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Abstract. We will give a short elementary proof of the following theorem:
There exists a constant Θ (given in (8) below), such that for all x we have

X

n≤x

(ω(n) − log log x)2 = x log log x + Θx + O

„

x log log x

log x

«

.

RÉSUMÉ. Nous démontrons, d’une façon élémentaire, le théorème suivant: Il
existe une constante Θ (définie en (8)) pour laquelle pour tout x,

X

n≤x

(ω(n) − log log x)2 = x log log x + Θx + O

„

x log log x

log x

«

.

1. THEOREM OF HARDY & RAMANUJAN

1.1. Let n ∈ N, and let p denote a prime. Define π(x) to be the number of
primes ≤ x, πk(x) to be the number of positive integers ≤ x having exactly k prime
factors, and recall the definitions of arithmetic functions d(n), ω(n) and Ω(n):

d(n) def=
∑

d|n
1, ω(n) def=

∑

p|n
1 and Ω(n) def=

∑

pα||n
α.

Also, let [x] be the integer part of x, and let {x} = x − [x]. An arithmetic function
f(n) is said to have a normal order F (n), if for any ǫ > 0, for almost all n ≤ x,

(1) (1 − ǫ)F (n) < f(n) < (1 + ǫ)F (n).

In 1916 Hardy & Ramanujan [9] showed that both functions ω(n) and Ω(n)
have normal order log log n, which follows from the estimate1 ([9], p. 92):

2log log n−f
√

log log n < d(n) < 2log log n+f
√

log log n,

for almost all n ≤ x, for every diverging f . The key idea in the proof was to show

(2) kπk+1(x) ≤
∑

p2≤x

πk(
x
p

) =⇒ πk+1(x) <
Ax

log x
(log log x + B)k

k!
, ∀x ≥ 2,

for absolute A, B ∈ R; i.e. an upper bound version of a theorem of Landau [11].
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1earlier, in 1907, S. Wigert [21] used the prime number theorem to prove that the maximum

order D(n) of d(n) satisfies: 2(1−ǫ) log n/ log log n < D(n) < 2(1+ǫ) log n/ log log n, for ∀ǫ > 0. While
studying ‘highly composite numbers’, in 1915, Ramanujan [16] gave an elementary proof of this.
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2. THEOREM OF TURÁN

2.1. In 1934, P. Turán [20] found a completely different proof of the Hardy-
Ramanujan theorem. The new method he devised turned out to be analogous to
Chebyshev’s proof of the law of large numbers (cf. [4]). It yielded the following

(3) S(x) def=
∑

n≤x

(ω(n) − log log x)2 ≪ x log log x.

At the end of [20] he also states that S(x) = x log log x + o(x log log x) could be
obtained. Turán’s theorem (3) implies that the normal order of ω(n) is log log n.

2.2. Problems of sharpening of estimates of S(x) and questions concerning
πk(x) are clearly related. In a series of papers [18] L. G. Sathe proved2 that:

(4) πk(x) = (1 + o(1))f(c)
x

log x
(log log x)k−1

(k − 1)!
,

where f(c) def=
1

Γ(c + 1)

(
∏

p

(1 −
1
p

)e1/p

)c ∏

p

(1 +
c
p

e−c/p),

with k = c log log x. His complicated (over 100 pages long) proofs were simplified
by A. Selberg [19] in 1954, and some of the ideas behind Selberg’s analytic method
were refined by Delange ([1], [2]) to obtain sharper versions of these results. One
of his theorems states: Let f(n) be a non-negative additive arithmetical function,
so that f(p) = 1, for all primes p. Then for every s ≥ 0 there exist functions
A0(z), · · · , Am(z) analytic on |z| ≤ 1, such that A0(0) = · · · = Am(0) = 0, and

(5)
∑

n≤x

zf(n) = x(log x)z−1

(
m∑

i=0

Ai(z)
(log x)i + O(

1
(log x)m+1 )

)

,

where the O-constant is uniform for |z| ≤ 1. As a special case of (5) one3 obtains:

(6)
∑

n≤x

ω(n) = x log log x + Bx +
n∑

m=1

(−1)m−1

m
G(m)(1)

x
(log x)m + O(

x
(log x)n+1 ),

for all n, where B is a constant (defined in (8) below), and G(s) = (s − 1)ζ(s)/s.

2.3. Finally, one should also note that some weaker results in the direction
of the asymptotic version of (3) could be deduced from the important Erdős-Kac
theorem [7] of 1939 (see [4]): For constants α, β ∈ R, with α ≤ β, we have

S(x; α, β) def= #
{

n ≤ x : α ≤
ω(n) − log log n

(log log n)1/2 ≤ β
}

=⇒

(7) lim
x→∞

S(x; α, β)
x

=
1√
2π

∫ β

α
e−t2/2 dt def= Φ(α, β),

where Φ(α, β) is the Gaussian normal distribution. However, (7) doesn’t imply (6).

