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Non-Abelian Generalizations
of the Erd�os-KacTheorem
M. RamMurty andFilip Saidak

Abstract. Let a bea natural numbergreater than 1. Let fa(n) be the order of a mod n. Denote by
! (n) the numberof distinct prime factors of n. Assuminga weakform of the generalisedRiemann
hypothesis,weprovethefollowing conjectureof ErdösandPomerance:

Thenumber of n � x coprimeto a satisfying

� �
! ( fa(n)) � (log logn)2=2

(loglogn)3=2=
p

3
� �

isasymptotic to
�

1
p

2�

Z �

�
e� t2=2dt

�
x� (a)

a
; asx tendsto in�nit y.

1 Intr oduction

Let ! (n) and
 (n) denotethenumberof primefactorsof n, countedwithout multi-
plicity andwith multiplicit y, respectively. In 1917,Hardy andRamanujan[7] proved
that thenormalorderof ! (n) and
 (n) is loglogn. Thismeansthatgivenany � > 0,
thenumberof n � x failing to satisfytheinequality

j f (n) � loglognj < � loglogn;

with f = ! or 
 , iso(x) asx ! 1 . Subsequently, in 1934,Turán[23] gaveasimple
proof of this fact by showing that

(1)
X

n� x

(! (n) � loglogn)2 � x loglogx:

Recently, Saidak[19] improvedTurán'stheoremby proving theasymptotic formula

X

n� x

�
! (n) � loglogn

� 2
= x loglogx + Cx + O

� x loglogx
logx

�
;

for someconstantC. Theunderlying ideasbehindthesetheoremsform thefounda-
tionsof probabilisticnumbertheory. Indeed,in 1940,Erd�osandKac[4] provedthat
thequantity

! (n) � loglogn
p

loglogn
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isdistributed ǹormally'. Moreprecisely, they provedthat for any � < � ,

(2) #
�

n � x : � �
! (n) � loglogn

p
loglogn

� �
�

� � (� ; � )x;

asx ! 1 , where

� (� ; � ) =
1

p
2�

Z �

�
e� t2=2 dt:

This theorem openedthe way for a more general theory by Kubilius [8] and
Shapiro [22] applicableto a wider classof what are called “strongly additive” (see
de�nition below) functions. In the early 60sand subsequently the 70s,the theory
wasre�ned by many authorsandonecan�nd acomprehensivetreatmentof it in the
monographof Elliott [2].

For instance,a “prime” analogof the theoremof Turán canbeprovedusingthe
methodsindicatedin [14]:

(3)
X

p� x

�
! (p � 1) � loglogp

� 2
� � (x) loglogx;

wherethesummationis over primesp � x and� (x) denotesthenumberof primes
p � x. Thenormal orderof ! (p � 1) was�rst determined in 1935by Erd�os[3] by
more complicated methods.The correspondingversionof the Erd�os-Kactheorem
wasdiscoveredby Halberstam[6] in 1955,who provedthat for all � < � ,

(4) #
�

p � x : � �
! (p � 1) � loglogp

p
loglogp

� �
�

� � (� ; � )� (x);

asx ! 1 .
A newtypeof “Erd�os-Kac” theorem,which canbedescribedas“non-abelian”, was

discoveredby KumarandRamMurty [14] in theearly 1980's.A specialcaseof their
theoremwill il lustrateour meaning.

Let � (n) denote the Ramanujan � -function. Assuminga generalized Riemann
hypothesis(to bemademoreprecisebelow), they provedthat

#
�

p � x : � �
!

�
� (p)

�
� loglogp

p
loglogp

� �
�

� � (� ; � )� (x);

andassuming� (n) nevervanishes(Lehmer'sconjecture[11])

#
�

n � x : � �
!

