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Abstract

An unborderedword is a string over a finite alphabet such that none of
its proper prefixes is one of its suffixes. In this paper, we extend results on
unbordered words to unbordered partial words. Partial words are strings that
may have a number of “do not know” symbols. We extend a result of Ehren-
feucht and Silberger which states that if a wordu can be written as a concate-
nation of nonempty prefixes of a wordv, thenu can be written as a unique
concatenation of nonempty unbordered prefixes ofv. We study properties of
the longest unbordered prefix of a partial word, investigate the relationship
between the minimalweakperiod of a partial word and the maximal length
of its unbordered factors, and also investigate some of the properties of an
unbordered partial word and how they relate to its critical factorizations (if
any).

Keywords:Words; Partial words; Unbordered words; Unbordered partial
words.
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role in several research areas including string searching algorithms [9, 10, 11, 14],
data compression [16], theory of codes [3], sequence assembly [15] and super-
strings [7] in computational biology, and serial data communication systems [8]. It
is well known that these two word properties do not exist independently from each
other.

Let A be a nonempty finite set, also called analphabet. Consider a nonempty
word u = a0a1 . . . an−1 with ai ∈ A. Then aperiod of u is a positive integerp
such thatai = ai+p for 0 ≤ i < n − p. The wordu is calledborderedif one of
its proper prefixes is one of its suffixes. The length of the longest such prefix (also
called longest border) is the length ofu minus the length of its shortest period.
The wordu is calledunborderedotherwise. In other words, it isunborderedif it
has no proper period. For example,abaabb is unbordered whileabaab is bordered.
Unbordered words turn out to be primitive, that is, they cannot be written as a
power of another word. Unborderedness has the following important property:
Different occurrences of an unbordered factoru in a word v never overlap. A
related property is that no primitive wordu can be an inside factor ofuu. Fast
algorithms for testing primitivity of words can be based on this property [10].

The study of unbordered partial words was initiated in [4]. Partial words are
strings that may have a number of “do not know” symbols. In this paper, we pursue
this study by extending some more results on unbordered words to unbordered par-
tial words. We begin in Section 2 by reviewing basic concepts on words and partial
words. In Section 3, we recall a result of Ehrenfeucht and Silberger [13] which
states that if a wordu can be written as a concatenation of nonempty prefixes of a
word v, thenu can be written as a unique concatenation of nonempty unbordered
prefixes ofv, and we extend this result to partial words. In Section 4, we give
more results on concatenations of prefixes. In particular, we study properties of
the longest unbordered prefix of a partial word. We also investigate the relation-
ship between the minimalweakperiod of a partial word and the maximal length
of its unbordered factors. In Section 5, we investigate some of the properties of an
unbordered partial word and how they relate to its critical factorizations (if any).
Blanchet-Sadri and Wetzler extended the well known critical factorization theorem
to partial words and their result states that the minimal weak period of anonspe-
cial partial word can be locally determined in at least one position [6]. Finally, we
prove that, with regards to Chomsky hierarchy, the set of all partial words over an
arbitrary nonunary fixed finite alphabet having a critical factorization is a context
sensitive language that is not context-free.

2 Preliminaries

Fixing an alphabetA, we first review basic concepts on words and partial words
overA.
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2.1 Words

A string or word u overA is a finite concatenation of symbols or letters fromA.
The number of symbols inu, or lengthof u, is denoted by|u|. For any wordu,
u[i..j − 1] is thefactorof u that starts at positioni and ends at positionj − 1 (it is
calledproper if 0 ≤ i < j ≤ |u| and (i > 0 or j < |u|)). In particular,u[0..j − 1]
is theprefixof u that ends at positionj − 1 andu[i..|u| − 1] is thesuffixof u that
begins at positioni. The factoru[i..j − 1] is the empty word ifi ≥ j (the empty
word is denoted byε). The set of all finite length words overA (length greater than
or equal to zero) is denoted byA∗. It is a monoid under the associative operation of
concatenation or product of words whereε serves as the identity, and it is referred
to as thefree monoidgenerated byA. Similarly, the set of all nonempty words
overA is denoted byA+. It is a semigroup under the operation of concatenation
of words and is referred to as thefree semigroupgenerated byA.

For a wordu, the powers ofu are defined inductively byu0 = ε and, for any
n ≥ 1, un = uun−1. If u is nonempty, thenv is a root of u if u = vn for some
positive integern. The shortest root ofu, denoted by

√
u, is called theprimitive

root of u, andu is itself calledprimitive if
√

u = u. If u = (
√

u)n, then
√

u is the
unique primitive wordv andn is the unique positive integer such thatu = vn. All
positive powers ofu have the same primitive root.

A word of lengthn overA can be defined by a total functionu : {0, . . . , n −
1} → A and is usually represented asu = a0a1 . . . an−1 with ai ∈ A. A positive
integerp is aperiodof u if for all 0 ≤ i < n − p we haveai = ai+p. This can
be equivalently formulated, forp ≤ n, by u = xv = wx for some wordsx, v, w
satisfying|v| = |w| = p. For a wordu, there exists aminimal periodwhich is
denoted byp(u). A nonempty wordu is unborderedif p(u) = |u|. Otherwise, it is
bordered. A nonempty wordx is aborderof a wordu if u = xv = wx for some
nonempty wordsv andw. Unbordered words turn out to be primitive.

2.2 Partial Words

A partial wordu of lengthn overA is a partial functionu : {0, . . . , n− 1} → A.
For 0 ≤ i < n, if u(i) is defined, then we say thati belongs to thedomainof
u, denoted byi ∈ D(u), otherwise we say thati belongs to theset of holesof u,
denoted byi ∈ H(u). A (full) word overA is a partial word overA with an empty
set of holes.

For convenience, we will refer to a partial word overA as a word over the
enlarged alphabetA� = A ∪ {�}, where� represents a “do not know” symbol. So
a partial wordu of lengthn overA can be viewed as a total functionu : {0, . . . , n−
1} → A∪{�} whereu(i) = � wheneveri ∈ H(u). For example,u = a�bbc�cb is
a partial word of length 8 whereD(u) = {0, 2, 3, 4, 6, 7} andH(u) = {1, 5}. We
can thus define for partial words concepts such as concatenation, powers, etc. in a
trivial way.

The length of a partial wordu overA is denoted by|u|, while the set of distinct
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letters inA occurring inu is denoted byα(u). For the set of all partial words over
A with an arbitrary number of holes we writeA∗

�. The setA∗
� is a monoid under

the operation of concatenation whereε serves as the identity element. IfX ⊂ A∗
�,

then thecardinalityof X is denoted by‖ X ‖.
For partial words, we use the same notions of prefix, suffix and factor, as for

full ones. The uniquemaximal common prefixof u and v will be denoted by
pre(u, v). Now, if u ∈ A∗

� and0 ≤ i < j ≤ |u|, thenu[i..j − 1] denotes the
factor u(i) . . . u(j − 1). For a subsetX of A∗

�, we denote byP (X) the set of
prefixes of elements inX and byS(X) the set of suffixes of elements inX. If X
is the singleton{u}, thenP (X) (respectively,S(X)) will be abbreviated byP (u)
(respectively,S(u)).