2this extended some earlier work of P. Erdős [6] of 1948, who showed that, for any c ∈ R,

log log x−c
p

log log x < k < log log x+c
p

log log x =⇒ πk(x) = (1+o(1))
x

log x

(log log x)k−1

(k − 1)!
.

Already during the 1930’s Erdős [5] generalized Turán’s theorem to ω(f(p)), with f(p) = φ(p).
3for higher moments Delange (see [2], p. 136) just states the existence (implied by the general

formula (5)), but he does not give any explicit functions Ai(z), like those exhibited in (6)
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3. MAIN THEOREM

3.1. In this short note we show how one can improve the upper bound in (3).
In fact, we will modify Turán’s original method to obtain the asymptotic estimate:

Theorem 1. There is a constant Θ, such that4 for all x > 2 we have:

(9)
∑

n≤x

(ω(n) − log log x)2 = x log log x + Θx + O
(

x log log x
log x

)
.

Our proof of (9) is more elementary and straight-forward than the one due to
Delange, and it uses virtually nothing beyond the Abel’s summation and a couple
of estimates related to Mertens’ theorem. To be more precise, we’ll only need:

Lemma 1 (Mertens [12], Hardy [8]). For the constant B, defined in (8),

(10) M(x) def=
∑

p≤x

1
p

= log log x + B + O
(

1
log x

)
.

Lemma 2 (Murty [13], Problem 9.4.4). For all x > 0 we have:

(11)
∑

p≤ x
2

1
p log(x

p )
≪

log log x
log x

.

3.2. In order to prove THEOREM 1, we shall also require one new lemma:

Lemma 3. Let B be the constant defined in (8), and let Ψ = ζ(2) + B2, then

(12)
∑

pq≤x

1
pq

= (log log x)2 + 2B(log log x) + Ψ + O
(

log log x
log x

)
.

PROOF: For p, q, with pq ≤ x, we have p ≤ x
2 , since q ≥ 2. And by LEMMA 1,

∑

pq≤x

1
pq

=
∑

p≤ x
2

1
p

∑

q≤ x
p

1
q

=
∑

p≤ x
2

1
p

{

log log
(

x
p

)
+ B + O

(
1

log(x
p )

)}

=
∑

p≤ x

2

1
p

log log
(

x
p

)
+ B

{
log log

(x
2

)
+ B + O

(
1

log x

)}
+ O




∑

p≤ x

2

1
p log(x

p )





=
∑

p≤ x
2

1
p

log log
(

x
p

)
+ B log log x + B2 + O

(
log log x

log x

)
,

by LEMMA 2. From the definition of M(x), and the partial summation, we get
∑

p≤ x
2

1
p

log log
(

x
p

)
=

∫ x
2

1
log log

(x
t

)
dM(t)

= M

(x
2

)
log log 2 −

∫ x

2

1
M(t) d log log

(x
t

)
.

4Θ can be given explicitly as: Θ = ζ(2) − A + B + B2, where ζ(2) =
P

n
1

n2 = π2/6, and A

and B are constants defined as (the sums are extended over all primes, γ is Euler’s constant):

(8) A =
X

p

1
p2

and B = γ −

X

p

(

log

 

1
1 −

1
p

!

−
1
p

)

≈ 0.26149 · · ·
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Now, realizing that (log log
( x

t

)
)′ = −1

log( x

t
)

dt
t , we can apply (10) again and write:

∑

p≤ x
2

1
p

log log
(

x
p

)
=

{
log log

(x
2

)
+ B + O

(
1

log x

)}
(log log 2) +

∫ x
2

1

M(t)
log(x

t )
dt
t

= (log log 2) log log
(x

2

)
+ B log log 2 + O

(
1

log x

)
+

∫ x

2

1

log log t + B + O( 1
log t )

log x − log t
dt
t

.

The last integral I(x) can be broken into three parts, and estimated as follows

I(x) =
∫ x

2

1

log log t + B + O( 1
log t )

log x − log t
dt
t

=
∫

1
+

∫

2
+

∫

3

def=

=
∫ x

2

1

log log t
log x − log t

dt
t

+
∫ x

2

1

B
log x − log t

dt
t

+
∫ x

2

1

O(1) dt
t log t(log x − log t)

.

3.3. It is now easy to see that if we let v = log x − log t, then dv = − dt
t , and

∫

1

def=
∫ x

2

1

log log t
log x − log t

dt
t

= −
∫ log 2

log x

log(log x − v)
v

dv

=
∫ log x

log 2

log(log x − v)
v

dv =
∫ log x

log 2

log{log x · (1 − v
log x)}

v
dv

= log log x
∫ log x

log 2

dv
v

+
∫ log x

log 2

log(1 − v
log x )

v
dv

= (log log x) {log log x − log log 2} +
∫ log x

log 2

log(1 − v
log x )

v
dv,

and here, if we take s = v
log x , then ds = dv

log x , and the integral
∫

1 becomes

(13)
∫

1
= (log log x) {log log x − log log 2} +

∫ 1

log 2
log x

log(1 − s)
s

ds.

