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Non-Abelian Generalizations
of the Erdos-KacTheorem

M. RamMurty andFilip Saidak

Abstad. Leta bea natural numbergreaerthan 1. Let fa(n) bethe order of a mod n. Denot by
I (n) the number of distind prime fadors of n. Assuminga weakform of the genealisedRiemann
hypothesisyve provethe following conjedure of Erdosand Pomeranc:

Thenumbe of N x copimeto a satsfying

! (fa(n))  (loglogn)?=2
(loglogn)®2=" 3

x @,

; asx tendstoin nit y.

Z
. 1 _
isasynptoicto P e =2

Intr oduction

Let! (n) and (n) denokethe numberof prime fadorsof n, countedwithout multi-
plicity andwith multiplicity, resgedively. In 1917 Hardy andRamamjan|[7] proved
thatthenormalorderof! (n) and (n) isloglogn. Thismeanghatgivenany > 0,
thenumberofn  x failing to satisfythe inequality

jf(n) loglognj < loglogn;

with f =1 or ,iso(x)asx! 1 .Subseqentlyin 1934,Turan[23] gaveasimple
proof of this fad by showing that
X

1) (' (n) loglogn)?  xloglogx:
n X
Reently, Saidal19] improved Turaristheoremby proving the asynptotic formula
2 xloglogx
! logl = xlogl —_—
(n) loglogn xloglogx+ Cx + O logx ;

n X

for someconstantC. Theunderying ideasbehindtheseheoremsform the founda-
tions of probabilisticnumbertheory. Indeed,n 1940 ErdosandKac[4] provedthat
the quantity

I'(n) loglogn

loglogn
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isdistributed normally'. More preciselythey provedthatforary <

@ 40 x- ' (n) loglogn ()%
' loglogn o
asx! 1 ,where 7

(; )=p§: e "2t:

This theorem openedthe way for a more geneal theory by Kubilius [8] and
Shapip [22] applicableto a wider classof what are caled “strongy additive’ (see
de nition below) functions. In the ealy 60sand subseqently the 70s,the theory
wasre ned by many authorsandonecan nd acomprehensietreamentofit in the
monogaphof Eliott [2].

For instane, a “prime” analogof the theorem of Turan canbe proved usingthe
methodsindicatedin [14]:

X
3) '(p 1) loglogp 2 (x) loglogx;
p X

wherethe summationis overprimesp xand (x) denoesthe numberof primes
p X Thenormalorderof! (p 1)wasrst determinedin 1935by Erdos[3] by
more complicaed methods. The correspondingversionof the Erdos-Kactheorem
wasdis®mvered by Halberstani6] in 1955who provedthatforal <

'(p 1) loglogp
v loglogp

4) # p x: ()

asx! 1.

A newtype of “Erdos-Kac' theorem,which canbedescibedas‘non-abeliafy was
dismveredby KumarandRamMurty [14] in the eaty 19805. A specialcaseof their
theoremwill illustrate our meaning

Let (n) denokthe Ramamjan -function. Assuminga genealized Riemann
hypothesiqto bemademore precisébelaw), they provedthat

' (p) loglogp
v loglogp

() &
andassuming (n) nevervanishegLehmersconjedure[11])

I (n)  3(loglogn)?
pt(loglogn)>=2

(G >

asx! 1 .MurtyandMurty [14] provegeneal theoremsapplicableéo awider class
of functions arisingasFourier coef cientsof modularforms.
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Whatdistinguisheshesegheoremsfrom the dassicatheory is their “non-abeliaf
charader. Indeed,latentin the Erdos-Kactheoty is the intervention of the distri-
bution of primesin cycotomic elds, which are abelianextensionsof the rational
number eld. In the caseof Fourier coef cients arising from normalized Hedke
eigenfoms,onehasthetheory of I-adicrepresentationgthanksto Deligne[1]) from
which divisibility propertiesof the Fourier coef cientscanbededuedvia the Cheb-
otarev densiy theorem. It is here that the genealized Riemannhypothesisinter-
venesfor in order to control the error terms in the expansionghat arise, sud a
hypothesiss essentialln the dassicatasethe genealized Riemannhypothesiscan
berepla@dby adired applicationof the Bombieii-Vinogradov theorem(or asin the
caseof Erdos[3], the Segel-Wal sz theorem combinedwith Brun'ssieve).