�
� (n)

�
� 1

2(loglogn)2

1p
3
(loglogn)3=2

� �
�

� � (� ; � )x;

asx ! 1 . Murty andMurty [14] provegeneral theoremsapplicableto awiderclass
of functionsarisingasFourier coef�cientsof modularforms.
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Whatdistinguishesthesetheoremsfrom theclassicaltheory istheir “non-abelian”
character. Indeed,latent in the Erd�os-Kactheory is the intervention of the distri-
bution of primesin cyclotomic �elds, which are abelianextensionsof the rational
number �eld. In the caseof Fourier coef�cients arising from normalized Hecke
eigenforms,onehasthetheory of l-adicrepresentations(thanksto Deligne[1]) from
which divisibility propertiesof theFourier coef�cientscanbededucedvia theCheb-
otarev density theorem. It is here that the generalized Riemannhypothesisinter-
venes,for in order to control the error terms in the expansionsthat arise,such a
hypothesisis essential.In theclassicalcase,thegeneralizedRiemannhypothesiscan
bereplacedby adirect applicationof theBombieri-Vinogradov theorem(or asin the
caseof Erd�os[3], theSiegel-Wal�sz theoremcombinedwith Brun'ssieve).

Our purposehere is to indicate yet anothernewtype of the Erd�os-Kactheorem
formulatedin a conjectureof Erd�osandPomerance [5]. Let a bea natural number
greater than 1. For any n coprime to a, de�ne fa(n) to bethe order of a (mod n).
Erd�osandPomerance[5] conjecturedthat for any � < � ,

#

(

n � x : (a; n) = 1; � �
!

�
fa(n)

�
� 1

2(loglogn)2

1p
3
(loglogn)3=2

� �

)

� � (� ; � )
� (a)

a
x;

asx ! 1 , where � (a) denotesthe numberof positive integerslessthan a andco-
primeto a. In thispaperweprovethisconjectureassumingahypothesissubstantially
weaker than thegeneralizedRiemannhypothesis.Again, certain non-abelianexten-
sionsof Q intervenein anaturalway.

In thecourseof our investigations,weproveavariety of interestingresultsrelated
to thestudyof fa(n) andthesewestatein thenext section. MostnotableisTheorem6,
which isunconditional.

2 Statementsof Theorems

Beforestatingthemainresultsof thepaper, weelucidatetheprecisenatureof thegen-
eralizedRiemannhypothesis,or quasi-Riemannhypothesis,invokedin Theorems1
to 4.

In thestudy of fa(p), or moregenerally, fa(n), thenon-abelianextensions

Lq = Q(! q; q
p

a);

whereqisaprimeand! q denotesaprimiti veq-th rootof unity, intervenein anatural
way. Moreprecisely, if � q(s) denotestheDedekindzetafunction of Lq, weassumethat
for some� < 1, � q(s) hasno zerosin the region Re(s) > � , for every prime q. This
we refer to asa quasi-Riemannhypothesis. Of course,� = 1=2 is the celebrated
generalizedRiemannhypothesis.In the lastsection of thepaper, wediscusshow we
canweakentheassumptionof aquasi-Riemannhypothesis.

Theorem 1 Let a � 2 besquarefree. Assumingthere is a � < 1 such that every
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� q(s) 6= 0 in Re(s) > � , for every primeq,wehave

(5)
X

p� x
(a;p)= 1

�
!

�
fa(p)

�
� loglogp

� 2
� � (x) loglogx:

Remark A quasi-GRHallowsusto prove that the numberof primesp � x which
split completelyin Lq is

Li x
q� (q)

+ O(x� logqax); where Li x =
Z x

2

dt
logt

:

If a werenot squarefree,wewould expect ananalogousresultasTheorem1 to hold.
However, themain term in thespecialcaseof theChebotarev density theoremcited
above will have to beslightly adjusted for thoseq that may divide the exponentsof
theprimepowersin theuniquefactorizationof a.

Theorem 2 Under thesamehypothesesasin Theorem 1,wehave

(6) #
�

p � x : (a; p) = 1; � �
!

�
fa(p)

�
� loglogp

p
loglogp

� �
�

� � (� ; � )� (x);

asx ! 1 .

We will deduceTheorem2 from Theorem(4) of Halberstam[6]. If we let i a(p)
denotetheindex of thesubgroupgeneratedby a (mod p) in F�

p, then

! (p � 1) = !
�

fa(p)
�

+ O
�

!
�

ia(p)
� �

:

A quasi-GRHis neededto ensure that for almostall p, !
�

ia(p)
�

is not aslargeas
! (p� 1). Thetechnicallemmaweinvoketo makethetransitionisof anindependent
interestin its own right.

