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Chapter 1

Introduction

Linear systems of equations with fully occupied coefficient matrices arise in a number
of physical application, e.g. solution of integral equations, solution of fractional advection
dispersion equations. There is many drawbacks to this as the operations of multiplication,
addition, matrix-vector multiplication, are of O(n?) complexity. Also, finding the inverse of
a dense square matrix is O(n?).

Hierarchical matrices arise naturally from integral equations. The idea of Hierarchical
matrices is to replace a dense matrix with one that is data-sparse, meaning that a coefficient
matrix from a linear system of equations can be represented by a small amount of data. This
will reduce our memory storage and we hope that it will retain the approximation properties
that one can achieve normally.

This paper is organized into three chapters. Chapter 1 begins with a motivational
example. In this chapter, we use the hierarchical matrix structure to approximate a simple
one-dimensional model problem. In Chapter 2, domain partitioning is discussed and an
algorithm to partition a domain efficiently is discussed. In Chapter 3, the fractional advection
dispersion equation (FADE) is introduced and using the ideas from Chapter 1 and 2, we

approximate FADE and compare the results to the normal finite element approximation.



Also in Chapter 3, we experiment with the rank of submatrices in the resulting H-matrices.

1.1 Motivation Problem

Example 1. Let F': [0,1] — R be given. We seek a solution U : [0,1] — R satisfying
Jomle = ylU)dy = F(x),  z€(0,1]  (1.1)

Also, for convenience let g(x,y) = In|z — y| be called the kernel function.

First we observe that g(x,y) is undefined for z = y. A graph of g is given below.

Figure 1.1: Graph of Kernel Function

We employ Galerkin’s discretization for Example 1, that is we solve equation (1.1)

projected onto the n-dimensional space V,, := span{¢i, ¢o, ..., on },
fol fol oi(x)In|z — y|U(y)dydr = fol ¢i(z)F(z)dz, 1<i<n

n

and seek the discrete solution U, in the space V,,, where U,, = Z c¢;¢; for unknown coeffi-
j=1

cients ¢;. Let ¢ be the corresponding coefficient vector, then c is the solution to the linear

system Gc = f, where



Gij = fo [2 ¢i(@)In|z — ylo;(y)dyde  and  fi = [} ¢i(z)F(x)dx

In this introductory example, we use piece-wise constant basis functions

1 < gp < il
- — n

S

di(z) =

0 otherwise

on a uniform grid of [0, 1]. Note that the matrix G is dense in the sense that all entries are
nonzero. We will approximate G by a matrix G that can be stored in a data-sparse format.

To do this we first replace the kernel by a degenerate kernel

g, y) = 380 gu(@)ho(y)

so that the integration with respect to the z-variable is separated from the one with respect
to the y-variable. Observe though, that the kernel function cannot be approximated on the
entire domain [0, 1] x [0,1]. Instead we construct local approximations for subdomains of

[0,1] x [0, 1] where g is sufficiently smooth.

1.2 Taylor Expansion of the Kernel

Let 7 = [a,b],0 = [¢,d] with 7 x ¢ C [0,1] x [0,1] be a subdomain with b < ¢ (and
thus 7 No = 0). It is easy to see that the kernel function is nonsingular in 7 x 0. Let us

now examine the partial derivatives of the kernel function.

Lemma 1. The derivatives of g(x,y) = In|x — y| with x # y and v € N are given by

dyg(z,y) = (=1)"(v — Dz —y)™

9,9(x,y) = —(v -1z —y)™"

Proof. This is an elementary calculus proof, and is therefore omitted here. O]



a+b

The Taylor series of x — g(z,y) about z = converges in the whole interval 7, and

the remainder of the truncated Taylor series can be estimated as follows.

Lemma 2. Let k € N. The function g(z,y) defined by

gla,y) = S Lovg(@,y) (@ — 2)°

approzimates g(x,y) with error given by

oe.y) — (o) < gl (14 =)™

Proof. Let k € N, x € [a,b],y € [¢,d] with a < band ¢ < d. Within the radius of convergence

the Taylor series expansion of the kernel function about z as defined above is,

g(z,y) =00, Lovg(z,y)(z — )",

Observe that,

o) =)l = |3 00 =2 =3 ke - 3
ST
- o ()

1z - qf )
<
= §<|w—a\+|c—b|
1z - qf e\
1 1+ —-
( e VAT
|c—b]

ia = 1, we know that our approximation covers the entire interval la, b]. O

Since 1 +

Note that if ¢ — b then the error of approximation tends to infinity. Let us explore

the condition b < ¢ (disjointness of the intervals).
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Definition 1. Let 7 = [a,b],0 = [¢,d] with 7 x o C [0,1] x [0,1]. We say 7 X o is an
admissible subdomain of [0, 1] x [0, 1] if diam(7) < dist(r, o).