Our purposehereis to indicate yet anothernewtype of the Erdos-Kactheorem
formulatedin a conjedure of Erdosand Pomerance [5]. Letabeanatural number
greaerthan 1. For any n coprime to a, de ne fy(n) to bethe orderof a (mod n).
ErdosandPomerane [5] conjeduredthatforany <

(

0 xi@m=y D alogiogn)” ( )gx;

et (loglogn)32

asx ! 1 ,where (&) denokesthe numberof positive integerslessthan a and co-
primeto a. In this paperwe provethis conjedureassuminghypothesisubstantidly
wealer thanthe genealized Riemannhypothesis Again, certain non-abelianexten-
sionsof Q intervenein anatural way.

In the courseof our investig@tions,we prove avarety of interestingresultsrelaed
tothestudy of f,(n) andthesewvestakein thenext setion. MostnotableisTheoem®6,
which isunconditional.

2 Statementsof Theorems

Befoestatingthe mainresultof the paper, weelucidaketheprecisenatureof thegen-
eralized Riemannhypothesispr quasi-Riemanrhypothesisjnvokedin Theoremsl
to4.

In the study of fy(p), or moregeneally, fi(n), the non-abelianextensions

Lo= Q( ¢ a);

wheregisaprimeand! jdenoesaprimiti veg-th rootof unity, intervenein anatural
way. Morepreciselyif 4(9 denoesthe Dedekindzetafunction of Lq, weassumehat
forsome < 1, 4(9 hasno zerosin theregion Re(s) > , for every prime g. This
we referto asa quasi-Riemanrhypothesis. Of course, = 1=2 is the celebated
genealized RiemannhypothesisIn the lastsetion of the paper, we discussow we
canwealenthe assumptiorof aquasi-Riemanrhypothesis.

Theoreml Leta 2 begquadree. Assumingheeisa < 1 sud that evay
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q(9) 8 0in Re(g > , forevay primeq, wehave

X 2
(5) I fa(p) loglogp (x) loglogx:

p X
(ap)=1

Remark A quasi-GRHallowsusto prove that the numberof primesp  x which
splitcompletlyin L is
z
Li x X dt
+ O(x logga®; where Lix= —
g (@ * O 1099 , Togt

If awere not squarefree,wewould exped ananalogusresultasTheoem1to hold.
However, the main tem in the specialcaseof the Chebotaev densiy theorem cited
above will have to besslightly adjusted for thoseq that may divide the exponentsof
the prime powersin the uniquefadorizationof a.

Theorem2 Unde thesaméhypothessasin Theoem 1, wehave

I 1y logl
© #p x:@p=1 (p) loglogp (1) o

B
loglogp

asx! 1.
We will dedu@ Theorem 2 from Theorem (4) of Halberstam6]. If weleti,(p)
denoetheindex of the subgoup geneatedby a (mod p) in Fy, then

F(p 1)=1! fap) +O ! iap)

A quasi-GRHis neededo ensuethat for almostall p, ! i5(p) isnot aslargeas
' (p 1). Thetednicallemmaweinvoketo makethetransitionisof anindependent
interestin its own right.

Theorem?2 canbeproveddiredly without invokingthetheoremof Halberstanby
consideing all the highermoments,aswasdonein the thesig20]. We relegate this
proofto afuture paper[21].

Theorem3 Unde thesaméhypothessasin Theoem 1, wehave
X 1 2
(7) I fa(n) E(Ioglog n)2 x(loglogx)®:
(a?n)zl

Theorem4 Unde thesaméhypothessasin Theoem 1,

o' fa(n)  3(loglogn)® @
® # n x:(gn=1 pl—§(|0g|;gn)3:2 (; 5 %

asx! 1.
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Remark This theorem establishethe conjedure of Erdos and Pomerance [5] as-
sumingaquasi-GRHasde ned in theremak following Theoem?1.
By invoking amethodof Kubilius and Shapio we dedu@the following. Let

X gy X 124,
(9) A(X) = i, B(X) = &
X p p X p
(ap)=1 (ap)=1

Theorem5 Withoutany hypothesisyehave

) #n x@m=1 fan)B(—x)A(X) g

asx! 1.