A factorizationof a partial wordu is any tuple(u0, u1, . . . , ui−1) of partial
words such thatu = u0u1 . . . ui−1. For a subsetX of A∗

� and an integeri ≥ 0, the
set

{u0u1 . . . ui−1 | u0, . . . , ui−1 ∈ X}

is denoted byXi. The submonoid ofA∗
� generated byX will be denoted byX∗

whereX∗ =
⋃

i≥0 Xi andX0 = {ε}. The subsemigroup ofA∗
� generated byX is

denoted byX+ whereX+ =
⋃

i>0 Xi. By definition, each partial wordu in X∗

admits at least one factorization(u0, u1, . . . , ui−1) whose elements are all inX.
Such a factorization is called anX-factorization.

2.2.1 Containment and Compatibility

If u andv are two partial words of equal length, thenu is said to becontained
in v, denoted byu ⊂ v, if all elements inD(u) are inD(v) andu(i) = v(i)
for all i ∈ D(u). If u ⊂ v but u 6= v, then this will be denoted byu @ v.
Partial wordsu andv are calledcompatibleif there exists a partial wordw such
that u ⊂ w andv ⊂ w. This is denoted byu ↑ v. The least upper boundof u
andv is denoted by lub(u, v). By this we meanu ⊂ lub(u, v) andv ⊂ lub(u, v)
andD(lub(u, v)) = D(u) ∪D(v). For example,u = a�b��c andv = ab�c�c are
compatible and lub(u, v) = abbc�c.

The following rules are used for computing with partial words.

Lemma 1 ([2]). Letu, v, w, x, y ∈ A∗
�. The following hold:

Multiplication: If u ↑ v andx ↑ y, thenux ↑ vy.

Simplification: If ux ↑ vy and|u| = |v|, thenu ↑ v andx ↑ y.

Weakening:If u ↑ v andw ⊂ u, thenw ↑ v.

The following result extends to partial words theequidivisibility propertyof
words, or,lemma of Ĺevi.

Lemma 2 ([2]). Letu, v, x, y ∈ A∗
� be such thatux ↑ vy.
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• If |u| ≥ |v|, then there existw, z ∈ A∗
� such thatu = wz, v ↑ w, andy ↑ zx.

• If |u| ≤ |v|, then there existw, z ∈ A∗
� such thatv = wz, u ↑ w, andx ↑ zy.

2.2.2 Periodicity

A periodof a partial wordu overA is a positive integerp such thatu(i) = u(j)
wheneveri, j ∈ D(u) andi ≡ j mod p. In this caseu is calledp-periodic. A weak
periodof u is a positive integerp such thatu(i) = u(i + p) wheneveri, i + p ∈
D(u). In this caseu is calledweakly p-periodic. The partial wordu = baab�abca
is weakly 3-periodic but is not 3-periodic. The latter shows a difference between
partial words and full words since every weaklyp-periodic full word isp-periodic.
Also even if the length of a partial wordu is a multiple of a weak period ofu, then
u is not necessarily a power of a shorter partial word. The minimal period and the
minimal weak period ofu are denoted byp(u) andp′(u), respectively.

This notion of weak period can be equivalently formulated as follows.

Lemma 3. For an integerp, the partial wordu ∈ A∗
� is weaklyp-periodic if and

only if the containmentsu ⊂ xv andu ⊂ wx hold for some partial wordsx, v, w
satisfying|v| = |w| = p.

Proof. Write u asv1v2 . . . vkr where|v1| = |v2| = · · · = |vk| = p and0 ≤ |r| <
p, andvk asst where|s| = |r|. Setx1 = v1 . . . vk−1s andx2 = v2 . . . vkr.

If the containmentsu ⊂ xv andu ⊂ wx hold for some partial wordsx, v, w
satisfying|v| = |w| = p, then bothv1 . . . vk−1s ⊂ x andv2 . . . vkr ⊂ x hold, and
sov1 . . . vk−1s ↑ v2 . . . vkr. By Simplification,v1 ↑ v2, . . . ,vk−1 ↑ vk ands ↑ r.
Now, let i, i + p ∈ D(u). Theni = lp + j for some0 ≤ l < k and0 ≤ j < p.
If l < k − 1, then we getu(i) = vl+1(j) = vl+2(j) = u(i + p) sincevl+1 ↑ vl+2

andj ∈ D(vl+1)∩D(vl+2), and if l = k− 1, thenu(i) = vk(j) = s(j) = r(j) =
u(i + p) sinces ↑ r andj ∈ D(s) ∩D(r). In either case,u is weaklyp-periodic.
Conversely, ifp is a weak period ofu, thenvi ↑ vi+1 for all 1 ≤ i < k ands ↑ r.
Thusx1 ↑ x2, and there existsx such thatx1 ⊂ x andx2 ⊂ x. Settingv = tr and
w = v1, we getu = x1v ⊂ xv andu = wx2 ⊂ wx with |v| = |w| = p.

A partial wordu is primitive if there exists no wordv such thatu ⊂ vn with
n ≥ 2. Note that the empty word is not primitive, and that ifv is primitive and
v ⊂ u, thenu is primitive as well. Ifu is a nonempty partial word, then there exists
a primitive wordv and a positive integern such thatu ⊂ vn. Uniqueness does not
hold for partial words. For example, ifu = a�, thenu ⊂ a2 andu ⊂ ab for distinct
lettersa, b. Foru, v ∈ A∗

�, if there exists a primitive wordx such thatuv ⊂ xn for
some positive integern, then there exists a primitive wordy such thatvu ⊂ yn.
Consequently, ifuv is primitive, thenvu is primitive [4].

A nonempty partial wordu is borderedif one of its proper prefixes is compati-
ble with its suffix of the same length. Otherwise, no nonempty wordsx, v, w exist
such thatu ⊂ xv andu ⊂ wx andu is calledunbordered. It is easy to see that
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if u is unbordered andu ⊂ u′, thenu′ is unbordered as well. In [4], an extension
of a result on words to partial words allows us to conclude that unbordered partial
words are primitive. This comes from the fact that ifu is a nonempty unbordered
partial word, thenp(u) = |u|. We callx a borderof u if u ⊂ xv andu ⊂ wx for
somev andw with 0 < |x| < |u|. A borderx of u is calledminimal if |x| > |y|
implies thaty is not a border ofu.

