| H (w;)|| for some 1 <i <k. Then {u,v} is a pcode if and only if uv ¥ vu.

Proof. We refer the reader to the proof of Proposition 14. Any of the possibilities (a)—(d)
imply wy; T v and wy T uw. The latter two relations give w; C v and wy C u since w is full.

Let us consider the case where u; = u and v; = v (the other cases are handled similarly).

Case 1. uj =ug = -+ =u, = u.
In this case wy T u, we T u, ..., wy T u, and thus uv T vu contradicting our assumption.
Case 2. There exists 1 < j < n such that u; = uy = --- =u;_1 = v and u; = v.

Here we consider the cases where 7 > k£ and j < k. Note that each element in the set
{wy,wy,...,w;_1} is compatible with w. If j > k, then wy T u, wy T uw, ..., wy T u, and
thus wv T vu contradicting our assumption. Now, if j < k, then &k = m(j — 1) + r and

i=m/(j—1)+r withl<r<jand 1 <7 <j We get

Wi C Wi—jp1 = Wi—2j42 =+ = Wy (2)
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We also get
W; C Wiyj1 = Wig2j—2 = " = Wg—jp1—rir’ (3)
if 7/ > r, and
Wi CWiyj1 = Wig2j-2 ="+ = Wk_piy (4)

if ' < r. Moreover, if 1 < ¢ < k and ¢ #Z " mod j — 1, then w;y = u. We consider the
following three cases.
Case 2.1. 1 <i<k—j+1
In this case, the compatibility relation (1) yields wy = wy = -+ = wj_1 = U = Wy_j12 =
-++ = wg_; = wy. The relations (2)—(3)—(4) imply that v = u*lwu*~" with w; C u. Hence
uv T vu, contradicting our assumption.
Case 2.2. 1 <i<j
Here i = r" and w; C u. Consider the case where 1’ > r (the case where 7’ < r is handled
similarly). Referring to relations (1)—(3), we have wy_j 41—+ T % OF Wy jr1—rt | ws Where
s Z ' mod j — 1. In either case, wy_jt1—r4 T v and since w is full, we get wy_j 114 C .
Again uv T vu, contradicting our assumption.
Case 2.3. k—j7+2<:1<k

This case is symmetric to Case 2.2. |
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