Theorem6 Forany > 0,asx! 1,
# n x:(an=1! fi(n) < %(Ioglogn)2+ 1s>§(loglogn)3=2

(12) & (1 ; )ﬂx:
a
Bventhough Theorem5 is “wel-known” or canbededu@dfrom geneal theoty,
weisolakit hereto shovw wherethe quasi-GRHentersin the proof of Theorem4. It
is to determine the asynptotic behaviour of A(x) and B(x). Even a weakassetion
sud as

A(X) = %(Ioglogx)2+o (loglogx)?

would allow usto provethat! f,(p) hasnormal orderloglog p, without any hy-
pothesesBut this seemso bebeyond read atthe moment. The central assetion to
beprovedis

X .
% = o (loglogx)? :

p X

Technical Preparation

What we will needin the proofsof the theoremsstatdin the previous setion are
two tedhnicallemmaswhich are of independentinterest.

Lemmal Le f,gandh bearithmeicalfundions,andsupposthatfor all n wehave
jf(n) g(n)j h(n).Let usdene

X X
(12) A(X) = Lpp) and B(x) =

p X p x

f%(p)
p
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andassuméhat thefdlowing conditonis sats ed:

X p
(13) h(n) = o x B(x) :
n X
Qupposthatforall constants and (with ) wehave:
Z
f(n AX) 1 (2=
# n X: — X p— e dt ;
B (X) 2
asx! 1 ,thenal®
z
g(n) AX) 1 122
# n Xx: —— X p= e dt
B (x) 2
Proof First,letusde ne thefunctions:
(14) S(x; ; )=Z# n x: @ _A(X) ; and
B(x)
def gn) A(x)
;o )—# —
S )= #n 5

Whatwewill proveisthatif Si(x; ; ) x (; ), then§(x; ; ) X 6 ;o).
Fix > 0.Thenbytheassumptionthenumberofn x,forwhichjfy(n)j> B (x)
iso(x). Henefor almostall n  x, we may supposehat jh(n)j B (X).

Now,

f(n Wi\)(x) ) AW+ T B f() AR+ | B

andg(n) h(n) f(n) g(n)+ h(n), togetherimply
gn) h(n) AX)+ p% and g(n)+h(n) A(x) + pms

Henefor almostall integersn  x, wehave:

o) AW+ BX+  BM and on) AM+ | BX | BX:

andhen®also:Si(x; ; ) S(x; ;  + )+ 0(x), orin otherwords:
(15) S 5 ) Sxs + ) +0o(X)
x (+; ) +o(x);
by assumption(conceming the normality of the function f(n)), where we easilysee
that ( + ; Y= (; )+0O(). Smilarly, wecanwrite:
gn) AKX p——

P ——
500 ) A+ B on AKX+  B(X))

f(n) h(n) AX)+ p@ and f(n)+h(n) A(x)+ p%z
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andsq for almostall integersn ~ x we have:

) AW+ B+ B and f() AW+ B B

ThisprovesthatS(x; ; )  Si(x; i+ )+ 0ox), orin otherwords:
(16) S 5 ) S(x; ;) +oX)
x (5 +)+oXx);
andsineaain ( o+ )= (; )+0(),theresultfollows. [ |

Lemma2 SupposthatP N, i.e.P isasubst of natural numbes,andlet P (x) =
fn2 P;n xgj. L& f; gandh bearithmetical fundions,and supposthat for all n
wehavejf(n) g(n)j d(n), wheec> OisaconstantDene A(x) andB (x) asin
(12),andassuméhat thefollowing conditonissats ed:

X pP—
a7 h(in)= o P(x) B(X) :
n x
Qupposthatforall constants and (with ) wehave:
f(n AKX 1 z
#n xn2P: — P(X) p=— e 2d ;
B (X) ) 2
asx! 1 ,thenalo
agn) AKX 1 z
# n xn2P: — PX) p=— e " 2d
B (x) ) 2
Proof Theproofissimilarto Lemmal,andwe suppresst. ]

4 Proof of Theorem 1

Letia(p) betheindexin F, of thesubgoupgeneatedbya (mod p). Itiseasilyseen
that qjia(p) if andonlyif p splitscompletelyin L, (se€[12]). Cleaty, we have

e 1) !ia(p ! fa(p) (P 1)

By [14], weknow that (seg(3))

'(p 1) loglogp 2 (x) loglogx:

Recal that

' fa(p) loglogp= !(p 1) loglogp +O ! ia(p)
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Squaring both sidesandsummingoverall p X, wehave