3 Concatenations of Prefixes

For u, v ∈ A∗
�, we writeu � v if there exists a sequencev0, . . . , vn−1 of prefixes

of v such thatu = v0 . . . vn−1. Obviously,ε � u andu � u. Also, if u � v and
v � w, thenu � w.

Theorem 1 ([13]). Let u ∈ A+, v ∈ A∗ be such thatu � v. Then there exists
a unique sequencev0, . . . , vn−1 of nonempty unbordered prefixes ofv such that
u = v0 . . . vn−1.

Our main result in this section is to extend Theorem 1 to partial words (see
Theorem 2). In order to do this, we introduce two types of bordered partial words:
thewell borderedand thebadly borderedpartial words.

Definition 1. Let u ∈ A+
� be bordered. Letx be a minimal border ofu, and set

u = x1v = wx2 wherex1 ⊂ x and x2 ⊂ x. We callu well borderedif x1 is
unbordered. Otherwise, we callu badly bordered.

Note that if a nonempty partial wordu is well bordered thenx2 can be either
bordered or unbordered, and the same is true ifu is badly bordered. Also sincex1

is a prefix ofu, Definition 1 is of special interest to the main topic of this section
entitled “Concatenations of Prefixes”.

For convenience, we will at times refer to a minimal border of a well bordered
partial word as agood borderand of a badly bordered partial word as abad border.

As a result ofx being a bad border, we have the following Lemma.

Lemma 4. Let u ∈ A+
� be badly bordered. Letx be a minimal border ofu, and

setu = x1v = wx2 wherex1 ⊂ x and x2 ⊂ x. Then there existsi such that
i ∈ H(x1) andi ∈ D(x2).

Proof. Sincex1 is bordered,x1 = r1s1 = s2r2 for nonempty partial words
r1, r2, s1, s2 wheres1 ⊂ s ands2 ⊂ s for somes. If no i exists such thati ∈ H(x1)
and i ∈ D(x2), thenx2 must also be bordered. Sox2 = r′1s

′
1 = s′2r

′
2 where

r′1 ⊂ r1, r′2 ⊂ r2, s′1 ⊂ s ands′2 ⊂ s, thuss2 ↑ s′1. This means that there exists a
border ofu of length shorter that|x| which contradicts the fact thatx is a minimal
border ofu. �

Our goal is to extend Theorem 1 to partial words or to construct, given any
partial wordsu andv satisfyingu � v, a unique sequence of nonempty unbordered
prefixes ofv, v0, . . . , vn−1, such thatu ↑ v0 . . . vn−1. We will see that if during
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the construction of the sequence a badly bordered prefix is encountered, then the
desired sequence may not exist. We first prove two propositions.

Proposition 1. If v ∈ A∗
�, then there do not exist two distinct compatible sequences

of nonempty unbordered prefixes ofv.

Proof. Suppose thatv0 . . . vn−1 ↑ v′0 . . . v′m−1 where eachvi and eachv′i
is a nonempty unbordered prefix ofv. If there existsi ≥ 0 such that|v0| =
|v′0|, . . . , |vi−1| = |v′i−1| and|vi| < |v′i|, thenv0 = v′0, . . . , vi−1 = v′i−1 andvi is
a prefix ofv′i. By simplification,vi . . . vjx ↑ v′i wherei ≤ j < n − 1 andx is a
nonempty prefix ofvj+1. The fact thatx, v′i are prefixes ofv satisfying|v′i| > |x|
implies thatx is a prefix ofv′i. In addition,x is compatible with the suffix of length
|x| of v′i, and consequentlyv′i is bordered. Similarly, there exists noi ≥ 0 such that
|v0| = |v′0|, . . . , |vi−1| = |v′i−1| and|vi| > |v′i|. Clearly,n = m and uniqueness
follows. �

Proposition 2. Let u ∈ A+
� be bordered. Letx be a minimal border ofu, and set

u = x1v = wx2 wherex1 ⊂ x andx2 ⊂ x. Then the following hold:

1. The partial wordx is unbordered.

2. If u is well bordered, thenu = x1u
′x2 ⊂ xu′x for someu′.

Proof. For Statement 1, assume thatr is a border ofx, that is,x ⊂ rs and
x ⊂ s′r for some nonempty partial wordsr, s, s′. Sinceu ⊂ xv andx ⊂ rs, we
haveu ⊂ rsv, and similarly, sinceu ⊂ wx andx ⊂ s′r, we haveu ⊂ ws′r. Then
r is a border ofu. Sincex is a minimal border ofu, we have|x| ≤ |r| contradicting
the fact that|r| < |x|. This proves (1).

For Statement 2, if|v| < |x|, thenu = wtv for somet. Herex1 = wt = t′w′

for somet′, w′ satisfying|t| = |t′| and|v| = |w| = |w′|. Sincex1 ↑ x2, we have
t′w′ ↑ tv and by simplification,t′ ↑ t. The latter implies the existence of a partial
word t′′ such thatt′ ⊂ t′′ andt ⊂ t′′. Sox1 = t′w′ ⊂ t′′w′ andx1 = wt ⊂ wt′′.
Thent′′ is a border ofx1 andx1 is bordered. According to the definition ofu being
well bordered,x1 is an unbordered partial word and this leads to a contradiction.
Hence, we have|v| ≥ |x| and, for someu′, we havev = u′x2 andw = x1u

′, and
u = wx2 = x1u

′x2 ⊂ xu′x. This proves (2). �
Note that Proposition 2 implies that ifu ∈ A+ is bordered, thenu is well

bordered. In this case,u = xu′x wherex is the minimal border ofu.

Lemma 5. If u, v ∈ A+
� are such thatu = v0 . . . vn−1 wherev0, . . . , vn−1 is a

sequence of nonempty unbordered prefixes ofv, then there exists a unique sequence
v′0, . . . , v

′
m−1 of nonempty unbordered prefixes ofv such thatu ↑ v′0 . . . v′m−1 (the

desired sequence is justv0, . . . , vn−1).

Proof. The statement follows immediately from Proposition 1. �
The badly bordered partial words are now split into thespecially borderedand

thenonspecially borderedpartial words according to the following definition.
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Definition 2. Let u ∈ A+
� be a partial word that is badly bordered. Letx be a

minimal border ofu, and setu = x1v = wx2 wherex1 ⊂ x andx2 ⊂ x. If there
exists a proper factorx′ of u such thatx1 6↑ x′ andx′ ↑ x2, then we callu specially
bordered. Otherwise, we callu nonspecially bordered.

Lemma 6. Let v ∈ A+
� be badly bordered. Lety be a minimal border ofv, and

setv = y1w
′ = wy2 wherey1 ⊂ y and y2 ⊂ y (and thusy1 ↑ y2). If there

exists a sequencev0, . . . , vm−1 of nonempty unbordered prefixes ofv such that
v ↑ v0 . . . vm−1, then|y1| < |vm−1| andv is specially bordered.

