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Abstract. Blanchet-Sadri et al. have shown that AVOIDABILITY, or the
problem of deciding the avoidability of a finite set of partial words over
an alphabet of size k > 2, is N'P-hard [Theoret. Comput. Sci. 410 (2009)
968-972]. Building on their work, we analyze in this paper the complexity
of natural variations on the problem. While some of them are N"P-hard,
others are shown to be efficiently decidable. Using some combinatorial
properties of de Bruijn graphs, we establish a correspondence between
lengths of cycles in such graphs and periods of avoiding words, resulting
in a tight bound for periods of avoiding words. We also prove that AvoID-
ABILITY can be solved in polynomial space, and reduces in polynomial
time to the problem of deciding the avoidability of a finite set of partial
words of equal length over the binary alphabet. We give a polynomial
bound on the period of an infinite avoiding word, in the case of sets of
full words, in terms of two parameters: the length and the number of
words in the set. We give a polynomial space algorithm to decide if a
finite set of partial words is avoided by a non-ultimately periodic infinite
word. The same algorithm also decides if the number of finite words of
length n avoiding a given finite set of partial words grows polynomially
or exponentially with n.

1 Introduction

A set of (full) words X over a finite alphabet A is called unavoidable if every
two-sided infinite word over A has a factor in X (when a word w has no factor
in X, we say that w avoids X); otherwise X is called avoidable. Consequently,
a subset X of A* is unavoidable if and only if A*\ A*X A* is finite, and any
unavoidable set contains a finite one. An alternate characterization of a finite
unavoidable set is that every periodic two-sided infinite word has a factor in X
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[1]. Among other topics, the cardinality of such sets has been investigated [1]. If
we take, for example, one element from each of the conjugacy classes {aa}, {bb}
and {ab,ba} of the set of length two words over the alphabet {a,b}, then we
build an unavoidable set. Note that there is at least one element from each class
in an unavoidable set of words of length two since we can construct an infinite
word whose factors of length two all belong to the same class. This observation
can be generalized, so that any unavoidable set of words of length m over a
k-letter alphabet contains at least as many words as there are conjugacy classes.
In [2], it was proved that this bound is sharp (see [3] for a simpler proof).

A set of partial words X over a finite alphabet A is called unavoidable if every
two-sided infinite full word over A has a factor compatible with a member of X.
Partial words are sequences that may contain some “holes,” denoted by “¢’s,”
that match any letter of the alphabet (we also say that ¢ is compatible with any
letter of the alphabet). Unavoidable sets of partial words were introduced in [4]
where the number theoretic problem of classifying such sets of size | > 2 over a
k-letter alphabet with k <[ was initiated.

Efficient algorithms to determine if a finite set of full words is unavoidable
are well known [1]. For example, we can check whether there is a loop in the
finite automaton of Aho and Corasick [5] recognizing A* \ A*X A*. These same
algorithms can be used to decide if a finite set of partial words X is unavoidable
by determining the unavoidability of X, the set of all full words compatible with
an element of X. Indeed, by the definition of X, a two-sided infinite word w has
a factor in X if and only if that factor is compatible with a member of X. Thus
the infinite words which avoid X C A} are exactly those which avoid X c A%,
and X C A% is unavoidable if and only if X C A* is unavoidable. However this
incurs a dramatic loss in efficiency, as each partial word w in X can contribute
as many as |A|# @] elements to X (H(u) denotes the set of holes of ).

In [6], it was proved that testing the unavoidability of a finite set of partial
words is much harder to handle than the similar problem for full words. Indeed,
it turns out that the problem of deciding whether a finite set of partial words
over a k-letter alphabet where k > 2 is unavoidable is N'P-hard (the complexity
class of those decision problems that are at least as hard as any problem that
can be solved by a non-deterministic Turing machine in polynomial time), which
is in contrast with the well known feasability results for unavoidability of a set
of full words [7, Chapter 7.4] (note that the case k = 1 is trivial).