Theorem2canbeproveddirectly without invokingthetheoremof Halberstamby
considering all thehighermoments,aswasdonein the thesis[20]. Werelegate this
proof to afuturepaper [21].

Theorem 3 Under thesamehypothesesasin Theorem 1,wehave

(7)
X

n� x
(a;n)= 1

�
!

�
fa(n)

�
�

1
2

(loglogn)2
� 2

� x(loglogx)3:

Theorem 4 Under thesamehypothesesasin Theorem 1,

(8) #
�

n � x : (a; n) = 1; � �
!

�
fa(n)

�
� 1

2(loglogn)2

1p
3
(loglogn)3=2

� �
�

� � (� ; � )
� (a)

a
x;

asx ! 1 .
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Remark This theorem establishesthe conjecture of Erd�os and Pomerance [5] as-
sumingaquasi-GRHasde�ned in theremark following Theorem1.

By invokingamethodof KubiliusandShapiro wededucethefollowing. Let

(9) A(x) =
X

p� x
(a;p)= 1

!
�

fa(p)
�

p
; B(x) =

X

p� x
(a;p)= 1

! 2
�

fa(p)
�

p
:

Theorem 5 Withoutany hypothesis,wehave

(10) #
�

n � x : (a; n) = 1; � �
!

�
fa(n)

�
� A(x)

p
B(x)

� �
�

� � (� ; � )
� (a)

a
x;

asx ! 1 .

Theorem 6 For any � > 0, asx ! 1 ,

#
�

n � x : (a; n) = 1; !
�

fa(n)
�

<
1
2

(loglogn)2 +
�

p
3

(loglogn)3=2
�

& � (�1 ; � )
� (a)

a
x:(11)

Eventhough Theorem5 is “well-known” or canbededucedfrom general theory,
weisolate it hereto show wherethequasi-GRHentersin theproof of Theorem4. It
is to determine the asymptotic behaviour of A(x) and B(x). Even a weakassertion
such as

A(x) =
1
2

(loglogx)2 + o
�

(loglogx)2�

would allow usto prove that !
�

fa(p)
�

hasnormal order loglogp, without any hy-
potheses.But this seemsto bebeyond reach at themoment.Thecentral assertion to
beprovedis

X

p� x

!
�

ia(p)
�

p
= o

�
(loglogx)2� :

3 Technical Preparation

What we will needin the proofsof the theoremsstated in the previous section are
two technicallemmaswhich areof independentinterest.

Lemma1 Let f , g andh bearithmeticalfunctions,andsupposethat for all n wehave
j f (n) � g(n)j � h(n). Let usde�ne

(12) A(x) =
X

p� x

f (p)
p

and B(x) =
X

p� x

f 2(p)
p

;
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andassumethat thefollowingcondition issatis�ed:

(13)
X

n� x

h(n) = o
�

x
p

B(x)
�

:

Supposethat for all constants� and� (with � � � ) wehave:

#
�

n � x : � �
f (n) � A(x)

p
B(x)

� �
�

� x
�

1
p

2�

Z �

�
e� t2=2 dt

�
;

asx ! 1 , then also

#
�

n � x : � �
g(n) � A(x)

p
B(x)

� �
�

� x
�

1
p

2�

Z �

�
e� t2=2 dt

�
:

Proof First,let usde�ne thefunctions:

Sf (x ; � ; � ) def== #
�

n � x : � �
f (n) � A(x)

p
B(x)

� �
�

; and(14)

Sg(x ; � ; � ) def== #
�

n � x : � �
g(n) � A(x)

p
B(x)

� �
�

:

Whatwewill proveis that if Sf (x ; � ; � ) � x� (� ; � ), thenSg(x ; � ; � ) � x� (� ; � ).
Fix� > 0. Thenby theassumption,thenumberof n � x, for which jh(n)j > �

p
B(x)

iso(x). Hencefor almostall n � x, wemay supposethat jh(n)j � �
p

B (x).
Now,

� �
f (n) � A(x)

p
B(x)