Proof. By Definition 1, y1 is bordered. If|y1| = |vm−1|, then bothy1 and
vm−1 are prefixes ofv, and thusy1 = vm−1. We get thaty1 is unbordered, a
contradiction. If|y1| > |vm−1|, then sety2 = z1v

′ where|v′| = |vm−1|. Since both
y1 andvm−1 are prefixes ofv, we get thatvm−1 is a prefix ofy1. Soy1 = vm−1z2

for somez2, andv = vm−1z2w
′ = wz1v

′ with vm−1 ↑ v′. Thusv has a border of
length|vm−1| < |y1| = |y| contradicting the fact thaty is a minimal border. And
so|y1| < |vm−1|.

Sincev ↑ v0 . . . vm−1, we have|vm−1| ≤ |v|. Sincevm−1 is a prefix ofv,
andv = y1w

′ and |vm−1| > |y1| there existsz1 such thaty1z1 = vm−1. Since
v = wy2 andvm−1 is compatible with a suffix ofv, we havevm−1 ↑ z2y2 for some
z2. Thus, we get thatvm−1 = y1z1 ↑ z2y2. Sincevm−1 ↑ z2y2, setvm−1 = z3y3

wherez3 ↑ z2 andy3 ↑ y2. Sovm−1 = z3y3 = y1z1. If y3 ↑ y1, thenvm−1 is
bordered, a contradiction with the fact thatvm−1 is unbordered. Thusy3 6↑ y1, and
sincevm−1 is a prefix ofv, we have thatv is specially bordered. �

The following example illustrates Lemma 6.

Example 1. Consider the partial word

v = aa�aabbaaaaa�b

Here,v is specially bordered (indeed, it has the factorabb such thataa� 6↑ abb and
a�b ↑ abb) and is compatible with a sequence of some of its unbordered prefixes.
Indeed, the compatibility

aa�aabbaaaaa�b ↑ (aa�aabb)(aa�aabb)

holds. The shortest border ofv is aab which has length shorter thanaa�aabb.

Lemma 7. Let v ∈ A+
� be well bordered. Then there exists a longest sequence

v0, v1, . . . , vm−1 of nonempty prefixes ofv such thatv ↑ v0v1 . . . vm−1, vj is un-
bordered for every1 ≤ j < m, andv0 is unbordered or badly bordered. Moreover,
if v0 is badly bordered, then no sequence of nonempty unbordered prefixes ofv
exists that is compatible withv.

Proof. Let y0 be a minimal border ofw0 = v, and setw0 = x0w
′
1 = w1x

′
0

wherex0 ⊂ y0 andx′0 ⊂ y0 (and thusx0 ↑ x′0). By Definition 1,x0 is unbordered,
and

v = w1x
′
0 ↑ w1x0 (1)
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where bothw1 andx0 are prefixes ofw0 (and hence ofv). If w1 is unbordered,
thenv is compatible with a sequence of its nonempty unbordered prefixes.

If w1 is badly bordered, then no sequencev′0, . . . , v
′
m′−1 of nonempty unbor-

dered prefixes ofv exists that is compatible withw1 unlessw1 is specially bordered
and|y1| < |v′m′−1| by Lemma 6 (herey1 is a minimal border ofw1). If this is the
case, thenw1 may be compatible with such a sequence of nonempty unbordered
prefixes ofv, and if so replacew1 on the right hand side of the compatibility in (1)
by v′0 . . . v′m′−1. If this is not the case, then no sequence of nonempty unbordered
prefixes ofv exists that is compatible withv.

If w1 is well bordered, then repeat the process. Lety1 be a minimal border of
w1, and setw1 = x1w

′
2 = w2x

′
1 wherex1 ⊂ y1 andx′1 ⊂ y1 (and thusx1 ↑ x′1).

By Definition 1,x1 is unbordered, and

v = w2x
′
1x

′
0 ↑ w2x1x0 (2)

where bothw2 andx1 are prefixes ofw1 (and hence ofv, sincew1 is a prefix ofv)
andx0 is a prefix ofv.

Let w0, w1, . . . , wj−1 be the longest sequence of nonempty well bordered pre-
fixes defined in this manner. For all0 ≤ k < j, let yk be a minimal border
of wk, and setwk = xkw

′
k+1 = wk+1x

′
k wherexk ⊂ yk and x′k ⊂ yk (and

thusxk ↑ x′k). Again by Definition 1,x0, . . . , xj−1 are unbordered. We have
wj−1 = wjx

′
j−1 ↑ wjxj−1 and thus by induction,

v = wjx
′
j−1 . . . x′0 ↑ wjxj−1 . . . x0 (3)

wherewj , xj−1, . . . , x0 are prefixes ofw0 (and hence ofv). Now, if wj is unbor-
dered, thenv is compatible with a sequence of some of its nonempty unbordered
prefixes. Ifwj is badly bordered, then proceed as in the case above whenw1 is
badly bordered.

We can thus equatev with sequences of shorter and shorter factors that are
some of its prefixes or compatible with some of its prefixes and the existence of the
required sequencev0, . . . , vm−1 is established. �

Theorem 2. Letu, v ∈ A+
� be such thatu � v, and letv0, . . . , vm−1 be a longest

sequence of nonempty prefixes ofv satisfyingu ↑ v0 . . . vm−1. Then, either allvi’s
are unbordered, oru is not compatible with the concatenation of any sequence of
unbordered prefixes ofv. In the latter case, some of thevi’s are badly bordered
while the others are unbordered.

Proof. If v0, . . . , vm−1 are unbordered, then by Lemma 5 we get the unique
sequence of nonempty unbordered prefixes ofv whose concatenation is compati-
ble with u. If any of the prefixes are well or badly bordered, then proceed as in
Lemma 6 or Lemma 7. �

Example 2. Consider the partial words

u = aaaa�babbaaaaa�baa andv = aa�babbaaaaa�b
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We have a factorization ofu in terms of nonempty prefixes ofv. Here, the compat-
ibility

u ↑ (a)(a)(aa�babbaaaaa�b)(a)(a)

consists of unbordered and badly bordered prefixes ofv and is a longest such se-
quence (aa�babbaaaaa�b is specially bordered and is not compatible with any
sequence of nonempty unbordered prefixes ofv). We can check that no sequence of
nonempty unbordered prefixes ofv exists that is compatible withu.

4 More Results on Concatenations of Prefixes

In this section, we give more results on concatenations of prefixes. In particular,
we study properties of the longest unbordered prefix of a partial word. We also
investigate the relationship between the minimal weak period of a partial word
and the maximal length of its unbordered factors. Our main results in this section
(Theorems 3 and 4) extend a result of Ehrenfeucht and Silberger [13] which states
that if u = xv is a nonempty unbordered word wherex is the longest unbordered
proper prefix ofu, thenv is unbordered.