The enumeration problem for words of length n avoiding a finite set of full
words has been studied by several authors. For example, Kobayashi [8] presented
a matrix-theoretic approach to this problem; Goulden and Jackson [9] describe
another method. A set of words L is of polynomial growth if there exists a poly-
nomial p(n) such that the number of words in L of length n is at most p(n) for
all n > 0. The set L is of exponential growth if there exists a real number r > 1
such that for infinitely many n > 0, the number of words in L of length n is at
least ™. Over any fixed alphabet, the set of finite words avoiding any given finite
set of partial words can be of either polynomial growth or exponential growth;
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no intermediate growth is possible. This is a consequence of previous work on
the avoidability of sets of full words (see [8] for example).

The contents of our paper is as follows: In Section 2, we review basic concepts
on partial words and discuss previous work on avoidability of sets of such words.
In Section 3, we analyze the complexity of natural variations on the problem
of deciding avoidability of sets of partial words. While some of them are shown
to be AN'P-hard, others are shown to be efficiently decidable. We establish a
correspondence between lengths of cycles in de Bruijn graphs and periods of
avoiding words, resulting in a bound for periods of avoiding words. We also
show that the problem of deciding the avoidability of a finite set of partial words
over an alphabet of size kK > 2 can be solved in polynomial space, and reduces
in polyomial time to the problem of deciding the avoidability of a finite set of
partial words of equal length over the binary alphabet. In Section 4, we give a
polynomial bound on the period of an avoiding word, in the case of sets of full
words, in terms of two parameters: the length and the number of words in the
set. In Section 5, we give a polynomial space algorithm to decide if a finite set of
partial words is avoided by a non-ultimately periodic infinite word over a fixed
alphabet. Our algorithm also decides if the number of words of length n avoiding
a given finite set of partial words grows polynomially or exponentially with n.
We also apply the probabilistic method to show that if a set X of partial words is
not too large, the number of words of length n avoiding X grows exponentially.
Finally in Section 6, we conclude with some remarks.

2 Preliminaries

Throughout this paper A is a fixed non-empty finite set called an alphabet whose
elements we call letters. A word of length n over A is a finite sequence of elements
of A. We denote by A* (respectively, A™) the set of finite words (respectively,
the set of words of length n) over A. For v € A*, we write |u| for the length of
u. Under the concatenation operation of words, A* forms a free monoid whose
identity is the empty word which we denote by «.

A two-sided infinite word w is a function w : Z — A. A finite word u is a
factor of w if there exists some i € Z such that v = w(i) ---w(i + Ju| — 1). For
a positive integer p, w has period p, or w is p-periodic, if w(i) = w(i + p) for
all ¢+ € Z. If w has period p for some p, then we call w periodic. If v is a non-
empty finite word, then we denote by vZ the unique two-sided infinite word w
with period |v| such that v = w(0) - - - w(|v| —1). A one-sided infinite word w is a
function w : N — A. It is ultimately periodic if it can be written as w = uvvovv - - -
for some finite words u and v, where v is non-empty.

A partial word (or pword) u of length n over an alphabet A can be defined
as a function w : [0.n — 1] — A,, where A, = AU {¢}, and will be written as
w(0)u(l)---u(n —1). For 0 < i < n, if u(i) € A, then i belongs to the domain
of u, denoted D(u); otherwise, ¢ belongs to the set of holes of u, denoted H (u).
Whenever H(u) is empty, we say that u is a full word. We refer to an occurrence
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of the symbol ¢ as a hole. We denote by A} the set of all partial words over A
with an arbitrary number of holes. We denote the set of all factors of u by F'(u).

Two partial words u and v of equal length are compatible, denoted u T v,
if u(i) = v(i) whenever i € D(u) N D(v). If X is a set of partial words, we
denote by X the set of all full words compatible with an element of X. The
partial word u is contained in v, denoted u C v, if |u] = |v| and u(i) = v(7)
for all i € D(u). Two partial words v and v are conjugate if there exist partial
words z,y such that v C zy and v C yz. It is well-known that conjugacy on full
words is an equivalence relation, but it is not such a relation on partial words
[10]. If a partial word u can be written as u = ujous® - - - Uy —1 Uy, then the set
{urauzas -+ Up_1a4n_1uy | a1,a2,...,a,—1 € A} is called a partial expansion
on u (note that uy,us, ..., u, are partial words that may contain holes, and also
note that u C v for every member v of a partial expansion on ).