But, as we already noted, log(1 − s) = O(s), for 0 < s < r < 1. Also notice
that

∫ 1

0

log(1 − t)
t

dt =

[ ∞∑

n=1

tn

n2

]1

0

= ζ(2) =
π2

6
=⇒

∫ 1

log 2
log x

log(1 − s)
s

ds =
π2

6
−

∫ log 2
log x

0

log(1 − s)
s

ds =
π2

6
+ O

(
1

log x

)
.

3.4. Making the same substitution for the integrals
∫

2 and
∫

3, we get
∫

2

def=
∫ x

2

1

B
log x − log t

dt
t

= B
∫ x

2

1

1
log x − log t

dt
t

= −B
∫ log 2

log x

dv
v

=

= B(log log x) − B log log 2, and
∫

3

def=
∫ x

2

1

O(1)dt
t log t(log x − log t)

≪
log log x

log x
.

Combining estimates of these three integrals proves the above LEMMA 3. �
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4. METHOD OF MOMENTS

4.1. Let us now estimate the first moment of the function ω(n):
∑

n≤x

ω(n) =
∑

n≤x

∑

p|n
1 =

∑

n≤x

∑

n≡0(mod p)

1 =
∑

p≤x

[
x
p

]
=

∑

p≤x

(
x
p

−
{

x
p

})

= x
∑

p≤x

1
p

−
∑

p≤x

{
x
p

}
= x

∑

p≤x

1
p

+ O(π(x))

= x log log x + Bx + O(π(x)),

by the estimate (10) in LEMMA 1, with the same constant B ≈ 0.26149 · · · �

4.2. In order to obtain the second moment of ω(n), we similarly write
∑

n≤x

ω2(n) =
∑

p 6=q

pq≤x

∑

n≤x

pq|n

1 +
∑

n≤x

ω(n) =
∑

p 6=q

pq≤x

[
x
pq

]
+

∑

n≤x

ω(n),

and instead of crudely estimating {x} in [x] = x − {x}, note that by LEMMA 2
∑

pq≤x

1 ≤
∑

p≤ x

2

∑

q≤ x

p

1 ≪
∑

p≤ x

2

x
p

log(x
p )

≪
x log log x

log x
=⇒

(14)
∑

p 6=q

pq≤x

[
x
pq

]
=

∑

p 6=q

pq≤x

x
pq

+ O




∑

pq≤x

1



 =
∑

p 6=q

pq≤x

x
pq

+ O
(

x log log x
log x

)
.

4.3. Thus, with the help of (14), and our new LEMMA 3, we can deduce
∑

n≤x

ω(n)2 =
∑

p 6=q

pq≤x

x
pq

+ O
(

x log log x
log x

)
+ x log log x + Bx + O

(
x

log x

)

=
∑

pq≤x

x
pq

−
∑

p≤√
x

x
p2 + x log log x + Bx + O

(
x log log x

log x

)

= x
∑

pq≤x

1
pq

+ x log log x + (B − A)x + O
(

x log log x
log x

)

= x(log log x)2 + (2B + 1)x(log log x) + Θx + O
(

x log log x
log x

)
,

where Θ = B − A + Ψ. � Combining this with the first moment estimate gives

S(x) =
∑

n≤x

(ω(n) − log log x)2

=
∑

n≤x

ω2(n) − 2 log log x
∑

n≤x

ω(n) + (log log x)2
∑

n≤x

1

= 2x(log log x)2 + (2B + 1)x log log x + Θx

+ O
(

x log log x
log x

)
− 2 log log x

{
x log log x + Bx + O

(
x

log x

)}

= x log log x + Θx + O
(

x log log x
log x

)
. �
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Soc. Math. France, 28, 25-38, 1900

[12] Mertens, F. - Ein Beitrag zur analytischen Zahlentheorie, Journal für die Reine und Angew.
Math., 78, 46-62, 1874

[13] Murty, R. - Problems in Analytic Number Theory, Springer GTM 206, New York, 2001

[14] Postnikov, A. G. - Introduction to Analytic Number Theory (Chapter 4), Translations of
Math. Monographs (No. 68), Rhode Island, 1988

[15] Prachar, K. - Primzahlverteilung, Springer Verlag, Berlin, 1957

[16] Ramanujan, S. - Highly composite numbers, Proc. London Math. Soc. (2), 14, 347-409,
1915 (see also Collected Works, Oxford, 1927)

[17] Saidak, F. - Non-Abelian Generalizations of the Erdős-Kac Theorem, Ph.D. Thesis,
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