If u ∈ A+
� , then unb(u) denotes the longest unbordered prefix ofu. A result

of Ehrenfeucht and Silberger shows that ifu, v ∈ A∗ are such thatu = unb(u)v,
thenv � unb(u) [13]. This does not extend to partial words asu = (ab)(�b) =
unb(u)v provides a counterexample. However, the following lemma does hold.

Lemma 8. Let u ∈ A+
� , v ∈ A∗

� be such thatu = unb(u)v. Thenu � unb(u) if
and only ifv � unb(u).

Proof. If v � unb(u), then obviouslyu � unb(u). For the other direction,
sinceu � unb(u), we can writeu = u0u1 . . . un−1 where eachui is a nonempty
prefix of unb(u). We can suppose thatv 6= ε. Then unb(u) = u0 . . . uku

′ for some
k < n − 1 and some prefixu′ of uk+1. Since unb(u) is unbordered, we have that
u′ = ε, thatk = 0, and hence that unb(u) = u0. It follows thatv = u1 . . . un−1

andv � unb(u). �
We get the following corollary.

Corollary 1. Letu ∈ A∗
�, v ∈ A+

� . Then the following hold:

1. If u � unb(v), thenu � v.

2. If w ∈ A∗
� is such thatv = unb(v)w andw � unb(v), thenu � v if and

only if u � unb(v).

Proof. Statement 1 holds trivially. For Statement 2, by Lemma 8,w � unb(v)
if and only if v � unb(v). Now, if u � v, then sincev � unb(v), by transitivity
we getu � unb(v). �

Statement 2 of Corollary 1 is not true in general. Indeed,u = ababac�aab
andv = abac�aba provide a counterexample. To see this,v = (abac)(�aba) =
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unb(v)w and we haveu � v sinceu = (ab)(abac�a)(ab) whereab andabac�a
are prefixes ofv. Howeveru 6� unb(v) (herew 6� unb(v)). However, foru, v ∈
A∗, u � v if and only if u � unb(v) [13].

Foru, v ∈ A∗
�, when bothu � v andv � u we writeu ≈ v. The relation≈ is

an equivalence relation. A result on words states that foru, v ∈ A∗, u ≈ v if and
only if unb(u) = unb(v) [13]. For partial words, the following holds.

Proposition 3. For u, v ∈ A∗
�, if u ≈ v, then unb(u) = unb(v).

Proof. Suppose thatu ≈ v. Setv = unb(v)w for some partial wordw. Since
u � v, we can writeu = v0 . . . vn−1 where eachvi is a nonempty prefix ofv.
Sincev � u, there exists a sequence of nonempty prefixes ofu, sayu0, . . . , um−1,
such thatv = u0u1 . . . um−1. Since unb(v) is a prefix ofv, we have unb(v) =
u0 . . . uku

′ whereu′ is a prefix ofuk+1 andk < m−1. Since unb(v) is unbordered,
we haveu′ = ε, k = 0, and unb(v) = u0. Therefore, unb(v) is an unbordered
prefix ofu. Hence, it is a prefix of unb(u). Similarly, unb(u) is a prefix of unb(v).
�

The converse of Proposition 3 does not necessarily hold for partial words as is
seen by consideringu = aba� andv = ab�b. We have unb(u) = ab = unb(v) but
u 6≈ v.

If v is an unbordered word andw is a proper prefix ofv for whichu � w, then
uv andwv are unbordered [13]. For partial words, we can prove the following.

Lemma 9. Letu ∈ A∗
� be unbordered. Then the following hold:

1. If v ∈ P (u) andv 6= u, thenvu is unbordered.

2. If v ∈ S(u) andv 6= u, thenuv is unbordered.

Proof. Let us prove Statement 1 (the proof of Statement 2 is similar). Set
u = vx for somex. If vu = vvx is bordered, then there exist nonempty partial
wordsr, s, s′ such thatvvx ⊂ rs andvvx ⊂ s′r. If |r| ≤ |v|, thenu = vx is
bordered byr. And if |r| > |v|, thenr = v′y where|v′| = |v| and this implies that
u = vx is bordered byy. In either case, we get a contradiction with the assumption
thatu is unbordered. �

Lemma 10. If v ∈ A∗
� is unbordered andu � v andu 6= v, thenuv is unbordered.

Proof. Sinceu � v, we can writeu = v0v1 . . . vn−1 where eachvi is a prefix
of v. Therefore, any prefix ofu is a concatenation of prefixes ofv. Assume that
uv is bordered byy. If |y| > |u|, then sety = u′y′ with u ⊂ u′. We gety′ a
border ofv contradicting the fact thatv is unbordered. If|y| ≤ |u|, then we have
the following two cases:

Case 1.y contains a prefix ofv0

Herey contains a prefix ofv and also a suffix ofv and therefore,y is a border
of the unbordered wordv.

Case 2.v0 . . . vkv
′ ⊂ y wherev′ is a prefix ofvk+1

11



If v′ = ε, thenv0 . . . vk ⊂ y wherevk is a prefix ofv. This results in a suffix
of y containing both a prefix and a suffix ofv. Similarly, if v′ 6= ε, then factory as
y = y1y2 wherev′ ⊂ y2. Becausev′ is a prefix ofv, we can writev = v′z ⊂ y2z.
But because|y2| < |v| and we have assumed thatuv is bordered byy = y1y2, we
must have thatv = z′v′′ with v′′ ⊂ y2. Thereforey2 is a border forv. In either
case, we get a contradiction with the fact thatv is unbordered. �

A result of Ehrenfeucht and Silberger [13] states that ifu = punb(u)v is a
nonempty unbordered word where punb(u) the longest proper unbordered prefix
of u, thenv is unbordered. The partial wordu = ab�ac where punb(u) = ab and
v = �ac and the partial wordu = abaca�c where punb(u) = abac andv = a�c
provide counterexamples for partial words. However, whenv is full, the following
theorem does hold.

Theorem 3. Letu ∈ A+
� be unbordered. Then the following hold:

1. Let x be the longest proper unbordered prefix ofu and letv be such that
u = xv. If v ∈ A∗, thenv is unbordered.

2. Let y be the longest proper unbordered suffix ofu and letw be such that
u = wy. If w ∈ A∗, thenw is unbordered.

Proof. We prove Statement 1 (Statement 2 can be proved similarly). Assume
that v is bordered. Sincev is full, there exist nonempty wordsz, v′ such that
v = zv′z wherez is the minimal border ofv. Thenu = punb(u)zv′z, so that
punb(u)z is a proper prefix ofu such that|punb(u)z| > |punb(u)|. It follows that
punb(u)z is bordered, and there exist nonempty partial wordsr, r1, r2, s1, s2 such
that punb(u)z = r1s1 = s2r2, r1 ⊂ r andr2 ⊂ r (herer is a minimal border). Let
us consider the following two cases:

Case 1.|r| > |z|
In this case,r2 = x′z wherex′ is a nonempty suffix of punb(u). Sincer1 ↑ r2,

there exist partial wordsx′′, z′ such thatr1 = x′′z′ wherex′′ ↑ x′ andz′ ↑ z. But
then,x′′z′s1 = r1s1 = punb(u)z = s2r2 = s2x

′z. It follows thatx′′ is a prefix of
punb(u) andx′ is a suffix of punb(u) that are compatible. As a result, punb(u) is
bordered.