A two-sided infinite word w over A avoids X C A} if no factor of w is an
element of X. We say that X is unavoidable if no two-sided infinite word over
A avoids X. Previous work shows that AVOIDABILITY is N'P-hard. In [6], it is
proved that determining if a finite set of partial words over an alphabet of size
k > 2 is avoidable or not is much harder to handle than the similar problem for
full words. This is done by using a reduction from the 3SAT problem, known to
be N'P-complete. We refer the reader to Reference [4] that gives an algorithm,
that will be used in some of the proofs, for deciding AVOIDABILITY based on
reductions from a set X to a set Y that maintain avoidability: factoring, prefix-
suffix, hole truncation, and expansion. A set X C A} is unavoidable if and only
if X can be reduced to {e} by these reductions.

3 Complexity of Avoidability Problems

In this section, we discuss natural variations on the problem of deciding avoid-
ability of sets of partial words. While some of them are A“P-hard, others are
shown to be efficiently decidable. We establish a correspondence between lengths
of cycles in de Bruijn graphs and periods of avoiding words. We also show that
the problem of deciding the avoidability of a finite set of pwords over a k-letter
alphabet can be solved in polynomial space, and reduces in polynomial time to
the problem of deciding the avoidability of such a set over the binary alphabet.

Testing if a word avoids a finite set can be done using Lemma 1 which we
will implicitly use when proving membership in certain complexity classes in the
following results concerning restricted AVOIDABILITY.

Lemma 1. Given a finite word v, the problem of deciding if the infinite periodic
word vZ avoids a finite set of partial words can be solved in polynomial time.

Theorem 1. The problem of deciding the avoidability of a finite set of partial
words, such that each element has at most two defined positions, is N'P-hard.

Proof. Our proof proceeds by reduction from the Directed Hamiltonian Circuit
problem, one of Karp’s original twenty-one N'P-complete problems [11]. In the
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Directed Hamiltonian Circuit problem, we decide whether a given digraph has
a Hamiltonian circuit. Given a graph G = (V,E), we construct a set X of
partial words, where each element has at most two defined positions, such that
X is avoidable if and only if G has a Hamiltonian circuit. Our alphabet is
V = {v1,v9,...,v,} and the set X is composed of the following three parts: (1)
{viv; | (vi,v;) & E}, (2) {vio" 1o, | v; # v;}, and (3) {v;odv; |0 < j <n—1}.
For the forward implication, suppose there exists a Hamiltonian circuit in G,
say (Ui, Us, ..., Un,u1). We claim that w = (ujus - - - u,)% avoids X. Indeed, w
avoids Part (1) of X because each (u;,uiy1) € E for 0 < ¢ < n and (up,u1) €
E. Part (2) is avoided because w is n-periodic. Part (3) is avoided because
consecutive occurrences of the same letter are separated by n—1 other letters. For
the reverse implication, suppose there exists a two-sided infinite word w which
avoids X. To avoid Part (3), consecutive occurrences of the same letter must be
separated by at least n— 1 other letters. To avoid Part (2), w(i) = w(i+n) for all
1 € Z, so w must be n-periodic. From our previous observations, this period must
be of the form ujus - - - u,, where each w; is distinct. Finally, to avoid Part (1),
(wi,uir1) € E where 0 < i < n and (upn,u1) € E. Therefore, (u1,us, ..., Upn,u1)
is a Hamiltonian circuit in G. a

The following proposition shows membership in /P of the problem defined
in Theorem 1 over a binary alphabet.

Proposition 1. The problem of deciding the avoidability of a finite set of partial
words over the binary alphabet, such that each element has at most two defined
positions, can be solved in non-deterministic polynomial time.

The next theorem shows that another natural variation (see, for example,
[3]), constant length sets, on the problem of deciding avoidability is A/P-hard.

