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Bifurcation diagrams are a convenient way of displaying the variety of behaviors exhibited by
nonlinear systems. One of the simplest nonlinear systems is a finite difference equation with a
quadratic return map. This system exhibits a range of behaviors: stability, periodic oscillations, and
chaos. We present simple inexpensive electronic circuits that perform analog computations of
bifurcation diagrams for finite difference equations with quadratic return maps. These bifurcation
diagrams, including one for the logistic equation, are easily displayed on an oscilloscope and agree
well with analytical and computational predictions. ©2004 American Association of Physics Teachers.
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I. INTRODUCTION

Valuable experience can be gained in understanding n
linear systems by constructing a physical nonlinear syst
and then comparing collected data to theoretical predictio
In 1985 Mishina, Kohmoto, and Hashi1 described a simple
analog electronic circuit of a finite difference equation with
quadratic return map. They showed that interesting dyna
behavior is easily seen on an oscilloscope. In this paper
modify their circuit so that the bifurcation diagram can
easily displayed, even on an inexpensive 20-MHz analog
cilloscope. It is worth emphasizing to students that the a
log circuit, unlike a digital circuit, is a nonlinear physic
system.

The finite difference equation investigated in Ref. 1 is

xi 115 f ~xi !512axi
2. ~1!

If the parametera is between 0 and 2, and if21,xi,11,
thenxi 11 will also be between21 and11, and the resulting
iterated values ofx exhibit a variety of behaviors, some o
which are shown in Fig. 1. The asymptotic behavior~after
the transient response has died out! includes stability, peri-
odic oscillations, and chaos.

A bifurcation diagram is a convenient way of displayin
the behavior of a system.2–4 Figure 2 is the bifurcation dia
gram computed numerically from Eq.~1!. A bifurcation dia-
gram is a visual summary of the values ofx that are visited
during the asymptotic behavior for each value ofa. The bi-
furcation points are the values ofa where the system change
its behavior, for example, from period 1 behavior as in F
1~a! to period 2 oscillations as in Fig. 1~b!. The creation of
this bifurcation diagram, with its complex behavior arisin
from the simple mapping of an ordinary parabolic functio
is likely to be a rewarding aesthetic experience for both s
dents and instructors.

Another parabolic return map is the logistic equation
well-known finite difference equation used to model popu
tion evolution:5

xi 115 f ~xi !5Rxi~12xi !. ~2!

If the parameterR is between 0 and 4 and if 0,xi,1, then
0,xi 11,1. Because of the popularity of Eq.~2! as an in-
troduction to nonlinear systems, we also present the exp
mental bifurcation diagram from a circuit constructed to p
form an analog computation of Eq.~2!.
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This project combines an introduction to nonlinear dyna
ics and electric circuit design. It does not require familiar
with differential equations. There are many examples of el
tric circuits that are analog computers of nonlinear differe
tial equations and that exhibit a variety of behaviors.6–9 An
in-depth treatment of finite difference equations may
found elsewhere.2–4

II. DESCRIPTION OF CIRCUITS

Figure 3 shows the circuit schematic for producing t
bifurcation diagram of Eq.~1!. The analog computation use
the same approach as Ref. 1 with the use of an analog m
tiplier and sample-and-hold ICs. We use the Analog Devi
AD633 multiplier because the AD533 is obsolete. The circ
linearly increases the parametera in Eq. ~1!. This increase
allows the display of the bifurcation diagram on an oscil
scope. The circuit uses615- and 15-V power supplies.
Most of the electrical components are easily available. T
AD633 is available from Newark Electronics. Genera
purpose op amps may be used~LF411, for example!.

Acceptable inputs to the AD633 multiplier IC are210 to
110 V. The output voltage is the product of the inputs d
vided by 10 V. Soxi in Eq. ~1! is represented by the voltag
Vi , wherexi5Vi /10. ~The numerical value ofVi is given by
the number of volts.! Vi at both inputs of the first AD633
~U1! producesVi

2/10 at the output. The second AD633~U2!
multiplies Vi

2/10 by a voltage in the range of 0–2 V repr
senting the parametera. The outputaVi

2/100 is then sub-
tracted from 1 V by the first op amp~U4! circuit. Multipli-
cation by 10 at the second op amp~U5! circuit gives the
resultVi 11 andxi 11 in Eq. ~1!. The LF398 sample-and-hold
ICs ~U6 and U7! hold this value for use in the next iteratio
of Eq. ~1!. A 555 timer~U8! is used to control the samplin
times of the LF398 ICs. It is set so that an iteration takes
ms.