Case 2.|r| ≤ |z|
In this case,r2 is a suffix of z and setz = sr2 for somes. We getu =

punb(u)zv′z = r1s1v
′sr2 ⊂ rs1v

′sr, whencer is a border of the unbordered
partial wordu. �

A closer look at the proof of Theorem 3 allows us to show the following.

Theorem 4. Letu ∈ A+
� . Then the following hold:

1. Let x be the longest proper unbordered prefix ofu and letv be such that
u = xv. If v is bordered, then setv = z1v1 = v2z2 wherez1 ⊂ z, z2 ⊂ z
and wherez is a minimal border ofv. Thenxz1 has a minimal borderr such
that |r| ≤ |z|. Moreover, ifv is well bordered, then|x| ≥ |r|.
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2. Let y be the longest proper unbordered suffix ofu and letw be such that
u = wy. If w is bordered, then setw = z1v1 = v2z2 wherez1 ⊂ z, z2 ⊂ z
and wherez is a minimal border ofw. Thenz2y has a minimal borderr
such that|r| ≤ |z|. Moreover, ifw is well bordered, then|y| ≥ |r|.

Proof. We prove Statement 1 (Statement 2 can be proved similarly). Then
u = punb(u)z1v1, so that punb(u)z1 is a proper prefix ofu longer than punb(u).
It follows that punb(u)z1 is bordered, and there exist nonempty partial words
r, r1, r2, s1, s2 such that punb(u)z1 = r1s1 = s2r2, r1 ⊂ r andr2 ⊂ r with r
a minimal border. If|r| > |z|, thenr2 = x′z1 wherex′ is a nonempty suffix of
punb(u). Sincer1 ↑ r2, there exist partial wordsx′′, z′ such thatr1 = x′′z′ where
x′′ ↑ x′ andz′ ↑ z1. But then,x′′z′s1 = r1s1 = punb(u)z1 = s2r2 = s2x

′z1. It
follows thatx′′ is a prefix of punb(u) andx′ is a suffix of punb(u) that are com-
patible. As a result, punb(u) is bordered, which contradicts that punb(u) is the
longest unbordered proper prefix ofu. And so|r| ≤ |z| andr2 is a suffix ofz1. Set
z1 = sr2 for some suffixs of s2 (s2 = punb(u)s). If we further assume thatv is
well bordered, then we claim that|punb(u)| ≥ |r|. To see this, if|punb(u)| < |r|,
then setr1 = punb(u)t andz1 = ts1 for somet. Sincer1 ↑ r2, there existx′, t′

such thatr2 = x′t′ and punb(u) ↑ x′ and t ↑ t′. Sincer2 is a suffix ofz1, we
have thatt′ is a suffix ofz1. Consequently,t is a prefix ofz1 andt′ is a suffix of
z1 that are compatible. Soz1 is bordered and we get a contradiction withv’s well
borderedness, establishing our claim. �

The maximum length of the unbordered factors of a partial wordu is de-
noted byµ(u). Recall thatp(u) denotes the minimal period of a (full) wordu.
Ehrenfeucht and Silberger studied the relationship betweenp(u) andµ(u) in [13].
Clearly,µ(u) ≤ p(u). Here, we investigate the relationship between the minimal
weak period of a partial wordu, p′(u), andµ(u).

Proposition 4. For all u ∈ A∗
�, µ(u) ≤ p′(u) ≤ p(u).

Proof. Let w be a factor ofu such that|w| > p′(u). Factorw asw = xw1 =
w2y where|w1| = |w2| = p′(u). We havex(i) = w(i) andy(i) = w(i + p′(u)).
This means that wheneverx(i) 6= y(i), i ∈ H(x) or i ∈ H(y). Thereforex ↑ y
andw is bordered. So we must have thatµ(u) ≤ p′(u). �

For any partial wordu, Proposition 4 gives an upper bound for the maximum
length of the unbordered factors ofu: µ(u) ≤ p′(u). This relationship cannot be
replaced byµ(u) < p′(u) as is seen by consideringu = aba�with µ(u) = p′(u) =
2.

For anyv, w ∈ A∗
�, if there exists a partial wordu such thatu � w andu ⊂ v,

then we say thatv contains a concatenation of prefixes ofw. Otherwise, we say
that v contains no concatenation of prefixes ofw. Similarly, if u ∈ P (w) and
u ⊂ v, then we say thatv contains a prefix ofw.

The following result extends to partial words a result on words which states
that if u, v are words such thatu = unb(u)vunb(u) and unb(u) is not a factor ofv,
thenvunb(u) is unbordered (Corollary 2.5 in [12]).
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Proposition 5. Let u, v ∈ A∗
� be such thatu = hvh whereh abbreviates unb(u).

If h is not compatible with any factor ofv, thenvh is unbordered if one of the
following holds:

1. v is full,

2. v contains a prefix ofh or a concatenation of prefixes ofh.

Proof. For Statement 1, suppose thatv is full and there exist nonemptyx,w1, w2

such thatvh ⊂ xw1 andvh ⊂ w2x. We must have that|x| ≤ |v| or elseh, which
is unbordered, would be bordered by a factor ofx. If |h| < |x|, then there exists
x′ ∈ S(x) such thath ⊂ x′ and because|x| ≤ |v|, there existsv′ a factor ofv with
v′ ⊂ x′ and this says thatv′ ↑ h, contradicting our assumption. Now, if|h| ≥ |x|,
then setv = rv′ andh = h′s where|r| = |s| = |x|. In this case,r ⊂ x and
s ⊂ x, and there exist nonemptyr ∈ P (v) ands ∈ S(h) such thatr ↑ s. But r
is full and sor ↑ s implies thats ⊂ r. But then, by Lemma 9, we have thaths
is unbordered, and sohr is an unbordered prefix ofu with length greater than|h|.
This contradicts the assumption thath = unb(u), hencevh must be unbordered.

For Statement 2, first assume thatv contains a prefix ofh. Let v′ ∈ P (h)
be such thatv′ ⊂ v. By Lemma 9, sinceh is unbordered, we have thatv′h is
unbordered. Now, assume thatv contains a concatenation of prefixes ofh. Let v′

be such thatv′ � h andv′ ⊂ v. By Lemma 10, sinceh is unbordered andv′ � h,
we have thatv′h is unbordered. In either case, sincev′ ⊂ v, vh is unbordered as
well. �

5 Critical Factorizations

In this section, we first discuss so-called critical factorizations of a partial word
w, then study some of their properties whenw is unbordered (Proposition 6, and
Corollaries 2 and 3), and finally investigate the position in the Chomsky hierarchy
of the set of all partial words having a critical factorization (Theorems 5 and 6).