The importance of this definition is given in the next theorem.
Theorem 3. Let 7 = [a,b],0 = [¢,d] with 7 x o C [0,1] x [0,1]. If T X o is an admissible

subdomain of [0,1] x [0, 1], then |g(z,y) — g(x,y)| < 37;“.

Proof. Let 7 = [a,b],0 = [¢,d] with 7 x o C [0, 1] x [0, 1], assume that 7 X ¢ is an admissible

subdomain of [0, 1] x [0,1]. That is, assume diam(7) < dist(r, ) That is b—a < c—b. By
bl

lemma 2, we know |g(x,y) — §(z,y)| < <1 + = al) 1+ &= ) . Observe that

=y ( 7—al
s = (10455) (- £2)°
a+b —k
(03
(-
3—k+1

3 k+1

]

Hence, |g(z,y) — §(z,y)| <

So, on a uniform grid of [0, 1] we know that the approximation error decays exponen-

tially with respect to the order of k, as long as the admissibility condition is satisfied.

1.3 Low Rank Approximation of Admissible Blocks

Let I ={0,1,...,n—1} be an index set that contains the indices of the basis functions
¢; used in the Galerkin discretisation. Let ¢ and s be two subsets of I and define their

corresponding domains as



7 = U;er SUPP @5 and o = ,cs SUPP ¢;.

If 7 X 0 is an admissible subdomain of [0, 1] x [0, 1] then we can approximate the kernel ¢ in

T X ¢ by a truncated Taylor series of g and replace the matrix entries

= [ [ ¢i(x)g(a,y)d;(y)dyda

with the use of the degenerate kernel g(z,y) = Zﬁ;; gu(x)hy(y), so for (i,7) € t x s we have

Gy = //Cbz 9(z, y)¢;(y)dydx

- / / e ng (y)dyda

_ Z( / ¢i<x>gv<x>dx) ( / @(y)hv(y)dy)

Hence, the benefit of doing this is two fold, since the double integral is separated into two

single integrals, and the submatrix G|;«s can be represented in factorized form as
G|t><5 — ABT,A c Rtx{o,l ..... k71}7B c Rsx{o,l ..... k—1}
where A and B are defined as

A = [ ¢i(x)go(z)dr  and By, = [} ¢;(y)h.(y)dy

We should point out, that the rank of ABT is at most k& and also independent of the car-
dinality of ¢ and s. This motivates the next two definitions. The approximation error in

approximating the submatrix is given in the next lemma.

Definition 2. Let A be an m X n matrix, if A can be written as A = UV7, for some matrices

U and V, we call this representation of A the outer-product form.

Definition 3. Let I = {0,1,...,n — 1} be an index set that contains the indices of the

basis functions ¢; used in the Galerkin discretization. A block ¢t x s C I x [ is said to be
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admissible if 7 x ¢ is an admissible subdomain of [0, 1] x [0, 1] where 7 = |J,, supp¢; and
0 = U,es Suppd;. If 7 x 0 is not an admissible subdomain of [0, 1] x [0, 1] then we say t x s

is inadmissible.

Lemma 4. The elementwise error for the matriz entries G;; approximated by the truncated

Taylor Series of g in the admissible block t X s (and g in the other blocks) is given by

Proof. Let G and G be matrices defined as Gj; = fo fo ¢i(x)g(z,y)p;(y)dydr and Gi; =
fo fo ¢i(2)g(z,y)¢;(y)dydx (in the admissible block ¢ x s and g in the other blocks). Observe

that we have

|%—@A:L//@ o(z.9) — 3. 4))6, () dyd

s//mw(“wmwm
_ M/@dd@

—k+1

2n2

[]

Now let us assume that we have partitioned the index set I x I for the matrix G into
admissible blocks, where the low rank approximation is applicable, and inadmissible blocks,
where we use the matrix entries from G. (We will present a method for doing this in the
next chapter.) With this assumption, we can put a bound on the global approximation error

in the Frobenius norm, where the Frobenius norm is defined for a matrix M of size m x n,

to be HMH2F = Z?Ll Z;’L=1 m?j-

Lemma 5. The approzimation error ||G — é“F in the Frobenious norm for the matriz G



(n x n)built by the degenerate kernel § in the admissible blocks t X s € P (P is a partition

here) and by g in the inadmissible blocks is bounded by
||G - GHF < 2(3k£1)n

The question that remains to be answered is how we want to partition the index set
I x I into admissible and inadmissible blocks. A trivial partition would be P = {(i,7)|i €
I,j € I} where only 1 x 1 blocks of rank 1 appear. In this case, G would be identical to G,
but this does not exploit the option to approximate the matrix in large subblocks of matrices

of low rank.



Chapter 2

Building Partitions of a Domain

In this chapter, for I an index set of the basis elements used in the Galerkin discretiza-
tion scheme, we discuss how to partition I x I into admissible and inadmissible blocks. To

do this, we first define a cluster tree. For the admissibility condition we use Definition 1.