Remark 1. When we consider constant length sets of partial words, we implicitly
require that neither the first or last position in any of the words be a hole.

Theorem 2. The problem of deciding the avoidability of a finite set of partial
words of equal length over an alphabet of size k > 2 is N'P-hard.

Proof. We present a reduction from the NP-hard unrestricted AVOIDABILITY
problem. Given a finite set X of partial words over a k-size alphabet A, we
construct a set X’ of pwords of equal length as follows. Let [ denote the maxi-
mum length of the words in X. Then X’ is formed by the following two parts:
{uot=1"I"1q | v € X, |u| < l,a € A} and {u | u € X, |u| = I}. We show that X' is
avoided by the same words as X. Consider for any u € X where |u] <[ the set
X! = {uo!"1"I=1q | a € A} which has the same avoidability as Y, = {uo!~I*I}
because an Expansion operation on Y, results in X/ . Furthermore, a Hole Trun-
cation operation on Y, results in the set {u}. Therefore, X/ is avoided by the
same words as {u}. By our construction of X', clearly X' is avoided by the same
words as X. Therefore, X is avoidable if and only if X’ is avoidable. Finally, we
note that the length of the description of X, that is | X|| = > _y |z, satisfies
IX’)l < IX|Iik, and so this reduction runs in polynomial time. O
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A tractable variation is provided in the next theorem. As a direct corollary,
combining the two restrictions presented in the previous two theorems results in
a problem which can be efficiently decided.

Theorem 3. The problem of deciding the avoidability of a finite set X of partial
words, where for some positive integer p every element x € X is defined at
position 0 < i < |x| if and only if p divides i, can be solved in polynomial time.

Corollary 1. The problem of deciding the avoidability of a given finite set of
partial words of equal length n, where each element has at most two defined
positions (by Remark 1, each element has the form ao™ 2b), can be solved in
polynomaal time.

Another natural variation of AVOIDABILITY is presented in the next theorem.

Theorem 4. The problem of deciding whether a finite set of partial words is
avoided by a word of length 1 is strongly N'P-complete.

Using de Bruijn graphs, well known to be Hamiltonian and Eulerian, Theo-
rem 5 will give a bound on periods of avoiding words by establishing a correspon-
dence between them and lengths of cycles in such graphs. The de Bruijn graph of
order m over a k-size alphabet A, denoted G(m, k), is the digraph (V| E') defined
as follows: Form > 1,V =A™ and F = {(2,2') | 2/ = 0(z,a)}, where we denote
by o(z,a) the word 2z’ of length m such that for some b € A, za = bz’ (here
b=2(0), 2/(0) = 2(1), /(1) = 2(2), ..., Z/(m—=2) = z(m — 1), 2’(m — 1) = a).

Theorem 5. If a finite set of partial words of length m over an alphabet A is
avoidable, then it is avoided by a word of period at most |A|™.

Proof. Let X be a finite avoidable set of pwords of length m. Consider the
subgraph G = (V, E) of G(m, k) induced by the set {u | u ¥ « for all z € X}.
Essentially, incidence in G corresponds to transitions in the automaton of Aho
and Corasick [5]. We claim that there exists a cycle in G of length p if and only
if there exists an infinite word with period p which avoids X. Consider any cycle
C in G of length p. Construct the word ve formed by concatenating the first
letters of each vertex along the cycle. By our construction of GG, no subword of
(vc)? of length p is compatible with any word in X. Therefore, the infinite word
(ve)? of period p avoids X. Now suppose there exists a cycle C' in G of length
greater than |V|. Then, by the pigeonhole principle, C' is not simple, and so we
can find a simple cycle C” of length at most |V|. Therefore, since |V| < |A|™,
there exists an infinite word with period at most |A|™ that avoids X. O

Theorem 6. The problem of deciding the avoidability of a finite set of partial
words of equal length can be solved in polynomial space.