� � ) A(x) + �
p

B(x) � f (n) � A(x) + �
p

B(x);

andg(n) � h(n) � f (n) � g(n) + h(n), togetherimply

g(n) � h(n) � A(x) + �
p

B(x) and g(n) + h(n) � A(x) + �
p

B(x):

Hencefor almostall integersn � x, wehave:

g(n) � A(x) + �
p

B(x) + �
p

B(x) and g(n) � A(x) + �
p

B(x) � �
p

B (x);

andhencealso:Sf (x ; � ; � ) � Sg(x ; � � �; � + � ) + o(x), or in otherwords:

Sg(x ; � ; � ) � Sf (x ; � + �; � � � ) + o(x)(15)

� x� (� + �; � � � ) + o(x);

by assumption(concerning thenormality of the function f (n)), whereweeasilysee
that � (� + �; � � � ) = � (� ; � ) + O(� ). Similarly, wecanwrite:

� �
g(n) � A(x)

p
B(x)

� � ) A(x) + �
p

B(x) � g(n) � A(x) + �
p

B(x) )

f (n) � h(n) � A(x) + �
p

B(x) and f (n) + h(n) � A(x) + �
p

B(x):
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andso, for almostall integersn � x wehave:

f (n) � A(x) + �
p

B(x) + �
p

B(x) and f (n) � A(x) + �
p

B(x) � �
p

B (x):

Thisprovesthat Sg(x ; � ; � ) � Sf (x ; � � �; � + � ) + o(x), or in otherwords:

Sg(x ; � ; � ) � Sf (x ; � � �; � + � ) + o(x)(16)

� x� (� � �; � + � ) + o(x);

andsinceagain � (� � �; � + � ) = � (� ; � ) + O(� ), theresultfollows.

Lemma2 SupposethatP � N, i.e.P isa subset of natural numbers,andlet P (x) =
jf n 2 P ; n � xgj. Let f ; g andh bearithmetical functions,andsupposethat for all n
wehavej f (n) � g(n)j � ch(n), wherec > 0 isa constant.De�ne A(x) andB(x) asin
(12),andassumethat thefollowingcondition issatis�ed:

(17)
X

n� x

h(n) = o
�

P (x)
p

B(x)
�

:

Supposethat for all constants� and� (with � � � ) wehave:

#
�

n � x; n 2 P : � �
f (n) � A(x)

p
B(x)

� �
�

� P (x)
�

1
p

2�

Z �

�
e� t2=2 dt

�
;

asx ! 1 , then also

#
�

n � x; n 2 P : � �
g(n) � A(x)

p
B(x)

� �
�

� P (x)
�

1
p

2�

Z �

�
e� t2=2 dt

�
:

Proof Theproof issimilar to Lemma1,andwesuppressit.

4 Proof of Theorem 1

Let ia(p) betheindex in F�
p of thesubgroupgeneratedby a (mod p). It iseasilyseen

that qjia(p) if andonly if p splitscompletelyin Lq (see[12]). Clearly, wehave

! (p � 1) � !
�

ia(p)
�

� !
�

fa(p)
�

� ! (p � 1):

By [14], weknow that (see(3))

X

p� x

�
! (p � 1) � loglogp

� 2
� � (x) loglogx:

Recall that

!
�

fa(p)
�

� loglogp =
�

! (p � 1) � loglogp
�

+ O
�

!
�

ia(p)
� �

:
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Squaring both sidesandsummingoverall p � x, wehave

X

p� x

�
!

�
fa(p)

�
� loglogp

� 2
�

X

p� x

�
! (p � 1) � loglogp

� 2
+

X

p� x

! 2� ia(p)
�

:

An applicationof (3) showsthat it suf�cesto prove:
X

p� x

! 2� ia(p)
�

� � (x) loglogx;

in order to establishTheorem1. In fact, wewill show that aquasi-GRHimpliesthe
strongerresult:

(18)
X

p� x

! 2� ia(p)
�

� � (x):

Indeed,de�ning
! y(n) =

X

pjn
p< y

1;

wehavefor y = x� , � < 1=4,
X

p� x

! 2� ia(p)
�

�
X

p� x

! 2
y

�
ia(p)

�
+ O

�
� (x)

�

But X

p� x

! 2
y

�
ia(p)

�
=

X

q1;q2� y2

q16= q2

� (x; Lq1q2) +
X

q� y

� (x; Lq);

where � (x; Lk) denotesthe number of primesp � x which split completely in Lk,
becauseaswaspointedout earlier, qjia(p) if andonly if p splitscompletelyin Lq.