2.1 Cluster Tree T}

Let I be an index set after Galerkin discretization used in the approximation of
problem (1.1). The candidates t, s C I for the construction of the partition I x I will be stored
in a so-called cluster tree, T;. The root of the tree, T7, is the index set Ifo) ={0,1,...,n—1}.
For ease of presentation we assume that the number of basis functions, n, is a power of two,

i.e. n = 2P,



7% =1 {0,...,7}
g ;M‘\‘_ .«/\\x
il T [0,...,3} {4,...,7}
2 742 i 7 10,1} 12,3} 14,5} {6.7}
,-'\ A N A A
/\ /\ /N /N VANV AN AN AN
g o ap) ap o o of 1 {0 {1} 2 8 @ 5 8 {1
Figure 2.1: Hlustration of 77
As one can see from Figure 2.1, the two successors of If are ] ={0,1,...,5 — 1}
and I %,..,n—2,n —1}. Also, the two successors of Ifl are Il =1{0,1,....% =1}
and 12 ={4,...5 — 2,5 — 1}. This scheme is illustrated in Figure 2.1. Let n,;, denote

the desired minimal size of a node, where by node we mean an entry in the tree 77. Each
subsequent node, ¢, with more that n,,;, indices has exactly two successors: The first node
contains the first half of its indices, the second node contains the second half. Nodes with
Nmin O less indices are leaves. So, parameter n,,;, controls the depth of the tree. For
Nmin = 1 We get the maximal depth. However, for practical purposes we might want to set
Nomin = 2k or Ny = 16, to preserve computation time in creating the cluster tree, T7.

Note that for n,,;, = 1 the tree T} is a binary tree of depth p, see Figure 2.1. It
contains subsets of the index set [ of different size. The first level consists of the root
I ={0,1,...,n—1} with n indices, the second level contains two nodes with n/2 indices and
so fourth. So, we know that the tree is balanced with respect to cardinality, i.e. nodes on
the same level have the same number of elements. Also, the number of nodes in the tree T}

is 2n — 1, since the tree is binary.
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2.2 Block Cluster Tree 17;

The number of possible blocks ¢ X s with nodes ¢, s from the the tree T is (2n —1)* =
O(n?). So, for n large, it is computationally infeasible to test all possible combinations I x I.
In this section our aim is to reduce the quadratic cost for the assembly of the matrix.

One approach to reduce this cost is to test nodes starting with the root I of the tree
T7 and desending in the tree. The tested blocks are stored in a so-called block cluster tree
Tr«; whose leaves form a partition of the index set I x I. The algorithm is given as follows
and called with parameters BuildBlockClusterTree(I,I). Let S(cluster t,cluster s) be the

set, of sons of ¢.

Algorithm 1. BuildBlockClusterTree(cluster t,cluster s)
if(t,s) is admissible or [t| = |s| =1
S(t x s5)=0
else
S(t x s)={t x s'|t € S(t),s € S(s)}
for ¢ € S(t) and s’ € S(s)
BuildBlockClusterTree(t', )
end

end

Note that the tree Ty, ; is a quadtree, but there are leaves on different levels of the

tree which is not the case for the binary tree T7.

Example 2. We consider the example tree from the above Figure 2.1. The root of the tree

is {0,1,..,7} x {0,1,..., T}.

11



Figure 2.2: Root of Cluster Tree

which is not admissible, in terms of Definition 1, because the corresponding domain
to the index set {0, 1, ..., 7} is the interval [0, 1] and diam([0,1]) =1 £ 0 = dist([0, 1], [0, 1]).
The four successors of the root in the tree Ty, are {0, 1,2,3}x{0,1, 2,3}, {0, 1, 2,3} x

{4,5,6,7}, {4,5,6,7} x {0,1,2,3}, and {4,5,6,7} x {4,5,6,7}.

Figure 2.3: Structure when p=1

Again, none of these are admissible, in terms of Definition 1, and they are further
subdivided into {0, 1} x {0,1}, {0,1} x {2,3}, {0,1} x {4,5}, {0,1} x {6,7}, {2,3} x {0, 1},
{2,3} x {2,3}, {2,3} x {4,5}, {2,3} x {6,7}, {4,5} x {0,1}, {4,5} x {2,3}, {4,5} x {4, 5},
{4,5} x {6,7}, {6,7} x {0,1}, {6,7} x {2,3}, {6,7} x {4,5}, {6,7} x {6,7}.

Figure 2.4: Structure when p=2

Now some of the nodes are admissible, in terms of Definition 1, e.g. the node

{0,1} x {4,5} because the corresponding domain is [0, 1] x [%, 3], and diam([0,1]) =

dist([0, 1], (3, 2]).