If w is a nonspecialpartial word of length at least two, then there exists a
factorization(u, v) of w with u, v 6= ε such that the minimal local period ofw at
position |u| − 1 (as defined below) equals the minimal weak period ofw [5, 6].
Such a factorization(u, v) of w is calledcritical and the position|u| − 1 is called
acritical point of w.

Definition 3 ([5]). Let w ∈ A+
� . A positive integerp is calleda local period ofw

at positioni if there existu, v, x, y ∈ A+
� such thatw = uv, |u| = i + 1, |x| = p,

x ↑ y, and such that one of the following conditions holds for some partial words
r, s:

1. u = rx andv = ys (internal square),

2. x = ru andv = ys (left-external square ifr 6= ε),

14



3. u = rx andy = vs (right-external square ifs 6= ε),

4. x = ru andy = vs (left- and right-external square ifr, s 6= ε).

The minimal local period ofw at positioni is denoted byp(w, i). Clearly, 1 ≤
p(w, i) ≤ p′(w) ≤ |w|.

There exist unbordered partial words that have no critical factorizations, like
w = a�bc.

We now investigate some of the properties of an unbordered partial word of
length at least two and how they relate to its critical factorizations (if any).

Definition 4. Let u, v ∈ A+
� . We say thatu and v overlap if there exist partial

wordsr, s satisfying one of the following conditions:

1. r ↑ s with u = ru′ andv = v′s,

2. r ↑ s with u = u′r andv = sv′,

3. u = ru′s with u′ ↑ v,

4. v = rv′s with v′ ↑ u.

Otherwise we say thatu andv do not overlap.

Proposition 6. Letu, v ∈ A+
� . If w = uv is unbordered, then|u| − 1 is a critical

point ofw if and only ifu andv do not overlap.

Proof. Let us first consider the first implication and let us supposeu andv overlap.
If we have Type1 overlap, thenw = ru′v′s andr ↑ s for some partial words
r, s, u′, v′. This contradicts the fact thatw is unbordered. If we have Type2 over-
lap, thenw = u′rsv′ and there is an internal square at position|u| − 1 of length
k = |r| = |s|, sop(w, |u|−1) ≤ k. But becausew is unbordered,p′(w) = |w|. Of
course we have thatk < |w| (otherwise we have Type 1 overlap), so this contra-
dicts that|u|−1 is a critical point ofw. If we have Type3 overlap, thenw = ru′sv
and there is a right-external square of length|u′s| at position|u| − 1. Because
v 6= ε, |u′s| < |w| = p′(w) and we have that|u| − 1 cannot be a critical point of
w, a contradiction. The case for Type4 overlap is very similar to Type3.

For the other direction we have thatu andv do not overlap and let us suppose
that|u| − 1 is not a critical point ofw.

Since|u| − 1 is not a critical point, there existx andy defined as in Definition
3, with the length ofx strictly smaller than the minimal weak period ofw. Let us
now look at all the four conditions of the definition. If we have an internal square,
then according to Definition 4 we have a Type 2 overlap ofu andv, which is a
contradiction with our assumption. For a left-external, respectively right-external,
square we get that eitheru is compatible with a factor ofv, or v is compatible with
a factor ofu. Both cases contradict with the fact thatu andv do not overlap, giving
us a Type 4, respectively Type 3, overlap.
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In the case we have a left- and right-external square we get thatx = ru and
y = vs, wherex ↑ y andr, s 6= ε. If |r| < |v|, then there existsv′ with |v′| > 0,
such thatv = rv′. Hence, sinceru ↑ rv′s we get a Type 2 overlap,u ↑ v′s, which
is a contradiction with our initial assumption. If|r| ≥ |v|, then there existsr′ such
thatr = vr′. This implies that|w| = |uv| ≤ |vr′u| = |ru| = |x| < p′(w) ≤ |w|,
which is a contradiction.

Corollary 2. Let u, v ∈ A+
� . If w = uv is unbordered and|u| − 1 is a critical

point ofw, thenw′ = vu is unbordered as well.

Proof. This is immediately implied by Proposition 6 and the fact that ifw′ =
vu is bordered, thenu andv must overlap. �

Corollary 3. Let u, v ∈ A+
� . If w = uv is unbordered and|u| − 1 is a critical

point ofw, then|v| − 1 is a critical point ofw′ = vu.

Proof. By Proposition 6,u andv do not overlap. By Corollary 2,w′ is unbor-
dered. Then by Proposition 6, the point|v| − 1 is critical forw′. �

We end this section by considering the language

CrFa = {w | w is a partial word overA that has a critical factorization}

whereA denotes an arbitrary nonunary fixed finite alphabet (we will assume thata
andb are two distinct letters ofA). What is the position ofCrFa in the Chomsky
hierarchy? We prove thatCrFa is a context sensitive language that is not context-
free.

Let us first recall a version of the pumping lemma that is due to Bader and
Moura [1], and is a generalization of the well known Ogden’s Lemma.

Lemma 11 ([1]). For any context-free languageL, there existsn ∈ N, the set of
nonnegative integers, such that for allz ∈ L, if d positions inz are “distinguished”
ande positions are “excluded,” withd > n(e+1), then there existu, v, w, x, y such
thatz = uvwxy and

1. vx contains at least one distinguished position and no excluded positions,

2. if r is the number of distinguished positions ands is the number of excluded
positions invwx, thenr ≤ n(s+1),

3. for all i ∈ N, uviwxiy ∈ L.

The above lemma says that for any context-free languageL, there exists a
natural numbern, such that in any wordz ∈ L, by marking anyd positions as
“distinguished” ande positions as “excluded” withd > n(e+1), we can decompose
z in five contiguous factors that satisfy the three statements. It is easy to observe
that the only restrictions imposed byd ande are on the three inner factorsv, w and
x.
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Theorem 5. The languageCrFa is not context-free.

Proof. Let us assume that the languageCrFa is context-free. This implies that
the previously defined pumping lemma holds. Let us take the word

z = ba3n3
ban3�n3

an3
ba3n3

b

wheren is the natural number from the lemma, and mark all symbols except the
first and the last one as distinguished and these two as excluded. It is easy to check
thatp′(z) = 3n3 + 1, z has a critical factorization (b, a3n3

ban3�n3
an3

ba3n3
b) and

the number of distinguished positions is greater thann(2+1). From Lemma 11(1)
we get that the first and the last occurrences ofb will never be part of eitherv or x.