A quasi-GRH(with no zerosof � q(s) for Re(s) > � ) gives

(19) � (x; Lk) =
Li x

k� (k)
+ O(x� logkax):

Hence,if wechoose2� < � , weobtain
X

p� x

! 2� ia(p)
�

� � (x);

which completestheproof of Theorem1.

Corollar y 1 With thesamehypothesesasTheorem 1,
X

p� x

!
�

fa(p)
�

= � (x) loglogx + O
�

� (x)
�

; and(20)

X

p� x

! 2� fa(p)
�

= � (x)(log logx)2 + O
�

� (x) loglogx
�

:(21)
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Corollar y 2 With thesamehypothesesasTheorem 1,

X

p� x



�

fa(p)
�

= � (x) loglogx + O
�

� (x)
�

; and(22)

X

p� x


 2� fa(p)
�

= � (x)(log logx)2 + O
�

� (x) loglogx
�

:(23)

By apartial summation,wededuce:

Corollar y 3 Under thesamehypothesesasTheorem 1,

X

p� x



�

fa(p)
�

p
=

1
2

(loglogx)2 + O(loglogx); and(24)

X

p� x


 2
�

fa(p)
�

p
=

1
3

(loglogx)3 + O
�

(loglogx)2� :(25)

5 Proof of Theorem 2

By thetheorem(4) of Halberstam[6] weknow that

! (p � 1) � loglogp
p

loglogp

obeysanormal distribution. Since! (p � 1) = !
�

fa(p)
�

+ O
�

!
�

ia(p)
� �

, wemay
applyLemma2 of Section 3 to deducethat

!
�

fa(p)
�

� loglogp
p

loglogp

hasanormaldistribution. Thisisbecause

X

p� x

!
�

ia(p)
�

� � (x) = o
�

� (x)
p

loglogx
�

;

sothat the hypothesesof Lemma2 aresatis�ed. This completesthe proof of Theo-
rem2.

6 Transition From 

�

fa(n)
�

to !
�

fa(n)
�

It wil l be convenientto prove the analogs of Theorems3 and 4 for 

�

fa(n)
�

, and
thendeduce the correspondingresultfor !

�
fa(n)

�
. In this section wewill indicate

how this can be done, and then, in the next section, we establishTheorem 3 for



�
fa(n)

�
. Thesamestrategy will beappliedin our proof of Theorem4. It wil l be
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ef�caciousto extendthe de�nition of fa(n) when(a; n) 6= 1, by setting fa(1) = 1,
and fa(n) = fa(n2), wheren = n1n2, with (n1; n2) = 1 and pjn1 ) pja.

For all 3 < y � x, let usde�ne thetruncatedfunctions

(26) ! y
�

fa(n)
�

=
X

pj fa(n)
p< y

1; and 
 y
�

fa(n)
�

=
X

p� k fa(n)
p� < y

� ;

andobservethat !
�

fa(n)
�

� 

�

fa(n)
�

. Wewill beusing:

Lemma3 For all x � 2, and2 � k � x,

(27)
X

p� x
p� 1(mod k)

1
p

=
loglogx

� (k)
+ O

� logk
k

�
:

Proof This followseasilyby partial summationand the Brun-Titchmarshtheorem
(seeNorton [16] or Pomerance[17] for acompleteproof).

Thefollowing lemmawill alsobeappliedseveral timesin thediscussionbelow:

Lemma4 If, for all x, wehave

X

n� x

�



�
fa(n)

�
�

1
2

(loglogn)2
� 2

� x(loglogx)3; then

X

n� x

�
!