Proof. We apply the bound found in Theorem 5 to obtain a polynomial space
algorithm which decides the avoidability of a finite set X of partial words of
length m over alphabet A. Algorithm 1 searches for a cycle in the graph defined
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Algorithm 1 Deciding Avoidability in Polynomial Space
1: Non-deterministically select a word w of length m

2: Set z=w,i=0

3: while i < |A|™ do

4 Increment ¢

5 Non-deterministically select a letter a € A

6 Set z = 0(z,a)

7: If 3x € X such that z T x, reject

8

9:

If z = w, accept
Reject

in Theorem 5 without constructing the graph. The correctness of this algorithm
can be proved with the loop invariant that, at iteration 7, there is a path of length
i from w to z. So if there is a cycle in G, then there is a cycle with at most |A|™
vertices and our algorithm will accept. If there is no cycle, then there is no path
from w to w of length at least 1 and our algorithm will reject. Because our
algorithm stores only two words of length m and a counter of length mlog |A],
it uses O(m) non-deterministic space, and so, by Savitch’s theorem [12], only
O(m?) deterministic space, which is polynomial in the input’s length. a

Generalizing to arbitrary sets, we get the following corollary.
Corollary 2. AVOIDABILITY is in PSPACE.
We now consider reducing AVOIDABILITY to the binary alphabet.

Theorem 7. The problem of deciding the avoidability of a finite set of partial
words over an alphabet of size k > 2 reduces in polynomial time to the problem of
deciding the avoidability of a finite set of partial words over the binary alphabet.

Proof. Given a finite set X of partial words over alphabet A = {a1,a2,...,ax},
we construct a set X’ of partial words over the alphabet B = {0, 1} such that X’
is avoidable if and only if X is avoidable. At a high level, our reduction encodes
each symbol in a binary representation and delimits adjacent encodings with a
special binary word. Let [ = [log, |A|] be the length of an encoding, d = 101
be the delimiting word, and define the sets S = {00,11} and T = B3\ {101}.
Finally, define the function b : A, — S’ U (00)! to be such that b(a;) equals the
binary representation of the natural number ¢ — 1, where each bit is replaced
with two copies of itself, and b(o) = (¢0)!. We now describe the elements in X':

1. First, add every word of length 2] + 3 which does not contain 101 as a factor
in order to ensure that any avoiding infinite word has 101 as a factor.

2. Second, for each t € T, add 101(o0)'t. To avoid these words, every occurrence
of 101 in an infinite word must be followed by another 101 after 2{ other bits.

3. Third, for each 0 < i < [, add the words 101(¢¢)?01 and 101(¢0)?10. This
forces avoiding words to have only valid binary representations (that is,
words from S') between consecutive pairs of 101.
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4. Fourth, for each word wgu; - - u;—1 € X, where each u; € A, add to X’
the word 101b(ug)101b(uy ) - - - 101b(uy,—1) which enforces a bijection between
words which avoid X and words which avoid X'.

5. Finally, for each |A| < i < 2!, add the corresponding binary representation
of i — 1 where each bit is replaced with two copies of itself. This ensures that
every factor of length 2! delimited by 101 corresponds to a symbol in A.

Suppose some infinite word w = (wowy - - -w,_1)% avoids X. Then clearly the
word w' = (101b(wo)101b(wy) - - - 101b(w,—1))% avoids X’. Next, suppose that
some infinite word w’ avoids X’. Then, to avoid the first part, w’ must have 101 as
a factor. Additionally, to avoid the second part, following every occurrence of 101
in w’ there must be another occurrence of 101 in w’ after 21 other bits. Further-
more, to avoid the third part, these bits must come in pairs. Moreover, to avoid
the last part, these 2! bits must form a binary representation of some symbol in
A. So one period of our word must be of the form 1015(uo)101b(u1) - - - 101b(wpn—_1)
for some u; € A,. Finally, to avoid the fourth part, (ugu; - - - un,l)Z must avoid
X. Note that all but the fourth part of X’ are functions of only the size of the
alphabet. Because the alphabet is constant, these sets are constant with respect
to the input. Therefore, because the fourth part grows linearly with respect to
X, this reduction can be performed in polynomial time. a

Theorem 7 shows that problems of deciding avoidability of sets over alphabets
of sizes at least two are equivalent with respect to polynomial time reductions;
that is, they are all in the same complexity class. A more rigorous analysis of
the space complexity of our reduction, in conjunction with Theorem 1, provides
an alternate proof of the N"P-hardness of the general problem.