The 1-V reference is provided by a regulator arrangem
of NPN transistors Q3 and Q4, resulting in a stable refere
that is nearly immune to power supply variations.~A 10%
variation in the15-V supply results in about a 1% change
the 1-V reference.! Alternatively 1 V can be obtained from
voltage divider. If so, it must be adjusted while connected
the subtraction op amp~U4! circuit to compensate for the
input impedance.
499© 2004 American Association of Physics Teachers
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Fig. 1. Dynamic behavior of Eq.~1! for different values of parametera. ~a! a50.5 ~stable!; ~b! a50.8 ~period 2!; ~c! a51.35 ~period 4!; ~d! a52 ~chaos!.
The values are indicated by~3!; the connecting lines are for clarity only. The initial value in all cases isx050.25. Note that the transient response has d
out by i 515.
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The voltage ramp circuit is designed to ramp the para
eter a from 0 to 2 V in 100 ms. A 555 timer~U3! based
circuit controls the ramp. The negative edge of the outpu
the 555 also provides a convenient trigger for display on
oscilloscope. The 20-ms iteration period and the 100-m
ramp time result in 5000 iterations of Eq.~1! for each sweep
of the parametera. A triangle or saw tooth wave from a
signal generator can be used as an alternative to the
based voltage ramp. However, one should be aware tha
dc level of many signal generators tends to drift, thus cha
ing the initial and final voltages of the ramp.

Fig. 2. Bifurcation diagram corresponding to Eq.~1!. The visited values of
x ~after the transient response! are plotted vs the parametera. Bifurcation
from stable to period 2 oscillation occurs ata50.75.
500 Am. J. Phys., Vol. 72, No. 4, April 2004
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The resistors R1, R8, and R10 are all shown with nomi
values. These values need to be adjusted to precisely se
1-V reference and the voltage ramp. R10 sets the duratio
the ramp, and R1 sets the slope of the ramp. Ramp durat
of 20, 50, and 100 ms~corresponding to settings of 2, 5, an
10 ms per division on standard oscilloscopes! work well for
the oscilloscope display. The values shown in Fig. 3 ramp
parametera by 2 V in 100 ms. For a 50-ms ramp duratio
the nominal values for R1 and R10 are 50 and 80 kV, and for
20 ms they are 20 and 32 kV.

Figure 4 shows the circuit used to perform the ana
computation of the logistic map, Eq.~2!. The parameterR is
ramped linearly from 0 to 4 V in 100 ms. Note that a sm
voltage ~'15 mV! is added to theZ input of the second
AD633. Equation~2! has one fixed point@where the parabola
intersects the linef (x)5x] when 0,R,1 and two fixed
points when 1,R,4. AsR increases from zero, the value o
x remains at the fixed pointx50. WhenR increases past 1
the fixed point atx50 becomes unstable, and the seco
fixed point appears atx5121/R. To ensure thatx moves in
the positive direction away from the unstable point atx50, a
small positive voltage is added as noted. Otherwise, w
x50 becomes unstable, the system may move in the ne
tive direction to the negative supply limit.

Problem 1. Confirm that the circuit in Fig. 4 performs th
calculation in Eq.~2!. @Note that a 10-V reference is use
because the 1 in Eq.~2! is put into the circuit prior to the
AD633s and thus before division by 10.#

Problem 2. Why is it not necessary to add a small volta
to theZ input in Fig. 3 for calculation of Eq.~1!? ~Consider
the behavior of the fixed point asa increases from 0.!

The circuit in Fig. 4 uses only half the output range of t
500Edward H. Hellen
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Fig. 3. Schematic for analog computation of the bifurcation diagram of Eq.~1!. The voltages corresponding tox, f (x), a, and the 1-V reference are indicated
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AD633 in its calculation of the bifurcation diagram of th
logistic equation. The full range of210 to 110 V can be
used by modifying the circuit in Fig. 3 to calculate the retu
map

f ~x!5a212ax2. ~3!