�
fa(n)

�
�

1
2

(loglogn)2
� 2

� x(loglogx)3:(28)

Proof Let ! +
y (n) be the number of primes> y, dividing n. Similarly we de�ne


 +
y(n). Then ! (n) = ! y(n) + ! +

y (n), so that if y = (logx)k, for someconstantk,
then

X

n� x

�
! +

y

�
fa(n)

�
�

1
2

(loglogn)2 + ! y( fa(n)
� � 2

(29)

�
X

n� x

�
! +

y

�
fa(n)

�
�

1
2

(loglogn)2
� 2

+
X

n� x

! y
�

fa(n)
� 2

:

Similarly, thesamething canbesaidabout

�

fa(n)
�

. Wehave

X

n� x

�

 +

y

�
fa(n)

�
�

1
2

(loglogn)2 + 
 y
�

fa(n)
� � 2

(30)

�
X

n� x

�

 +

y

�
fa(n)

�
�

1
2

(loglogn)2
� 2

+
X

n� x


 y
�

fa(n)
� 2

:
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Noticethat

X

n� x

! y
�

fa(n)
� 2

�
X

n� x


 y
�

fa(n)
� 2

�
X

n� x

� X

pjn
p� y



�

fa(p)
�

+ O
�


 y(n)
� � 2

�
X

n� x

n � X

pjn
p� y



�

fa(p)
� � 2

+ 
 y(n)2
o

�
X

p1;p2� y



�

fa(p1)
�



�

fa(p2)
� x

p1p2
+ O

�
x(loglogy)2�

� x

 
X

p� y



�

fa(p)
�

p

! 2

� x(loglogy)4;

by Corollary 3. Thus,with our choiceof y it suf�cesto provethat

(31)
X

n� x

�
! +

y

�
fa(n)

�
�

1
2

(loglogn)2
� 2

� x(loglogx)3:

Letusrecall that fa(n) = lcmf fa(p� ) : p� k ng, and fa(p� ) dividesp� � 1 fa(p), for
all � . Soif q2j fa(n), theneither(A) qjn, or (B) q2j fa(p), for somepjn, or (C) there
exist two primesp1, p2, such that qj fa(p1), qj fa(p2), andp1p2jn. Also,

! +
y

�
fa(n)

�
� 
 +

y

�
fa(n)

�
� ! +

y

�
fa(n)

�
+ 


�
fa(n)

�
� (n);

where� (n) = 1, if 9q2j fa(n), q > y, and� (n) = 0 otherwise.Weimmediatelyhave


 +
y

�
fa(n)

�
= ! +

y

�
fa(n)

�
+ O

�
� (n)


�
fa(n)

� �
;

sothat

X

n� x

�
! +

y

�
fa(n)

�
�

1
2

(loglogn)2
� 2

�
X

n� x

�

 +

y

�
fa(n)

�
�

1
2

(loglogn)2
� 2

+
X

n� x

� (n)

�

fa(n)
� 2

�
X

n� x

�

 +

y

�
fa(n)

�
�

1
2

(loglogn)2
� 2

+
X

A

+
X

B

+
X

C

;

wherethesums
P

A,
P

B, and
P

C correspondto thecases(A), (B), (C), respectively.
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But since
 2
�

fa(n)
�

= O
�

(logn)2
�

, weseethat

X

A

�
X

n� x


 (n) � x loglogx;

X

B

= (logx)2
X

n� x
n2 B

� (n) � (logx)2
X

q> y

X

p� 1(mod q2)

x
p

� x loglogx;

X

C

= (logx)2
X

n� x
n2 C

� (n) � (logx)2
X

q> y

X

p1� 1(mod q)
p2� 1(mod q)

x
p1p2

� x(loglogx)2;

if wechoosey = (logx)2, for example.HerewehaveusedLemma3 in estimationof
thesums

P
B and

P
C. This �nishestheproof of (31).

7 Proof of Theorem 3

By the previous section, it suf�cesto prove Theorem 3 with !
�

fa(n)
�

replaced by



�
fa(n)

�
. Evidently

(32)
X

pjn



�

fa(p)
�

� 

�

fa(n)
�

�
X

pjn



�

fa(p)
�

+ 
 (n):

Therefore

(33)
X

n� x
(a;n)= 1



�

fa(n)
�

=
X

n� x
(a;n)= 1

� X

pjn



�

fa(p)
� �

+ O
� X

n� x


 (n)
�

:

Now, thecondition (a; n) = 1 canberemoved,if weinsert theexpression

X

djn;a

� (d);

where� is theMöbiusfunction, into our expressionabove.Thus

X

dja

� (d)
X

p� x



�

fa(p)
� X

n� x
djn;pjn

1 =
X

dja

� (d)
X

p� x
(a;p)= 1



�

fa(p)
� h x

pd

i

=
� (a)
2a

x(loglogx)2 + O(x loglogx);

by Corollary 3. Hence

(34)
X

n� x
(a;n)= 1



�

fa(n)
�

=
� (a)
2a

x(loglogx)2 + O(x loglogx):
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Similarly, it ispossibleto provethesecondmomentestimatealongthesamelines,

(35)
X

n� x
(a;n)= 1


 2� fa(n)
�

=
� (a)
4a

x(loglogx)4 + O
�

x(loglogx)3� :

Putting togethertheestimates(34) and(35) givesusour Theorem3.

8 Proof of Theorem 4

Thefunction

F(n) =
X

pjn



�

fa(p)
�

isevidentlystrongly additive(that is,F satis�estheconditions:F(mn) = F(m)+F(n)
for (m; n) = 1,andF(p� ) = F(p) for all � ). Recall theextendedde�nition of fa(n),
when gcd(a; n) 6= 1. For all n 2 N, we write n = n1n2, where pjn1 ) pja, and
(n1; n2) = 1, and we set fa(n) = fa(n2), and fa(1) = 1. We will work with this
extendedfunction �rst

Werecall thetheoremof KubiliusandShapiro for strongly additivefunctions:Let
f bestrongly additive,andA(x) andB(x) de�ned asin (12). If wesupposethat for
every �x ed� > 0,asx ! 1 , wehave

(36)
X

p� x
j f (p)j>� B (x)1=2

f 2(p)
p

= o
�

B (x)
�

;

thenfor any realconstant
 ,

lim
x!1

#f n : n � x; f (n)� A(x)
B (x)1=2 � 
 g

x
=

1
p

2�

Z 


�1
e� t2=2 dt;

or equivalently, for any realconstants� and� , with � < � :

(37) lim
x!1

#f n : n � x; � < f (n)� A(x)
B (x)1=2 � � g

x
=

1
p

2�

Z �

�
e� t2=2 dt:

Now wecanapplytheKubilius-Shapiro theoremto F(n), aslongasthecondition
(36) issatis�ed.But notethat for aprimeq, onehasF(q) = 


�
fa(q)

�
, andhencewe
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canwrite:

X

q� x
jF(q)j>�

p
B(x)

F2(q)
q

=
X

q� x
jF(q)j>�

p
B(x)


 2
�

fa(q)
�

q
(38)

<
X

q� x

 (q� 1)>�

p
B(x)


 2
�

fa(q)
�

q

<
X

q� x

 (q� 1)>�

p
B(x)


 2(q � 1)
q

= o
�

B (x)
�

;

the lastinequality coming from acomputationdoneby Erd�os& Pomerance(see[5,
p. 348]).But 


�
fa(n)

�
=

P
pjn 


�
fa(p)

�
+O

�

 (n)

�
, sothatwecanapplyLemma1

to deducethefollowing result:

Theorem 40 With theextendedde�nit ion of fa(n), under theassumption of a quasi-
GRH, for all x > 0 wehave

(39) lim
x!1

Ha(x; � ; � )
x

=
1

p
2�

Z �

�
e� t2=2 dt;

whereHa(x; � ; � ) isde�ned as

Ha(x; � ; � )
def
== #

�
n � x : � �



�

fa(n)
�

� 1
2(loglogn)2

1p
3
(loglogn)3=2

� �
�

:

Now it is easyto proveTheorem4, after introducingthecondition (a; n) = 1 in
our enumeration.Let

(40) S=
�

n � x : � �



�
fa(n)

�
� A(x)

p
B(x)

� �
�

;

with A(x) andB(x) de�ned asin (12),andS(x) thecardinality of S. Evidently

S(x) � x � � (� ; � );

andsince X

n2 S
(a;n)= 1

1 =
X

n2 S

X

dja
djn

1 =
X

dja

� (d)
X

n2 S
djn

1;

wewantto count thenumberof elementsSd(x) in Sd, where

(41) Sd =
�

n � x : djn; � �



�
fa(n)