Corollary 3. AVOIDABILITY is N P-hard.

Proof. The problem of deciding the avoidability of a finite set of partial words
over an alphabet of size k > 2 is A/P-hard. Indeed, we prove that the reduction
from the Directed Hamiltonian Circuit problem followed by the reduction to the
binary alphabet is polynomial time, and therefore suffices to show the avoidabil-
ity problem N'P-hard. The reduction in Theorem 1 uses O(|V|?) space, while
the reduction in Theorem 7 uses O(|A|? + | X|log|A|) space. Because 4 = V,
the composition of these reductions uses O(|V[*+ |V [2log |[V]) = O(|V|? log |V )
space. As both are polynomial time, so is their composition. This concludes the
proof when k¥ = 2. As in [6], for k& > 2, we simply forbid the other letters,
as,...,ay, of the alphabet by including them in the set. a

Additionally, Theorem 7 shows that if every finite avoidable set of partial
words over some alphabet of size k is avoided by an infinite word with a period
bounded by a polynomial in the size of the set, then so is every finite avoidable
set over an alphabet of any size. Moreover, by applying Theorem 2, we can reduce
all these avoidability problems to the problem of deciding the avoidability of a
finite set of partial words of equal length over the binary alphabet. In the next
section, we exploit properties of these reduced sets to present some partial results
towards a polynomial bound on the period of an avoiding word.
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4 Polynomial Bound on Periods of Avoiding Words

In the previous section, we reduced the problem of deciding the avoidability of
a finite set of partial words over an alphabet of size & > 2 to the problem of
deciding the avoidability of a finite set of partial words of equal length over
the binary alphabet. This reduction simplifies our problem significantly, most
notably by allowing us to consider only two parameters when establishing a
bound on the shortest period of an avoiding word: the length of the words in the
set and the number of elements in the set.

The following theorem establishes a bijection from simple cycles to subset-
minimal cycles in de Bruijn graphs (a cycle C in a graph G is subset-minimal if
there does not exist a shorter cycle D such that every vertex in D is also in C).

Theorem 8. Let G(m, k) be the de Bruijn graph of order m over an alphabet of
size k. There exists a bijection from simple cycles in G(m, k) to subset-minimal
cycles in G(m + 1, k) which preserves cycle length.

The first corollary gives the lengths of the longest subset-minimal cycles in de
Bruijn graphs, the second, which strengthens Theorem 5, provides a tight bound
for periods of avoiding words, and the third is a negative result on polynomially
bounded periods.

Corollary 4. Let G(m, k) be the de Bruijn graph of order m over an alphabet
of size k. The length of the longest subset-minimal cycle in G(m, k) is k™~ 1.

Corollary 5. If a finite set of partial words of length m over a k-letter alphabet
is avoidable, then it is avoided by a word with period at most k™ 1. Furthermore,
for every m, a finite set of partial words of length m over a k-letter alphabet exists
such that the smallest period of an infinite word which avoids the set is k™ 1.

Corollary 6. No polynomial function p of m exists such that all avoidable sets
of partial words of length m over a k-letter alphabet are avoided by an infinite
word with period at most p(m).

In short, if there exists a polynomial function p from a set of n partial words
of length m over a k-letter alphabet to an upper bound on the shortest period
of an infinite word which avoids the set, then p is a function of both n and m.

Conjecture 1. If a set of n partial words of length m over a k-letter alphabet is
avoidable, it is avoided by an infinite periodic word with period at most mn.

The following propositions present some positive results towards verifying
Conjecture 1.

Proposition 2. Conjecture 1 is true when n < 2.

We note that proving Conjecture 1 is much more difficult for sets of partial
words than for sets of full words, as we must consider how many fewer elements
are needed in a set of partial words. Consequently, the following result is re-
stricted to sets of full words. For positive integers m and k, let ¢(m, k) be the
number of conjugacy classes of words of length m over a k-letter alphabet.
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Proposition 3. Conjecture 1 is true for sets of full words.