Equation ~3! is equivalent to the logistic equation’s retu
map Eq.~2!. This equivalence can be shown by shifting bo
x and f (x) by 1 and scaling by 1/2. The new variable isy
5(x11)/2 and the new function (f (x)11)/2 in terms ofy is

1
2@ f ~2y21!11#5 1

2@a212a~2y21!211#

52ay~12y!5Ry~12y!, ~4!

whereR52a. Thus the range21 to 11 for x corresponds to
0 to 11 for y, and the range 0 to 2 fora corresponds to 0 to
4 for R.

Equation~3! uses the same range ofa as Eq.~1!, so it is
convenient to include a switch in the circuit to choose wh
501 Am. J. Phys., Vol. 72, No. 4, April 2004
bifurcation diagram is calculated. As was the case for
circuit in Fig. 4, a small voltage at theZ input of the second
AD633 movesx in the positive direction from the fixed poin
at x521 when x becomes unstable. In this case a sm
negative voltage~'215 mV! does the job. This small volt-
age can be obtained as in Fig. 4 except that the volt
divider connects to the215-V supply instead of the115.

Problem 3. Modify the circuit in Fig. 3 to calculatea21
2ax2. ~Note that the voltagesa and 1 are already availabl
for use in an op amp subtraction circuit.!

III. RESULTS

Figure 5 shows the bifurcation diagram as seen on an
expensive 20-MHz analog oscilloscope. The time scale is
ms/div and the vertical scale is adjusted for210 to 110 V
full scale. Triggering is from the negative slope of the outp
of the 555 IC in the voltage ramp circuit; 5000 iterations
Fig. 4. Schematic for the analog computation of the bifurcation diagram of Eq.~2!.
501Edward H. Hellen
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Eq. ~1! are displayed in a single trace. The parametera in-
creases to 2 V in 100 ms or 0.2 V per division. The verti
scale is 2.5 V per division or 0.25 units ofx per division,
because one unit inx corresponds to 10 V. Note how well th
data in Fig. 5 resemble the computed bifurcation diagram
Fig. 2. Bifurcations to period 2 and period 4 oscillations, a
the region of period 3 oscillations are clearly visible. T
noise in Fig. 5 is due to the output transient of the LF3
sample-and-hold IC.

Figure 5 shows thatx is stable and decreases from 1 to 2
as a increases from 0 to 0.75. A bifurcation occurs ata
50.75 as the system goes from stable to period 2 osc
tions. At a51 ~the midpoint of the horizontal axis!, the two
x values are 0 and 1.

Figure 6 shows the bifurcation diagram displayed on
oscilloscope measured from the circuit constructed to co
pute the logistic equation, Eq.~2!. The parameterR increases
to 4 V in 100 ms or 0.4 V per division. The vertical scale
adjusted for a full scale of 0 to 10 V, or 0.125 units ofx per
division. Figure 6 agrees well with the bifurcation diagra
for the logistic equation.2–4

The modification of the circuit in Fig. 3 to calculate th
logistic bifurcation diagram using Eq.~3! gives a result very
similar to Fig. 6. However the vertical full scale is adjust
for the AD633’s full range of210 to 110 V.

Of course a digital storage oscilloscope may also be u
If so, it is best to select dot display instead of vector displ
The persistence and averaging may be adjusted for opt
appearance.

IV. CONCLUSION

This electronic circuit project provides a good introducti
to nonlinear systems. The circuit is based on a simple n

Fig. 5. Oscilloscope trace of output from analog circuit computation of
bifurcation diagram of Eq.~1!. The full screen sweep is 100 ms correspon
ing to parametera in Eq. ~1! going linearly from 0 to 2. The vertical scale i
adjusted for210 to 110 V.
502 Am. J. Phys., Vol. 72, No. 4, April 2004
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linear system, a finite difference equation with a quadra
return map. The experimental data are in the form of bif
cation diagrams which are easily displayed on an inexp
sive analog oscilloscope and agree with predictions. T
project should be considered complimentary to the pro
dures described in Ref. 1. The time evolution and the ret
maps (xi 11 vs xi) shown in Ref. 1 are valuable projects
addition to the ones described here. They also investig
coupled nonlinear systems.
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