Let us first consider the case whenu = ε. This implies, by Lemma 11(1), that
v = ε. Hence,w contains exactly one excluded position, implyingx = ak, where
0 < k ≤ n2 by Lemma 11(2). In this case, fori = 0, we obtain the word

ba3n3−kban3�n3
an3

ba3n3
b

which is not inCrFa, contradicting Lemma 11(3). To see that this word does not
have a critical factorization, note that it has minimal weak period greater than3n3+
1. However, the minimal local periods at the positions defined by the factorization
(b, a3n3−k, b, an3�n3

an3
, b, a3n3

, b) are3n3 − k + 1, 3n3 − k + 1, n3 + 1, n3 +
1, 3n3 + 1 and3n3 + 1 respectively, while the minimal local period at any other
position is 1. Similarly we easily prove that it is impossible to havey = ε.

From now on, let us consider the cases where bothu andy are nonempty. Then
each ofu andy contains an excluded position and sovwx will all be distinguished.
And therefore the length ofvwx is at mostn by Lemma 11(2).

Whenvwx matchesa∗ andvwx is part of the 1st group ofa’s, thenvwx = ak

for some0 < k ≤ n, andv = ak1 andx = ak2 with k1 > 0 or k2 > 0. In this case
takei = 0. The 1st group ofa’s is then reduced to3n3 − k1 − k2, giving us the
word

ba3n3−k1−k2ban3�n3
an3

ba3n3
b

that does not have a critical factorization (again, the minimal weak period is greater
than3n3 +1 while the minimal local periods are smaller than or equal to3n3 +1).
A similar argument works for the 2nd, 3rd and 4th groups ofa’s. We are left with
the cases whenvwx matchesa∗ba∗, or a∗�∗ or �∗a∗.

If x matchesa∗ba∗, thenv is a string ofa’s of length at mostn − 1 with the
a’s either from the 1st group or the 3rd group. In both cases, takingi = 0, we get
a contradiction with the fact that the words

ba4n3−k1�n3
an3

ba3n3
b

and
ba3n3

ban3�n3
a4n3−k2b
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are inCrFa for some0 ≤ k1, k2 < n. To see that the first word does not have
a critical factorization, note that it has minimal weak period greater than4n3 + 1.
However, the minimal local periods at the positions defined by the factorization
(b, a4n3−k1�n3

an3
, b, a3n3

, b) are4n3−k1 +1, n3 +1, 3n3 +1 and3n3 +1 respec-
tively, while the minimal local period at any other position is 1. The case wherev
matchesa∗ba∗ is solved analogously to the previous one and hence we will omit
its proof. By takingi = 2, a contradiction is reached in the cases wherev = ak1

andx = ak2 for somek1, k2 with thea’s in v from the 1st group ofa’s, and the
ones inx from the 2nd group ofa’s (respectively, with thea’s in v from the 3rd
group ofa’s, and the ones inx from the 4th group ofa’s).

If v = ak1�k2 or x = �k1ak2 for somek1, k2, then we get thatx = �k3 ,
respectivelyv = �k3 , with 0 < k1 + k2 + k3 ≤ n. In both cases, takingi = 2,
we obtain a word that does not have a critical factorization. Whenv = �k1ak2 or
x = ak1�k2 , we proceed similarly. The casevx = ak where0 < k ≤ n, with the
a’s from the 2nd or the 3rd group, is solved similarly.

Since all cases lead to contradictions we conclude that our assumption is false,
hence the languageCrFa is not context-free.

Theorem 6. The languageCrFa is context sensitive.

Proof. To prove this we will give an LBA (linear bounded automaton) that recog-
nizes all partial words having a critical factorization. We recall that the factoriza-
tion (u, v) of input partial wordw is critical if the minimal local period ofw at
position|u| − 1 is equal to the minimal weak period ofw, p′(w).

Our LBA will have an input tape of size3|w| and five auxiliary tapes of size at
most|w| + 1, that we are going to describe next. We will denote the word on the
input tape as inp.

The input tape will contain, starting from position|w|, the input word while all
other positions will be filled in with�’s. Position|w| (respectively,2|w|−1) on the
input tape can be easily recognized by using an auxiliary symbol $ (respectively,
#).

The first auxiliary tape, let us call itP , will have size|w| and will be used for
the identification of the minimal weak period of our input wordw. This can be
easily done by using an unary numbering system that adds1’s until the minimal
weak period is discovered. Since the minimal weak period of a word is greater than
or equal to one, we start with a1 symbol on the tape.

The second tape,Z, will be used for remembering the current position in the
word. Hence, for positioni < |w|, the head will be positioned on the input tape on
the(|w|+ i)th cell, and TapeZ will contain i ones. The tape is initialized with one
1 and has size|w|+ 1.

The following tape,X, will have sizep′(w) and will be used for checking the
size of the current minimal local period.

The last two tapes, calledY1 andY2, will have sizesp′(w). They will be used
to save the words of length at mostp′(w), positioned to the left and right of the
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current position. More exactly these tapes will containx andy from the definition
of critical factorization.

We now describe how the LBA works, using the notation|T | for denoting the
number of symbols present on TapeT :

1. Starting at position|w| on the input tape, the head marks the current position
and then moves to the right|P | positions and checks if the symbols are com-
patible. This step is repeated until the condition is violated. If this happens,
then a1 is added to TapeP and all symbols are unmarked. If the end of the
word is reached, then the head moves left to the position|w| and repeats the
step for the first unmarked symbol. The step is repeated until all symbols
are marked or|P | = |w|. This will give us the minimal weak period of the
word.

2. Increment the value ofX.

3. Starting at positioni, wherei represents the sum between|w| and the num-
ber of 1’s on TapeZ, the LBA copies the suffix of length|X| (recall that
the number of symbols present on TapeX, or |X|, is bounded byp′(w))
of the word inp[0..i) on TapeY1 and the prefix of length|X| of the word
inp[i..3|w|) on TapeY2.

4. Next the LBA checks if the word on TapeY1 is compatible with the word on
TapeY2. This can easily be done just by comparing one symbol at a time
while going in parallel on the two tapes. If the words are compatible and
the sum of1’s in X is equal top′(w), then the automaton stops and outputs
the position where a critical factorization is present (the LBA will accept the
word). If the words are compatible and the sum of1’s in X is not equal to
p′(w), then the automaton fills theX tape with 1’s and goes to the next step.

5. If X is full, then the tape is brought to the initial configuration and the LBA
adds a1 on Z. If Z is full, then the automaton stops and concludes that
a critical factorization does not exist, hence, the LBA will reject the word.
Otherwise, the LBA goes to Step 2.

It is easy to check that the algorithm will always stop. Since the construction
of a linear bounded automaton that recognizes all partial words over{a, b} having
a critical factorization was possible, we conclude thatCrFa is a context sensitive
language.
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