271

1
4
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Remark 1. The nodes on the diagonal are not admissible as the distance of the correspond-
ing domain to itself is zero, and also some of the nodes off the diagonal, e.g., {0, 1} x {2, 3},
are not admissible. The successors of these nodes are the singletons {(7,j)} for indices 1, j.

The final structure of the partition looks as follows

Figure 2.5: Final Structure

For p =4 and p = 5 the structure of the partition is similar

Figure 2.6: Final Structure when p=4 and p=5

2.3 Assembly and Storage

The product index set I x I decomposes into admissible and inadmissible nodes of the
tree Tr«;. The assembly and storage differs for the corresponding two classes of submatrices.
Likewise, for the two corresponding classes of submatrices their arithmetic will differ too;

this will be discussed later. First, we introduce some notation to aid in the discussions.
Definition 4. Let m,n € N,k € Ny. Define the set of m x n matrices of rank at most k by

R(k,m,n) = {M € R™"|rank(M) < k}

13



A suitable representation for the submatrix G\tm is the rk-matrix format defined

next.

Definition 5. An m X n matrix M of rank at most k is said to be stored in rk-matrix
representation if it is stored in factorized form M = ABT where the two matrices A € R™*k

and B € R™* are both stored as two-dimensional arrays.
The next definition is a way of storing the inadmissible blocks.

Definition 6. An m x n matrix M = [m;;] is said to be stored in full-matrix representation

if the entries m;; are stored as real numbers (double) in an array of length m *n in the order

ml,l? ml,?v sy ml,ma m2,17 ceey mQ,ma cety mn,la vy My m

)

column-wise.

We use the definitions of full-matrix and rk-matrix formats to formally define a Hi-

erarchical matrix representation of a matrix.

Definition 7. Let T7.; be a block cluster tree for the index set I. We define the set of

H — matrices as
H(Trxr, k) = {M € R rank(M|,xs < k for all admissible nodes t x s € Tyyr}

Definition 8. Let T}, be a block cluster tree for the index set 1. A matrix M € H(T«y, k)
is said to be stored in H — matriz representation if the submatrices corresponding to inad-
missible blocks are stored in full-matrix representation and those corresponding to admissible

blocks are stored in rk-matrix representation.

Having formally defined the set of H —matrices and the H — matrix representation,

we next discuss the assembly of inadmissible and admissible blocks.

14



2.3.1 Inadmissible Leaves

For the inadmissible blocks ¢ x s C I x I we compute the entries (i,j) of G|ixs as

usual. Namely,

1
Gy= [ [ odalinle — vio,)dyda
o Jo
= / / In|x — y|ldydx

2.3.2 Admissible Leaves

For the admissible blocks ¢ x s C I x I with corresponding domains [a, b] X [¢, d] and

T = GTH’ we compute the submatrix in factorized form

GA‘tXS — ABT

Aw:/ ! (x — z)dx

i
(—1)+ L [,7 (3 — )~ dy,v > 0
& n

Ji

n

ij -
In|z — y|dy,v =0

2.4 Numerical Results

So far, we have only discussed how to assemble and store H-matrices. Before we
get to results, we discuss how to solve the approximate system of linear equations. With
the next definition, we define how to multiply an H-matrix by a vector. After defining
this operation, we use GMRES (Generalized Minimum Residual Method) to solve the linear

system of equations.

Definition 9. Let A be a matrix, n4 the number of admissible blocks in a partition, A4 be

a sparse matrix with only inadmissible blocks represented. Also, let A; be an enumeration

15



of matrices that are sparse, and non-zero in the admissible portion of the matrix. We can
write, A~ Ajq+ > 2, Ax. Note that A4+ > 2, Ay is the H-matrix representation of A.

We define H-matrix vector multiplication as, Az ~ Apaz + > A Agx

Adapting GMRES for H-matrix multiplication, we get the following results (no pre-
conditioner) for Example 1. Also, note that we truncate the series in Lemma 2 so that the

number of terms is no more than the size of the admissible block being approximated.

h lJu — upl| 120 cvge. rate
1/4 | 8.508752 x 1072
1/8 | 4.025139 x 102 | 1.08
1/16 | 1.887749 x 1072 | 1.09
1/32 | 9.234988 x 103 | 1.03
1/64 | 4.56487 x 103 | 1.02

Table 2.1: H-Matrix Technique for Example 1

These results are comparable to the results obtained by using Galerkin’s Method

without an H-matrix technique.

h lJu — upl| 20 cvge. rate
1/4 | 8.424849 x 1072
1/8 | 4.008098 x 1072 | 1.07
1/16 | 1.885375 x 1072 | 1.09
1/32 | 9.231173 x 103 | 1.03
1/64 | 4.564444 x 1073 | 1.02

Table 2.2: Galerkin FEM Estimates for Example 1

16



Chapter 3

Fractional Advection Diffusion

Equations

The fractional advection dispersion equation (FADE) is useful in modeling anomalous
diffusion, i.e. diffusion not accurately modeled by the usual advection dispersion equation.
For example, FADE has been used to simulate solute transport in groundwater [2]. In order

to discuss this equation, we define left and right fractional integrals.