2 X 2 X 5 .
I' fa(p) loglogp '(p 1) loglogp + < iap) :
p X p X p X

An applicationof (3) showsthat it suf cesto prove:
X
12 ia(p) (x) loglogx;
p X

in orderto establisiTheoem1. In fad, we will shav that a quasi-GRHimpliesthe
strongerresult:

X -
(18) < ia(p) ():
p X
Indeedde ning X
Ly(n) = 1
pin
p<y
wehavefory= x, < 1=4,
X X
1< ia(p) Ly 1a(p) +O (x)
p X p X
But X X
12 i(p) = (% Lowep) + (% La);
p X HO avy
06

where (X; L) denoesthe numberof primesp  x which split completlyin Ly,
becausaswaspointedout eatier, gji o(p) if andonlyif p splitscompletlyin Lg.
A quasi-GRH(with no zerosof (9 for Re(s) > ) gives

Li x
(29) (X Ly) = Ko + O(x logkax):
Hene,if wechoose2 < ,weobtain
X
12 ia(p) ();
p X
which completesthe proof of Theoem 1. ]
Corollary 1 With thesamenypothessasTheoem 1,
X
(20) I' fa(p) = (X)loglogx+0O (x) ; and
p X
X
(21) 12 fo(p) = (X)(loglogx)?+0O (x)loglogx :

p X
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Corollary 2 With thesamenhypothessasTheoem 1,

X
(22) fa(p) = (X)loglogx+O (x) ; and
p X
X
(23) 2 f(p) = (X(loglogx)?+ 0O (x)loglogx :
p X

By apartial summation,wededue:

Corollary 3 Unde thesaméhypothessasTheoem 1,

X f

(24) % = %(Ioglogx)2+0(loglogx); and
p X
X 2 s

(25) % = %(Ioglogx)3+o (loglogx)? :
p X

5 Proof of Theorem 2
By thetheorem (4) of Halberstani6] we know that

'(p 1) loglogp
v loglogp

obeysanormaldistribution. Snce! (p 1)="! fa(p) +O ! ix(p) ,wemay
applyLemma2 of Setion 3to deduethat

' fa(p) loglogp
v loglogp

hasanormaldistribution. Thisis because

ip) (M=o (x) loglogx ;
p X

sothat the hypothese®f Lemma2 are satis ed. This completesthe proof of Theo-
rem2. [ ]

6 Transition Fom  fy(n) to! fi(n)

It will be convenientto prove the analog of Theoems3 and4 for  fy(n) , and
thendedue the correspondingesultfor ! f4(n) . In this setion we will indicate
how this canbe done, and then, in the next setion, we establishTheorem 3 for

fa(n) . The samestrategy will be appliedin our proof of Theoem4. It will be
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ef caciousto extendthe de nition of fy(n) when(a;n) 6 1, by settingfy(1) = 1,
and fy(n) = fy(ny), wheren = niny, with (ny;ny) = landpjny) pja
Forall 3< y x,letusde nethetruncaedfunctions

X X
(26) by fa(n) = 1, and  fy(n) = ;
pj fa(n) p kfa(n)
p<y p <y
andobserethat! fy(n) fa(n) . Wewill beusing:

Lemma3 Forallx 2,and2 k x,
X
}: Ioglogx+O logk
. P ® K
p 1(modk)

(27)
Proof This followseasilyby partial summationand the Brun-Titchmarshtheorem
(seeNorton [16] or Pomerane [17] for acomplete proof). ]

Thefollowing lemmawill alsobeappliedseveral timesin the discussiorbelow:

Lemma4 If, forall x, wehave

2
fa(n) %(Ioglog n)2 x(loglogx)®;  then

n X

X 1 2
(28) I fa(n) é(Iog logn)? x(loglogx)®:

n X
Proof Let! ;(n) be the number of primes> vy, dividing n. Smilarly we de ne

y(M. Then! (n) = ! y(n) +! J(n), sothatif y = (logx), for someconstantk,

then
(2532

5 ) S(oglogn)?+ 1 y(fa(n)

y
n x n x

2 X
L f4(n) %(Ioglogn)z £y R 5

Smilarly, the samething canbesaidabout  fy(n) . Wehave
(30
>2 + 1 2

y fam)  S(oglogn)”+ y fa(n)

n x

. 1 2 X
y fam) S(oglogn)? "+ fan) %

n X n X
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Noticethat

X X X
Ly fan) 2 y fan) ° fa(p) +O  y(n)

n x n x n x pn

X n X 2 0
fa(p)  + y(n)