Proof. We show that every avoidable set X of n full words of length m over a
k-letter alphabet is avoided by an infinite word of period at most mn. We first
claim that c¢(m, k) > % This follows because there are k™ words of length m
and each conjugacy class has at most m elements. We now consider two possible
cases: First, suppose n < % Then because n < ¢(m, k), some conjugacy class
is not represented in X; that is, there exists some word v of length m such that
for all u € [v] and z € X, u # x. Therefore, the word vZ of period m avoids X.
Now, suppose n > % By Corollary 5, X is avoided by an infinite word with
period at most k™~ The result follows since mn > k™ > k™1, O

The difficulty in proving this bound for sets where n > c(m, k) arises from
a tenuous balance in the constructing sets of smallest cardinality which are
avoidable, yet avoided only by words with large periods. In particular, it was
shown in [3] that for every m and k, there exists an unavoidable set of words
of length m over an alphabet of size k having c(m, k) elements. And so, in
proving this bound when n > ¢(m, k), our task is complicated by the existence
of unavoidable sets.

5 Sets Avoidable by Aperiodic Infinite Words

We now consider the problem of determining whether or not there is a non-
ultimately periodic infinite word avoiding a given set of partial words.

Theorem 9. There is a polynomial space algorithm to decide if a finite set of
partial words over a k-letter alphabet is avoided by a non-ultimately periodic
infinite word. Equivalently, there is a polynomial space algorithm to decide if the
number of finite words of length n that avoid a finite set of partial words over a
k-letter alphabet grows polynomially or exponentially with n.

Proof. Suppose we are given a finite set X of partial words over a k-letter al-
phabet. Let us first perform the transformation of X to X’ as described in the
proof of Theorem 2. The set X’ consists of partial words of the same length m,
and the words avoiding X’ are exactly the words avoiding X.

Let G(m, k) be the de Bruijn graph of order m and let G be the subgraph of
G(m, k) induced by the set {u | u ¥« for all © € X'}. It is clear that there is a
non-ultimately periodic word avoiding X’ if and only if G contains two distinct
directed cycles C and C5 such that there is a directed path P; from Cy to Cs
and a directed path P, from C3 to . Similarly, the number of finite words of
length n that avoid X’ grows exponentially with n if and only if there exist C1,
Csy, Py, and P, as described above.

To determine the existence of Cy, Co, P;, and P», we apply a variation of
Algorithm 1. We only describe the changes required to Algorithm 1. Instead of
non-deterministically choosing a single word w, we instead choose two distinct
words w and v of length m. We then non-deterministically search for cycles in
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G from w to w and from v to v of lengths at most £™, just as in Algorithm 1.
Using the same technique, we non-deterministically search for paths P, from w
to v and P, from v to w in G, where P; and P, have length at most k™. This
non-deterministic algorithm uses only O(m) space, so there is an equivalent
deterministic algorithm that runs in O(m?) space by Savitch’s theorem [12]. O

Our next theorem uses the probabilistic method and is therefore non- con-
structive. Let A;,..., A, be events in a probability space. A graph G = (V, E)
is a dependency graph if V.= {1,...,n} and for all 4, A; is mutually independent
of all the A;’s for which there is no edge {i,j} € E.

Lemma 2 ([13], Lemma 19.1). Let G = (V,E) be a dependency graph for
events Ay, ..., A, in a probability space. Suppose that the maximum degree of G

is d and that there is a real number p for which Pr[A;] <p foralli=1,...,n.
If 4pd < 1, then Pr[nA4;] > (1 —2p)™ > 0.

We use the above result, known as Lovdsz Local Lemma (symmetric version),
to prove that if a set X of partial words is not too large, the number of finite
words of length n avoiding X grows exponentially.