Definition 10. Let u be a function defined on the interval (a,b) and let o > 0. Then the

left Riemann-Liouville fractional integral of order ¢ is defined to be
oDy u(x) = 7 [Tz — s)7 tu(s)ds.

Definition 11. Let u be a function defined on the interval (a,b) and let o > 0. Then the

right Riemann-Liouville fractional integral of order ¢ is defined to be
Dy %u(zr) = = ff(s — x)7 tu(s)ds.

For properties of the Riemann-Liouville fractional integral operators, see [3]. We

17



investigate the approximation of the steady state FADE given by
— Da(poD;° + ¢uD;°)Du + b(2) Du + c(z)u = f (3.1)

where D represents a single spatial derivative, and (D,?, ,D; A represent left and right
fractional integral operators, respectively, with 0 < 3 < 1, and 0 < p,q < 1, satisfying
p+q=1

We now discuss the Galerkin Finite Element method approximation to FADE. Then

we will discuss using H-matrix schemes.

3.1 Galerkin Finite Element Method for Concrete Ex-
amples

In this section we formulate the Galerkin Finite Element Method for (3.1). Numerical
results will be given for two examples. This will be useful in the following sections, as we
will compare the Galerkin Finite Element Method approximation with that obtained using

an H-matrix scheme.
Example 3. Let p=1,¢=0,8=1/2,a=1, and b = ¢ = 0. Then, u(x) = z* is the exact
solution to the boundary value problem

N

—DoD;Y?*Du =
e TR TER)

(3.2)

We approximate the solution of (3.2) by projecting the solution into the n-dimensional
space V,, = span{oo, 41, ..., on_1}, where ¢;, i = 0,...,n — 1 forms a basis for V,,. Multiplying

(3.2) by ¢;, integrating over (0, 1), then integrating by parts we obtain

18



i Jo Jo (@ = )72 Duls)dsg;(x)de = [y f(x)di(x)dz, 1 <i<n

where f(z) = % We seek the solution w,, in the space V,,, where u, = E? écj@ for
unknown coefficients c¢;. Let c¢ denote the corresponding coefficient vector. Then c is the

solution of the linear system, G'c¢ = f, where

Giy = i Jo Jo (@ = 5)726)(s)dsoi(w)de and fi = [] ¢i(2)f (x)dz

Let z;,j =0,1,...,n—1, denote a uniform partition of [0, 1], with A = 1/n. In this example,

we use piece-wise linear, continuous basis functions (hat functions) defined by:

s —xi), wi<z<a
¢i(x) = _71(90 —Tiv1), i <x< x4
0, otherwise

We simplify the expression for G; given above. Observe,

Gij = JZ—S 12 ()dsd)()

- (/m/o o ()d“/W/ a7 ons () ar)
/ /0 12 (5)dsdx — / o / 1/2q§()dsdac)

w
— hF(1/2 (/ i/wr+1(x—s)_1/2¢;(s)dsdx+/l / (x — 8) 726 (s)dsda
Tio1 p=q VY Tr . ,
/ /W (x—s)71%0, dsdg;—/w/ (= s)"2g5(s )dsdx)
iy 5 Jay

19



Since qﬁ;(s) is piecewise constant, integrating we get

G, - m <Z¢ (xr+1+xr) (- )7

—(w; — $r+1)3/ + (Ti1 + -’Br+1)3/2 — (i1 — 93r)3/2))

4 o Til1 + X 4 i i+ Tit1
. _ (1/2)¢. [ 2ttt
* 3h1/21“(1/2)¢] ( 2 ) szl (1/2)9; ( > )

1 T+ Xy
3hF 1/2 <Z %5 ( = ) ((xiH - mr)g/Q — (Tig1 — :lc,,Jrl)g’/2
r=0

+(ZE2 + x,«+1)3/2 — (IZ — .T,«)3/2))

Using MATLAB, coding this system of equations, we obtain the following numerical calcu-

lations.

h lJu — upnl| 20 cvge. rate
1/4 | 5.054464 x 103
1/8 | 1.644609 x 1073 | 1.62
1/16 | 4.742156 x 10~* | 1.79
1/32 | 1.275353 x 10~* | 1.89
1/64 | 3.305235 x 107° | 1.95

Table 3.1: Galerkin FEM Estimates for Example 3

Clearly, the experimental convergence rate is converging to two, as h goes to zero.
This rate of convergence is discussed in more detail in [3]. Now, we turn our attention to a

more general example.