�
� A(x)

p
B(x)

� �
�

;
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becausethenthequantity in Theorem4 issimply

(42)
X

dja

� (d)Sd(x):

Writing n = dm, weseethat



�

fa(m)
�

� 

�

fa(n)
�

� 

�

fa(m)
�

+ 

�

fa(d)
�

;

andsincedja, anda is �x ed,d itselfis lessthanaconstant,giving us



�

fa(n)
�

= 

�

fa(m)
�

+ O(1):

Therefore

(43) Sd(x) = #
�

m �
x
d

: � �



�
fa(n)

�
� A(x)

p
B(x)

� �
�

�
x
d

� � (� ; � ):

Thiscompletestheproof of Theorem4.

9 Proof of Theorems5 and 6

The analysisof Section 8 clearly shows that a couple of important unconditional
theoremscould be deduced. As stated earlier, we want to isolate for later clinical
study thepreciseroleof theGRH. By invokingLemma1,wecandeduceTheorems5
and6 from thefollowing. Wehave:

Theorem 50 For all constants� and� (with � � � ), asx ! 1 ,

#
�

n � x : gcd(a; n) = 1; � �



�
fa(n)

�
� A1(x)

p
B1(x)

� �
�

� x �
� (a)

a
� � (� ; � );

where

A1(x) =
X

p� x



�

fa(p)
�

p
and B1(x) =

X

p� x


 2
�

fa(p)
�

p
:

But in orderto accuratelyestimatethebehaviour of A1(x) andB1(x) oneneedsto
assumeacertain GRH.

However, utilizing trivial upper bounds(i.e. replacingfa(p) by p � 1, andusing
unconditional resultsknown for p � 1) on thesizeof A1(x) andB1(x), wehave the
following usefulunconditional theorem:

Theorem 60 For any constant� > 0, asx ! 1 ,

#
�

n � x : gcd(a; n) = 1; 

�

fa(n)
�

<
1
2

(loglogn)2 +
�

p
3

(loglogx)3=2
�

& x �
� (a)

a
�
� 1

p
2�

Z �

�1
e� t2=2 dt

�
:
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10 Concluding Remarks

It would bedesirableif onecould removetheassumptionof aGRHfrom our results.
However, at this point in time, that doesn't seemto bevery realistic,mainlybecause
we are lacking any kind of “meanvalue” theoremsthat could serve asreplacements
of theBombieri-Vinogradov andtheBrun-Titchmarshtheoremsin thenon-abelian
situations.Until onecanestablishsomeversionsof thesetheorems(at leastin some
specialcases,or smaller ranges),all wecanhopefor is to weakenthehypotheseswe
areusing.

As wasalready noted, the full strengthof the Generalized RiemannHypothesis
is not necessary. In fact, a quasi-GRHis alwayssuf�cient. Namely, it is enough to
assumethat thereexistsaconstant� > 0,such that:

(44) �
�

x; Lq(a)
�

=
� (x)

q(q � 1)
+ O(x1� � ):

Moregenerally, for any square-freek � 2, all weneedto do is to assumetheCheb-
otarev Density Theoremwith thefollowing error term:

(45) �
�

x; Lk(a)
�

=
� (x)
k� (k)

+ O(x1� � );

for some� > 0. Currently, thebestunconditionalerror versionof (42) is still dueto
Lagarias& Odlyzko [9] from 1977.They provedthat there is aconstantA > 0 such
that

(46) �
�

x; Lk(a)
�

=
� (x)
k� (k)

+ O

 

x exp
�

� A

s
logx
k� (k)

� !

:

An unconditional resultof this kind is good enough to deduce asymptotic be-
haviour of thesum X

p� x

! y
�

fa(p)
�

for y < (logx)1=2� � . Onecanextendthe rangeto y < (logx)1� � with somework.
But it seemsto be beyond reach at the presentmoment to push this to y =
exp( clogx

loglogx ), for someconstantc > 0. Such a resultwould enableus to deduce
all of thetheoremsin thispaperunconditionally.

Acknowledgments Wethanktherefereefor severalusefulremarks.
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