Theorem 10. Let X be a set of pwords of length m > 2 with at most h < m

holes over an alphabet A of size k > 2. If | X| < 4(]“%?1), then forn > 1, there are

at least [k (1 — 4m1_2>} words of length n over A that avoid X. Furthermore,

there is a non-ultimately periodic infinite word over A that avoids X.

Proof. Let n be an arbitrary positive integer and let w be a random word of
length n over A. For ¢ = 1,...,n, let A; denote the event that w contains a
factor compatible with a partial word in X at position i — 1. Let p = k‘f_lh, SO
that for all 4, Pr[4;] < p. To apply the local lemma we may take d = 2m—1, since

there can be at most 2m — 1 overlapping pairs of occurrences of factors of length

m in w. Observe that for | X| < 4(’“%7_}1), we have p = klmi_lh < m, so that

4pd < 1. By the local lemma, with probability at least (1 —2p)™ > (1 — -15)",

w contains no factor compatible with a partial word in X. There are therefore

at least [k (1 — ﬁ)} words of length n that avoid X. Since k,m > 2, we

have k(1 — 4m1_2) > 1, so the number of words of length n that avoid X grows
exponentially with n. We conclude by observing that by our discussion in the
proof of Theorem 9, there are exponentially many words of length n avoiding X

if and only if there is a non-ultimately periodic infinite word avoiding X. ad

6 Conclusion and Open Problems

In this paper, we have established the membership of AvOIDABILITY in PSPACE,
have reduced AVOIDABILITY to constant length sets over the binary alphabet,
have formulated a conjecture about polynomially bounding periods of infinite
avoiding words and have proven it for the special case of sets of full words,
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have given a polynomial space algorithm that determines if a given finite set of
partial words is avoided by a non-ultimately periodic infinite word and that also
determines if the number of finite words of length n avoiding the given set grows
polynomially or exponentially with n, and have also applied the probabilistic
method to show that if a set of partial words is not too large, the number of
finite words of length n avoiding it grows exponentially. However, membership
of AVOIDABILITY in NP remains open. A World Wide Web server interface
has been established at www.uncg.edu/cmp/research/unavoidablesets3 for
automated use of a program that when given as input a finite set of partial words
over a given alphabet will output the shortest period of an infinite avoiding word
in case the set is avoidable.

References

1. Lothaire, M.: Algebraic Combinatorics on Words. Cambridge University Press
(2002)

2. Mykkeltveit, J.: A proof of golomb’s conjecture for the de bruijn graph. Journal
of Combinatorial Theory, Series B 13 (1972) 40-45

3. Champarnaud, J., Hansel, G., Perrin, D.: Unavoidable sets of constant length.
International Journal of Algebra and Computation 14 (2004) 241-251

4. Blanchet-Sadri, F., Brownstein, N., Kalcic, A., Palumbo, J., Weyand, T.: Unavoid-
able sets of partial words. Theory of Computing Systems To appear (2009)

5. Aho, A., Corasick, M.: Efficient string machines, an aid to bibliographic research.
Communications of the ACM 18 (1975) 333-340

6. Blanchet-Sadri, F., Jungers, R., Palumbo, J.: Testing avoidability on sets of partial
words is hard. Theoretical Computer Science 410 (2009) 968-972

7. Choffrut, C., Karhumaéki, J.: Combinatorics of words. In Rozenberg, G., Salomaa,
A., eds.: Handbook of Formal Languages. Volume 1. Springer-Verlag (1997) 329-
438

8. Kobayashi, Y.: Repetition-free words. Theoretical Computer Science 44 (1986)
175-197

9. Goulden, 1., Jackson, D.: Combinatorial Enumeration. Dover (2004)

10. Blanchet-Sadri, F.: Algorithmic Combinatorics on Partial Words. Chapman &
Hall/CRC Press (2007)

11. Karp, R.: Reducibility among combinatorial problems. In Miller, R., Thatcher, J.,
eds.: Complexity of Computer Computations. Plenum (1972) 85-103

12. Savitch, W.: Relationship between nondeterministic and deterministic tape classes.
Journal of Computer and System Sciences 4 (1970) 177-192

13. Jukna, S.: Extremal Combinatorics. Springer (2001)