=2, b= c =1, and consider the boundary value

Example 4. Let u =2 — 2%, 3 =, a
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problem

—2D(poD;"* + ¢,D7*)Du+ Dutu = f (3.3)
u(@0) = 0
u(l) = 0

We again use the Galerkin method to approximate the solution in the n-dimensional space

V,, = span{ oo, ¢1, ..., dn_1}, with the basis functions as defined in Example 3. Observe that
—2D(poD; ' + ¢, D; "*YDu + Du + u = —2pDyD;"*Du — 2¢D, Dy "’ Du+ Du + u

Multiplying (3.3) through by ¢;(z) and integrating we have

2p // $) Y2 Du(s)dsey(x)dx + %// )"V Du(s)dsy(x)dx
/Du e / (@) dx_/f Joi(x)de (3.4)

Again, we approximate u(z) as

=Y eyl (35)
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Substituting (3.5) into (3.4) yields

2 [ 12 . .
11(%)/0 (Z 055 )cm ©)dz

’

2q/ / 1”(1@@@)¢@m

0

+/0 (Zcﬂbj( )) x)dz + chﬁbz

= [t

Simplifying we have

-k(%// e W¢W+;// v) 26 (s)ds () d

j 2

4 /O (@) () + /0 @(3‘;)@(‘5)“)
zﬂﬁw@mm

Let ¢ be the corresponding coefficient vector, then c is the solution to the linear system

Gc = f where

o= 2p 1 193—3_1/2 /~s S T 24 1 13—3:_1/2 /As s/.x T
Go= gy | [ o=+ 55 [ [ s =g sy

+/01¢<> d:c+/<z>1 25 () do

(3.6)
and

= Jy F(2)¢i(x)dz
We simplify the expression for G;;. We do this by considering each term individually. From
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(3.1) it follows that

2p// s)" 126 (s) ¢ (x)dx =

+($Z—1 + $T+1)3/2 (xl—l - xr)3/2>)

i it
3hF () (;gb (le En ) (2 = )72 = (@i = 2pi0)™

8p r [ i + Ty 8p ,
+3h1/2f(%)¢'< 2 ) 3h1/2r(§)¢j<

1

T; + l’z‘+1>

i l‘r—i—l‘{‘xr) (( 3/2 3/2
Tip1 — 2,)"" — (T — Tpp1)
3hF (Z - (

o e = (51— )

For the second term in (3.6) we have

o / [ (6= 1726 s o

- 2q SN £) 2 (s)dsd ()

w(

- 1 (/ 1/2 dsdx—/ /
5

x; n—1

= l (/ 1/2 dsdx—l—/ Z

2 Ti—1 p=j

Tit+1 g1 M 1

/ 1/2<zﬁ )dsda:—/ Z
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/ (s — )" 2¢;(s)ds <1> + /+ /l(s ) V2 (s)ds (%))
fo-

[

L
A x)l%;-(s)dsdx)

Zi r=i+1v7

-V 2 dsd:v)

1/2¢> (s)dsdx



iy (3 () L [ o
+Z¢ (mr +xr+1>/ /Mrl )V 2dsda
—y (x’+1%”)%/%+ikﬁﬂ )~ V2dsda

_ Z gb; (:cr—erﬂ) /gg”l /I’Jrl 1/2dsdx)
r=i+1

Integrating we obtain

8@)(¢'Cﬁj§tﬁ)(%-%ﬁwz
2
~1
Z (‘rr + $r+1) (= (@1 — 2)*? + (X1 — 231)?

+(33'7- — .Ti)3/2 — (.Z'T — l’i_l)g/z)

—¢;‘ (%) (i1 — $i)3/2)

B Z ¢ <xr+:ﬂr+1) (= @y — 241)%% + (2rs1 — 25)%°

r=i+1

(@ + 2i41)*? = (2, — 2;)%7))

Also, the third and fourth terms of (3.6) are given by

0, otherwise

and
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h, |i—jl=1 (3.10)

0, otherwise

[ oy =

The derivation of these integrals can be found in [6]. Combining (3.7), (3.8), (3.9),
and (3.10) we find a suitable representation for G;;. We use MATLAB to find the numerical

results given in Table 3.2 for different p and ¢ values.

h l|u — unl| L2 cvge. | ||u—unl|r2) cvge. | ||u—unl|r2() cvge.
p=1,¢=0 rate | p=0,q=1 rate | p=1/2,q=1/2 | rate
1/4 | 7.624559 x 1073 5.098315 x 103 2.959363 x 1073

1/8 | 2.064648 x 1072 | 1.88 | 1.59486 x 103 | 1.68 | 9.948354 x 1072 | 1.57
1/16 | 5.34346 x 10™* | 1.95 | 4.529012 x 10™* | 1.82 | 2.966672 x 10~* | 1.75
1/32 | 1.35577 x 107* | 1.98 | 1.216846 x 10™* | 1.90 | 8.148339 x 10~* | 1.86
1/64 | 3.40909 x 107 | 1.99 | 3.162439 x 107° | 1.94 | 2.15481 x 10=° | 1.92

Table 3.2: Galerkin FEM Estimates for Example 4 for different p and ¢ values

3.2 Hierarchical Matrix Construction for the Steady

State FADE

Unlike Example 1, we do not use a Taylor Series expansion to find an outer-product
form for the approximation of admissible blocks. Instead, we will use a Singular Value

Decomposition (SVD).