X
fa(p)  fa(p2) —— + O x(loglogy)?
p1p2

|
X ot

o x(loglogy)*;

by Corollary 3. Thus,with our choiceof y it suf cesto provethat

X 1 2
(31) Ly fa(n) é(log logn)? x(loglogx)®:

n X

Letusrecalthat fy(n) = lcmf fo(p ) : p k ng,andfa(p ) dividesp fy(p), for
all . Soif ¢ fa(n), theneither(A) qjn, or (B) o fa(p), for somepjn, or (C) there
existtwo primesp;, p2, sud thatqj fa(py), g fa(p2), and p1pzjn. Alsq

DR R 1) fa) ¢ R ()

where (n) = 1,if 963 fa(n), 9> y,and (n) = 0othemwise.Weimmediaklyhave
y fa(n) =17 fa(n) +O (n) fa(n) ;
sothat
X . 1 2 X . 1 2
'j fa(n)  5(loglogn)? y f(n)  5(oglogn)?
n X n X
X 2
+ (n)  fa(n)
n X
1 2
y fa(n)  S(oglogn)’
n x
X X X

P P P
wherethesums ,, g,and  correspondo thecasegA), (B), (C), resedively.
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Butsine 2 fy(n) = O (logn)? ,weseehat

X X
(n)  xloglogx;
A n X
X X X Xy
= (logx)? (n)  (logx)? Z  xloglogx;
B Rzé PYp 1(mod)
X X X X “
= (logx)? (n)  (logx)? —~  x(loglogx)?;
C n x >y p1 1(modaq) P1P2
n2C p2 1(modd)

if wechogsey = (|ggx)2, for example.Herewe have usedLemma3in estimationof
thesums gand . This nishestheproofof (31). ]

7 Proof of Theorem 3

By the previous setion, it suf cesto prove Theoem 3 with !  fy(n) repla@d by
fa(n) . Bvidently

X X
(32) fa(p) fa(n) fa(p) + (n):
pin pin
Therefore
X X X X
(33) fa(n) = fa(p) +O (n) :
n x n x pin n x
(an)=1 (an)=1

Now, the condition (a; n) = 1 canberemoved,if weinset the expression

X
(d);

dina

where isthe Mobiusfunction, into our expressiorabove. Thus

X X X X X h i
(d) fa(p) 1= (d) fa(p) o
dia p x n x dia p X P
din;pjn (ap)=1
)

= gx(IogIogx)2 + O(xloglogx);

by Corollary 3. Hene

X
(34) ) = 9

= zx(IogIogx)2 + O(xloglogx):

n x
(an)=1
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Smilarly, it ispossibldo provethe seond momentestimaé alongthe samdines,

(@)

X
(35) 2 f(n) = Ex(loglogx)‘%o x(loglogx)® :

n X
(gn)=1
Putting togetherthe estimaes(34) and(35) givesusour Theotem3.

8 Proof of Theorem 4
Thefunction

X
F(n) = fa(p)
pin

isevidentlystrongy additive (thatis, F satis estheconditions: F(mn) = F(m)+F(n)
for (m;n) = 1,andF(p ) = F(p) for all ). Recal the extendedde nition of f(n),
whengda(a;n) 6 1. Foralln 2 N, wewriten = nin,, where pjn; ) pja, and
(ny;np) = 1,andwesetfy(n) = fy(ny), and fy(1) = 1. We will work with this
extendedfunction rst

Werecal thetheoremof Kubiliusand Shapio for strongy additive functions: Let
f bestrondy additive,and A(x) andB (x) de ned asin (12). If we supposehat for
every xed > O,asx! 1 ,wehave

X f2
(36) ) - 0By ;
p X
if(pi> B
thenfor any realconstant
#nin x O AW g 1 %
; ' BR™ -5 22 .
x!llm X N 1 € at;

or equivalently for any realconstants and ,with <

#n:n x < (AN g 1
(37) lim B™ = p— e "2
xI1 2

Now we canapplythe Kubilius-Shapio theoremto F(n), aslong asthe condition
(36) issatis ed.But notethatfor aprime g, onehasF(q) = fa(q) ,andhenewe
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canwrite:
X F2 X 2 f
39) éq) _ ;(q)
q q
iF(Qj> 6% JR(Q)j> 5%
. X G
ax q
(@ 1> B
X 2
< @D, B(x) ;
q % a
(@ 1> "BX

the lastinequality oominglgom acomputationdoneby Erdos& Pomerane (se€]5,
p.348]).But  fi(n) =, fa(p) +O (n) ,sothatwecanapplyLemmal
to dedue@the following result:

Theorem 4° With theexendeddenit ion of f,(n), unde theassumpon of a quasi-
GRH, forall x > Owehave

VA
. Halx ;) 1 2= .
(39) LS
whaeH,(x; ; )isdenedas
f (logl 2
Ha ;)= # n x: ) __(loglogn)

pL(loglogn)32

Now it is easyto prove Theorem 4, after introducingthe condition (a;n) = 1in
our enumeration. Let

(40) s= n x: W) AW
: 5 :

with A(x) andB (x) de ned asin (12),and Sx) the cadinality of S Evidently

) x5 )
andsine X X X X X
1= 1= @ 1L
n2s n2S dja dia n2s
(an)=1 din din

we wantto count the numberof elements§y(x) in &, where

_ - din fafm) AKX .
(41) S= no x:dnm 500 ;
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becauséhenthe quantity in Theorem4 is simply

X
(42) () Su(x):

dia
Writing n = dm, we seghat
fa(m) fa(n) fa(m) +  fi(d) ;

andsinedja, andais x ed,d itselfislesghanaconstant,giving us

fa(n) = fa(m) +O(1):
Therefore
X fa(n) A X
43 = # = —— = v
(43) S=# m T g (i)
Thiscompletesthe proof of TheoremA4. ]

9 Proof of Theorems5 and 6

The analysisof Setion 8 clealy shows that a couple of important unconditional
theoremscould be dedued. As staked eatier, we want to isolat for later clinical
study the preciseole of the GRH. By invoking Lemmal, we candedu@ Theorems5
and6 from the following. We have:

Theorem 5° Forall constants and  (with ),asx! 1,
: = 1 fa(n)  Au(¥) @) .
#n Xgaj(aln)_ll P’T(X) X T ( ’ )y
whee X $ 2
f f
Ai(x) = 76‘( P) and Bi(x) = 761( P) :
p x p x p

But in orderto accurately estimae the behaiour of A;(x) andB;(x) oneneedgo
assume certain GRH.

However, utilizing trivial upper bounds(i.e. replacingfa(p) by p 1, andusing
unconditional resultsknown for p 1) on the siz of A;(X) and B;(x), we have the
following usefulunconditional theorem:

Theorem 6° Forarnyconstant > 0,asx! 1,

# n x:gd(gn) =1 fi(n) < %(Ioglogn)2+ 19—§(Ioglogx)3F2
Z
& X - P5 e "2qt -
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10 Concluding Remarks

It would bedesimableif onecould removethe assumptiorof aGRH from our results.
However, at this point in time, that doesrt seento bevery realisticmainly because
we are laking arny kind of “meanvalu€’ theoremsthat could sewe asreplaements
of the Bombiei-Vinogradov andthe Brun-Titchmarshtheoremsin the non-abelian
situations.Until onecanestablislsomeversionsof theseheorems(at leastin some
specialcasesor smaler ranges)all we canhope for is to wealenthe hypothesesve
areusing

As wasalread/ noted, the full strengthof the Genealized RiemannHypothesis
is not ne@ssay. In fad, a quasi-GRHis always suf cient. Namely it is enoudh to
assumehatthere existsaconstant > 0, sud that:

I )
qg 1)

More geneally, for any square-freek 2, all we needto do isto assumehe Cheb-
otarev Densily Theoremwith thefollowing error tem:

(45) xL(a) = k((xk)) Lot );

(44) x; Lg(a) +0O(xt ):

for some > 0. Currently, the bestunconditional error versionof (42) is still dueto
Lacarias& Odlyzko [9] from 1977.They provedthat thereis a constantA > 0sud
that
S !

logx

k (k)

),
k (K

(46) X;Lk(a) = O xexp A

An unconditional resultof this kind is good enoudh to dedue asynptotic be-
haviour of thesum X
Ly fa(p)
p X

fory < (logx)*™? . Onecanextendtherangetoy < (logx)! with somework.
But it seemsto be beyond reat at the presentmoment to pushthisto y =

@(p(%), for someconstantc > 0. Such aresultwould enableus to dedue

all of thetheoremsin this paper unconditionally.
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