Definition 12. Let A be an m x n matrix. A singular value decomposition (SVD) of A is a
factorization A = UXVT where U is a m X m unitary matrix, V is a n X n unitary matrix, and

Y is a diagonal matrix of size m x n. Furthermore, it is assumed that the diagonal entries,
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denoted by o; of X are nonnegative and in nondecreasing order; that is o1 > 09 > ... > 0,

where p = min(m,n).
With the preceding definition, we have the following well known theorem.
Theorem 6. Every m x n matriz A has a singular value decomposition.

We will use the fact that every matrix has a singular value decomposition in combi-

nation with the following theorem called the Eckart-Young Theorem.

Theorem 7. Let A be a m x n matriz, with SVD A = UXVT, with m > n. For k € N

satisfying k < n, we have that
ming rank(B)<k||A = Bl = [[A = Ag]] = [|Z = x|
where A, = US VT € R™" and ¥y, = diag(oy, 09, ..., 01,0,0, ...,0) € R™*"

The Eckhart-Young theorem, gives us a way of controlling the rank of the approxi-
mation used for admissible blocks. Also it gives us a way of approximating admissible blocks
with the best possible matrix of a chosen rank. Before we discuss numerical results, we
describe how to use the SVD and Eckhart-Young Theorem to assemble a given matrix into
outer product form.

Let A be a given m x n matrix. Also, let A = UXV7 be its SVD and it’s best rank k
approximation A; = UX,VT. Let Q = UX},. Note that ) will have n — k zero columns. Let
R be the matrix formed from the first k£ columns of (). Now, let S be the matrix formed from
the first & columns of V. Then an approximation for A in outer-product form, A ~ RS”,
where R € R™* and S € R"**.

Now, we are in position to discuss the construction of Hierarchical matrices that will
approximate the coefficient matrix for the two previous examples. Note that the functions
f(s,2) = (x—s)""? and h(s,z) = (s —2)~'/? are undefined when z = s, so the admissibility

condition given in Chapter 1 gives a suitable partitioning of [0, 1] x [0, 1].
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3.3 Inadmissible Blocks

For the inadmissible blocks ¢ x s C I x I we compute the entries as usual

- / / o) V265 (g (e + / / 2)"129)(s)dsd; («)da
N / @y @s+ [ )o@

and we store the inadmissible blocks as discussed in Definition 4.

3.4 Admissible Blocks

For the admissible blocks ¢ x s C I x I we compute the exact values with

_ 2p// — 8) V26 (5)ds ) + // 12! (s)dsg(x)da
; / $1(2)6 () + / 0i(2)6; (@) da

then, for a specified maximum rank, k, we approximate G|y ~ RST as discussed previously

in Section 3.2.

3.5 Numerical Results for the FADE

Using the GMRES algorithm to solve the approximate linear systems, we obtain the
following results (full rank) for Examples 3 and 4, respectively.

Observe that these numbers are in agreement with the results previously given in

Table 3.1 and Table 3.2.
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h

|Ju — UhHL?(Q)

cvge. rate

1/4
1/8
1/16
1/32
1/64

5.893497 x 103
1.815028 x 1073
4.979494 x 1074
1.30793 x 1074

3.348411 x 107°

1.70
1.87
1.93
1.97

Table 3.3: H-Matrix Approximation for Example 3

h l|u — unl| L2 cvge. | ||u— unl|r2() cvge. | ||u— unl|r2() cvge.
p=1,¢=0 rate | p=0,q=1 rate | p=1/2,q=1/2 | rate

1/4 | 8.186032 x 1073 5.822182 x 1073 4.999207 x 1073

1/8 | 2.542884 x 1073 | 1.69 | 1.89936 x 10~% | 1.62 | 1.491161 x 1072 | 1.75

1/16 | 7.093784 x 10™* | 1.84 | 4.918516 x 107* | 1.95 | 3.786135 x 10™* | 1.98

1/32 | 1.883940 x 1074 | 1.91 | 1.276019 x 10~* | 1.95 | 9.42999 x 10~° 2.00

1/64 | 4.86371 x 107° | 1.95 | 3.257662 x 1075 | 1.97 | 2.355234 x 107> | 2.00

Table 3.4: H-Matrix Approximation for Example 4 for different values of p and ¢

3.6 Rank Experiments

As our goal is to approximate our derived stiffness matrix with submatrices of low
rank, in the sufficiently smooth portions of [0, 1] x [0, 1], we have investigated the effect of

using different rank matrix approximations to the admissible blocks. Given in Tables 3.5,

we present results for rank one approximations for each admissible block in Example 4.

h v —un||20) cvge. | ||u —unl|r2@) cvge. | ||u —unl|r2(0) cvge.
p=1,¢=0 rate | p=0,¢q=1 rate | p=1/2,q=1/2 | rate

1/4 | 8.186032 x 1073 5.822182 x 1073 4.999207 x 1073

1/8 | 2.546919 x 1072 | 1.68 | 1.859935 x 1073 | 1.65 | 1.486843 x 1072 | 1.75

1/16 | 8.178375 x 10™* | 1.64 | 3.600902 x 10~* | 2.37 | 4.105771 x 10™* | 1.86

1/32 | 8.495415 x 10~* | -0.05 | 7.888035 x 10™* | -1.13 | 8.274934 x 1075 | -1.01

1/64 | 2.660558 x 1073 | -1.65 | 2.538944 x 1073 | -1.69 | 2.918238 x 1073 | -1.82

As one can see from Table 3.5, the rate of convergence is not preserved as h tends

toward zero. Our question now becomes how to preserve the rate of convergence. In one of

Table 3.5: All Admissible Blocks being Rank One in Example 4
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our experiments, we used the norm and a given tolerence (as a percentage) to find the rank
of the admissible blocks. Let 7 be a given tolerance. For each admissible block, we first find
the two-norm of the admissible block, call this quanity 7, and multiply n by 7 and use Ay
to approximate the block, where k is the smallest whole number such that 7 x n < ||Agl|2-

The following table shows results for given tolerences for p = 1, ¢ = 0 in Example 4.

h lJu — unl| L2 cvge. | ||u— unl|r2() cvge. | ||u— unl|r2() cvge.
50% rate | 99% rate | 99.9% rate
1/4 | 8.186032 x 1073 8.186032 x 103 8.186032 x 1073

1/8 | 2.546919 x 1073 | 1.68 | 2.546919 x 1072 | 1.68 | 2.546919 x 1072 | 1.68
1/16 | 8.178375 x 107* | 1.64 | 8.178375 x 107 | 1.64 | 8.135502 x 10~* | 1.65
1/32 | 8.495415 x 10™* | -0.05 | 8.495415 x 10~* | -0.05 | 6.812155 x 107 | 0.26
1/64 | 2.660558 x 1072 | -1.65 | 2.660558 x 1073 | -1.65 | 1.727734 x 1073 | -1.34

Table 3.6: Adaptive Rank for Admissible Blocks using the Norm for Example 4

As one can see from Table 3.6 the tolerence doesn’t influence the approximation until
the tolerence is sufficiently close to 100%. This is because the largest singular value in most
blocks is several orders greater than the next largest singular value. Since this method does
not suffice, we move on to a size-tolerence (as a percentage) algorithm. Let S be the size of
the admissible block. We multiply S by the given tolerence 7, and round up to the nearest
whole number, this whole number will be the rank of the admissible block. Below is the

results of this experiment with p =1, ¢ = 0 in Example 4.

h lJu — unl| L2 cvge. | ||u — unl|r2) cvge. | [|u — unl|r2() cvge.
50% rate | 51% rate | 90% rate
1/4 | 8.186032 x 1073 8.186032 x 1073 8.186032 x 1073

1/8 | 2.546919 x 1072 | 1.68 | 2.542884 x 1073 | 1.69 | 2.542884 x 1073 | 1.69
1/16 | 8.138958 x 10™* | 1.65 | 7.093784 x 10~* | 1.84 | 7.093784 x 10™* | 1.84
1/32 | 6.804931 x 10™* | 0.26 | 1.883940 x 1074 | 1.91 | 1.883940 x 10~* | 1.91
1/64 | 1.712048 x 1073 | -1.33 | 4.863716 x 107° | 1.95 | 4.86371 x 107> | 1.95

Table 3.7: Adaptive Rank for Admissible blocks using the Size of the Block

From Table 3.7, one can see that when the tolerence given is greater than 50%, we
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obtain the full-rank approximation. This is still problematic, as the amount of storage in

such cases is then O(n?).

3.7 Future Work

In future work, it would be interesting to study the relationship between the rank
of admissible blocks and the rate of convergence. Some questions to investigate are: What
rank of admissible blocks is optimal in terms of memory and approximation? How does the
FADE and a Hierarchical Matrix method behave in higher dimensions, R",n > 1?7, Can we
rigorously bound the error of using the discussed H-matrix schemes? For future work, in
addition to various rank approximation options, an investigation into different schemes of
domain partitioning for generating inadmissible and admissible blocks would be interesting.

This may strongly affect the approximation property of the resulting hierarchical matrices.

3.8 Conclusion

We have presented an introduction to H-matrices and approximations of FADE using
H-matrices. We have introduced notation and several algorithms to aid in this discussion.
We have also shown that using the norm to decide the rank of admissible blocks may not be

a suitable approach.
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